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Preface 

If a mathematician were asked to name the great epoch-making 
works in his science, he might well hesitate in his decision concerning 
the product of the nineteenth century; he might even hesitate with 
respect to the eighteenth century; but as to the product of the sixteenth 
and seventeenth centuries, and particularly as to the works of the 
Greeks in classical times, he would probably have very definite views. 
He would certainly include the works of Euclid, Archimedes, and 
Apollonius among the products of the Greek civilization, while among 
those which contributed to the great renaissance of mathematics in the 
seventeenth century he would as certainly include La Geometrie of 
Descartes and the Principia of Newton. 

But it is one of the curious facts in the study of historical material 
that although we have long had the works of Euclid, Archimedes, 
Apollonius, and Newton in English, the epoch-making treatise of Des¬ 
cartes has never been printed in our language, or, if so, only in some 
obscure and long-since-forgotten edition. Written originally in French, 
it was soon after translated into Latin by Van Schooten, and this was 
long held to be sufficient for any scholars who might care to follow 
the work of Descartes in the first printed treatise that ever appeared 
on analytic geometry. At present it is doubtful if many mathemati¬ 
cians read the work in Latin; indeed, it is doubtful if many except the 
French scholars consult it very often in the original language in which 
it appeared. But certainly a work of this kind ought to be easily access¬ 
ible to American and British students of the history of mathematics, 
and in a language with which they are entirely familiar. 

On this account, The Open Court Publishing Company has agreed 
with the translators that the work should appear in English, and with 
such notes as may add to the ease with which it will be read. To this 
organization the translators are indebted for the publication of the 
book, a labor of love on its part as well as on theirs. 

As to the translation itself, an attempt has been made to give the 
meaning of the original in simple English rather than to add to the dif¬ 
ficulty of the reader by making it a verbatim reproduction. It is 
believed that the student will welcome this policy, being content to go 
to the original in case a stricter translation is needed. One of the 
translators having used chiefly the Latin edition of Van Schooten, and 
the other the original French edition, it is believed that the meaning 
which Descartes had in mind has been adequately preserved. 



Table of Contents 1 


BOOK I 

Problems the Construction of which Requires Only Straight 
Lines and Circles 

How the calculations of arithmetic are related to the operations of geometry.. 297 
How multiplication, division, and the extraction of square root are performed 


geometrically . 293 

How we use arithmetic symbols in geometry. 299 

How we use equations in solving problems.300 

Plane problems and their solution. 302 

Example from Pappus. 304 

Solution of the problem of Pappus. 307 

How we should choose the terms in arriving at the equation in this case.310 


How we find that this problem is plane when not more than five lines are given 313 


1 It should be recalled that the first edition of this-work appeared as a kind of 
appendix to the Discours de la Methode, and hence began on page 297. For con¬ 
venience of reference, the original paging has been retained in the facsimile. A 
new folio number, appropriate to the present edition, will also be found at the foot 
of each page. For convenience of reference to the original, this table of contents 
follows the paging of the 1637 edition. 










TABLE 

T>es matteres de la 

GEOMETRIE. 

Liure Tremier . 

DES PROBLESMES QJCJ’ON PEUT 
conftruire Ians y employer que dcs cerclcs Sc 
des lignes droites. 

Ommeni le calcul d’ Anthmetiejue je rapporte aux ope- 
rations de (Jeometrie, 297 

Comment fefint (jeometriquement la Multiplication Ja 
Diui(ion y & l'extraction de la racine quarree. 291 

Comment on pent vfer de chiffres en (jeometrie . 299 

Comment il font venir aux Equations qui feruent a refudre les pro - 
blefmes * qoo 

Quels font les problefmes plans; Et comment ils fe refluent . $02 

Exemple tire de Pappus. $ 04 

*jRe(ponf a la que (lion de Pappus. $07 

Cornettt on dost pofer les termespour vemr a l'Equation en cet ex epie, $ 10 

1C k k Com 




BOOK II 


On the Nature of Curved Lines 

What curved lines are admitted in geometry. 315 

The method of distinguishing all curved lines of certain classes, and of know¬ 
ing the ratios connecting their points on certain straight lines. 319 

There follows the explanation of the problem of Pappus mentioned in the pre¬ 
ceding book.323 

Solution of this problem for the case of only three or four lines. 324 

Demonstration of this solution. 332 

Plane and solid loci and the method of finding them. 334 

The first and simplest of all the curves needed in solving the ancient problem 

for the case of five lines. 335 

Geometric curves that can be described by finding a number.of their points... 340 

Those which can be described with a string. 340 

To find the properties of curves it is necessary to know the relation of their 
points to points on certain straight lines, and the method of drawing 

other lines which cut them in all these points at right angles.. 341 

General method for finding straight lines which cut given curves and make 

right angles with them. 342 

Example of this operation in the case of an ellipse and of a parabola of the 

second class . 343 

Another example in the case of an oval of the second class.344 

Example of the construction of this problem in the case of the conchoid.351 

Explanation of four new classes of ovals which enter into optics.352 

The properties of these ovals relating to reflection and refraction. 357 

Demonstration of these properties. 360 


viii 



















Table. 

Comment on trcuue que ce problefme eft plan lor fan'll neft point propofe 
en pin* de s lignes . 3 i 3 


Difooters Second. 

DE LA NATURE DES LIGNES 

COURBES. 


Q Vella font tes lignes courbes quon pent receuoiren Cjcomeme. ji ; 
La facondc dtftwguer toutes ces lignes courbes en certains genres: 
Et de connoiftre lc rapport qu ont tons lenrs pains a ceux des hones 
drones. \ x9 

Suite de texplication de la queftion de Pappus wife an lime precedent . 
3 2 3- 

Solution de cete queftion quand elle neft propofe/ qu en 3 on 4 Itgnes. 
f 3 2 4 . 

Demonftration de cete folution. 332 

Jjgucls font les lieux plans &folides & la fafon deles trouuer tons. 334 
Sjudle eft la premiere & la plus ftmple de toutes les lignes combes qui 
feruent a la queftion des anciens qstand elle eft propofee en cinq lignes • 
33S< 


Studies font les lignes combes qn'on defer it en trouuant plufteurs de lews 
poins qui pcuucnt eft re reccues en (j eometne. 140 

Studies font auffy edits qu on defer it ante vne c horde,qui peuuenty eft re 
recesses . 340 

Jguepour trouuer toutes les proprietez. des lignes combes , il faffit de fca - 
uoir le rapport quoht t ohs lemspoins a ceux des lignes droites ; cr U 
facon de tirer a autres lignes qui les coupent en tons ces poins a angles 
droits . 34 j 

Fafon generate pour trouuer des lignes droites qui couppent les courbes 
donnees,ou leurs contingentes a angles ; dr01 ts, 342 

Exemple de cete operation en vne Elhpfe: Et en vne parabole du fecotid 
geure. 343 

tAutrc exemple en vne ouale du fecond genre. 344 

Exemple de la conftruttion de ce problefme en la conchoide. 35 u 

Explication de 4 no nueaux genres cfOuales qui feruent a /’ Optiqnc.3$2 
Les propriete £ de ces Ouales touchant les reflexions & les reflations. 


337 

Demonftration de ces propriete 


3 60 


ix 



TABLE OF CONTENTS 


How it is possible to make a lens as convex or concave as we wish, in one of 
its surfaces, which shall cause to converge in a given point all the rays 

which proceed from another given point.363 

How it is possible to make a lens which operates like the preceding and such 
that the convexity of one of its surfaces shall have a given ratio to the 

convexity or concavity of the other. 366 

How it is possible to apply what has been said here concerning curved lines 
described on a plane surface to those which are described in a space of 
three dimensions, or on a curved surface. 368 


BOOK III 

On the Construction of Solid or Supersolid Problems 

On those curves which can be used in the construction of every problem.369 

Example relating to the finding of several mean proportionals. 370 

On the nature of equations.371 

How many roots each equation can have. 372 

What are false roots.372 

How it is possible to lower the degree of an equation when one of the roots 

is known . 372 

How to determine if any given quantity is a root. 373 

How many true roots an equation may have. 373 

How the false roots may become true, and the true roots false. 373 

How to increase or decrease the roots of an equation.374 

That by increasing the true roots we decrease the false ones, and vice versa.. 375 

How to remove the second term of an equation. 376 

How to make the false roots true without making the true ones false. 377 

How to fill all the places of an equation. 378 

How to multiply or divide the roots of an equation. 379 

How to eliminate the fractions in an equation. 379 

How to make the known quantity of any term of an equation equal to any 

given quantity . 380 


x 






















De La Gbometrie. 

Comment on pent faire vn verre autant conuexe oh coucaug en Ftme de 
fes fiperficies t qu on vote dr a, quiraffemble a vn point dome tout Us 
rayons qui vienent ttvn autre point donne. 36$ 

Comment on en pent faire vn qui face le mefme , O' que l* conuexite de 
Fvne de fes /uperficies ait la proportion donnce auec la conuexite oh 
conpauite de tautre. 366 

Comment on petit rapporter tout ce qui a efte dit des hgnes combes de- 
frritcs fir vne fiperficie plate,a cedes qui fe def criuent dans vn ejpaee 
qui a 3 dimenjtons , oubien fir vne fiperficie combe . 368 

Liure Troifiefme 

DE LA CONSTRUCTION DES 

problefmes folides,ou plufque folidcs. 

D E quelles hgnes combes on pent fe fir air en la conftruQion de cbafi 
que problefme . 3 69 

Exemple touchant hnucntion deplufieurs moyenesproportioned!. 370 
j De la nature des Equations. 371 

Combien ilpenty auoir de ratines en chaf ]ue Equation , 37Z 

Rutiles font les fauffes racines. 37 Z 

Comment on pent dimmuer le nombre des dimenfions etvne Equation , 
lorfqtion connoift quelqt*vnc de fes ratines. 37 z 

Comment on pent examiner fi quelque quantiti donnce eft la valeur 
d'vne ratine. 373 

Combien tlpeuty auoir de vrajes racines en chafque Equation. 373 
Comment on fait que les fkujfes racines deuienent vrayes , & les vrajes 
fauffes. 373 

Comment on pent augment er oh diminuh les ratines d f vne Equation. 3 74 
$u'en augment ant amfi les vrajes racines on diminue les fauffes , oh oh 
contraire. 37 5 

Comment on pent offer le ficond terme £ vne Equation. 37 6 

Comment on fait que les fauffes racines deuienent vrajes fins que les 
vrayes deuienent fauffes. 377 

Comment on fait que toutes les places d*vne Equation foient remplies 378 
Comment on pent multiplier oh diuifir les ratines d' vne Equation. 3 7 9 
(fomment on ofte les nombres rompus d*vne Equation • 379 

ffomment on rend la quarltite connuc de I'vn des termes d’vne Equation 
efgale a teUe autre qu'on veut. 3 $ 0 

Kkk z gue 


XI 



TABLE OF CONTENTS 


That both the true and the false roots may be real or imaginary. 380 

The reduction of cubic equations when the problem is plane. 380 

The method of dividing an equation by a binomial which contains a root.381 

Problems which are solid when the equation is cubic.383 

The reduction of equations of the fourth degree when the problem is plane. 

Solid problems .383 

Example showing the use of these reductions.387 

General rule for reducing equations above the fourth degree. 389 

General method for constructing all solid problems which reduce to an equa¬ 
tion of the third or the fourth degree. 389 

The finding of two mean proportionals.395 

The trisection of an angle. 396 

That all solid problems can be reduced to these two constructions.397 

The method of expressing all the roots of cubic equations and hence of all 

equations extending to the fourth degree. 400 

Why solid problems cannot be constructed without conic sections, nor those 
problems which are more complex without other lines that are also more 

complex . 401 

General method for constructing all problems which require equations of de¬ 
gree not higher than the sixth. 402 

The finding of four mean proportionals. 411 


xii 


















Table. De LA Geometrie. 

Que les ratines tant vrayes quefkujfespeuuent eftre reelles ou imaginai- 
rcs . 380 

La reduElion des Equations cubiques lorfquc le problcfme eft plan . 3 8 0 

La faeon de diuifer vne Equation par vn binome qui contient (a ratine . 
3$ 1 % 

Quels problefmes font johdes lorfque ^Equation eft cubique. 383 

La reduElion des Equations qui ont quatre dimenftons lorfqhe le problef - 
me ett plan. Et quels font ceux qui (Snt {Slides. 3 S3 

Exemple de fvfage de ces reductions. 3 $7 

*R(glegenerate pour reduire toutes les Equations qut pajfentle quarre de 
quarre . 3 8? 

Facon generate pour conftruire tons les problcfmes johdes reduits a *me 
Equation de trois ou quatre dimenftons. 389 

Vinuention de deux mayenes propor none lies. 393 

La diuifton de l'angle en trois. 396 

Que tons les problefmes {Slides fe peuuent reduire a ces deux conftru - 
Elions. 397. 

La facon d* ex primer la valeur de toutes tes ratines des Equations cubi - 
ques : Et en [kite de toutes celles qki ne moment que iufques au quar¬ 
re de quarre. 4.00 

^Pourquoy les problefmes folides ne peuuent eftre conftruits fans les fe - 
Elions coniquesy ny ceux qui font plus compofes fins quelques autres 
lignes plus compftes. 401 

Facon generate pour conftruire to us les problefmes reduits a vne Equa¬ 
tion qui n'a point plus de ftx dimenftons. 402 

Vinuention de quatre moyenes proportionates. 4 \ / 


F I N. 


1 


xiii 


i 





BOOK FIRST 



The Geometry of Rene Descartes 

BOOK i 

Problems the Construction of Which Requires Only Straight 
Lines and Circles 

A NY problem in geometry can easily be reduced to such terms that 
_a knowledge of the lengths of certain straight lines is sufficient 
for its construction/ 11 Just as arithmetic consists of only four or five 
operations, namely, addition, subtraction, multiplication, division and the 
extraction of roots, which may be considered a kind of division, so in 
geometry, to find required lines it is merely necessary to add or subtract 
other lines; or else, taking one line which I shall call unity in order to 
relate it as closely as possible to numbers/ 21 and which can in general be 
chosen arbitrarily, and having given two other lines, to find a fourth 
line which shall be to one of the given lines as the other is to unity 
(which is the same as multiplication) ; or, again, to find a fourth line 
which is to one of the given lines as unity is to the other (which is 
equivalent to division) ; or, finally, to find one, two, or several mean 
proportionals between unity and some other line (which is the same 

[11 Large collections of problems of this nature are contained in the following 
works: Vincenzo Riccati and Girolamo Saladino, Institutiones Analyticae, Bologna, 
1765; Maria Gaetana Agnesi, Istitusioni Analitiche, Milan, 1748; Claude Rabuel, 
Commentatres sur la Geometric de M. Descartes, Lyons, 1730 (hereafter referred 
to as Rabuel) ; and other books of the same period or earlier. 

™ Van Schooten, in his Latin edition of 1683, has this note: “Per unitatem 
intellige lineam quandam determinatam, qua ad quamvis reliquarum linearum talem 
relationem habeat, qualem unitas ad certum aliquem numerum.” Geometria a 
Renato Des Cartes, una cum notis Florimondi de Beaune, opera aique studio 
Francisci a Schooten, Amsterdam, 1683, p. 165 (hereafter referred to as Van 
Schooten). 

In general, the translation runs page for page with the facing original. On 
account of figures and footnotes, however, this plan is occasionally varied, but not 
in such a wav as to cause the reader any serious inconvenience. 
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*Des problefmes qu'onpeut conftruire fans 
y employ er que des cercles & des 
Itgnes drottes ; 

O u s !es Problefmes dc Geometrie fe 
peuuent facilement redaire a tels termes, 
qu’il n’eft befoin par apres que de connoi- 
ftre lalongeur de quelques lignes droites, 
poor les conftruire. 

Et comme toute 1’ Arithm etique n’eft compose, que Commcc 
de quatre ou cinq operations, qui font l’Addition, (a 1 *^ ul 
Souftradfcion, la Multiplication, la Diuifion, & 1’Extra- thmeti- 
<ftion des racines, qu'on peut prendre pourvae efpece 
de Diuifion : Ainfi n’at’on autre chofe a faire en Geo- auxope- 
tnetrietouchant les lignes qu on cherche, pour les pre- G eomc- 
parer a eftre connues, que leur en adioufter d’autres, ou tne - 
en otter, Oubicn en ayant vne, que le nommeray 1'vnitd 
pour la rapporter d’autant mieux aux nombres , & qui 
peutordinairement eftre prife a difcretion,puis en ayant 
encore deuxautres, en trouuer vne quatriefme, qui foit 
k l’vne de ces deux, comrae I’autre eft a I’vnite, ce qui eft 
lemelme que la Multiplication j oubien en trouuer vne 
quatriefme, qui foit a l'vne de ces deux, comme lVnite' 

P p eft 
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eft a l’autre, ce qui eft le mefme que la Diuilion ; ou enfin 
trouuervne,ou deux ,011 plufieurs moyennes proportion- 
nelles entre l’vnitd, 8c quelque autre ligne ; ce qui eft le 
mefme que tirer la racine quarrde, on cubique,&c. Et ie 
ne craindray pas d’introduirc ces termes d’Arithmeti- 
que en la Geometrie , affin de me rendre plus intel¬ 


ligible. 

LaMulti- 



Soit par exemple 
ABl’vnitd, Scqu’il fail¬ 
le multiplier BD par 
B C, ie n’ay qu’aioindre 
les poins A & C, puis ti¬ 
rer D E parallele a C A, 
St B E eft le produit de 
cete Multiplication. 


i. 

u Divi- Oubiens’il faut diuifer BE par BD, ayant ioint les 
fion ' poins E 8c D, ie tire A C parallele a D E, & B C eft le 
l'Extra- P ro< toit de cete diuifion. 

&ion dela 

jacinc T ^ 

^uaircc. 



Commct 
oa £cut 


Ou s’il faut tirer la racine 
quarree de G H , ie luy ad- 
ioufte en ligne droite F G, 
qui eft l’vnite / ,& diuifant F H 
en deux parties efgales au 
point K, du centre K ie Ure 
le cercle FI H, puis elleuant du point G vne ligne droite 
iufques k I, k angles droits fur FH, celt GI la racine 
cherchde. Ie ne dis rien icy de la racine cubique, ny des 
autres, il caule que i’en parleray plus commodement cy 
aprds. 

Mais fouuent on n'a pas beloin de tracer ainfi ces li¬ 
gne 


4 



FIRST BOOK 


as extracting the square root, cube root, etc., of the given line . 1 * 1 And 
I shall not hesitate to introduce these arithmetical terms into geometry, 
for the sake of greater clearness. 

For example, let AB be taken as unity, and let it be required 
to multiply BD by BC. I have only to join the points A and C, and 
draw DE parallel to CA; then BE is the product of BD and BC. 

If it be required to divide BE by BD, I join E and D, and draw AC 
parallel to DE; then BC is the result of the division. 

If the square root of GH is desired, I add, along the same 
straight line, FG equal to unity; then, bisecting FH at K, I describe 
the circle FIH about K as a center, and draw from G a perpendicular 
and extend it to I, and GI is the required root. I do not speak here of 
cube root, or other roots, since I shall speak more conveniently of them 
later. 

Often it is not necessary thus to draw the lines on paper, but it is 
sufficient to designate each by a single letter. Thus, to add the lines 
BD and GH, I call one a and the other b, and write a + b. Then a — b 
will indicate that b is subtracted from a; ab that a is multiplied by b; 
a 

^ that a is divided by b; aa or a 2 that a is multiplied by itself; a 3 that 
this result is multiplied 4 by a, and so on, indefinitely . 141 Again, if I wish 
to extract the square root of a 2 +£> 2 , I write V a 2 +fr 2 ; if I wish to 

extract the cube root of a 3 — b 3 -\~ab 2 , I write \^a 3 — b 3 -\-ab 2 , and sim¬ 
ilarly for other roots . 1 * 1 Here it must be observed that by a 2 , b 3 , and 
similar expressions, I ordinarily mean only simple lines, which, how¬ 
ever, I name squares, cubes, etc., so that I may make use of the terms 
employed in algebra . 1 * 1 

m While in arithmetic the only exact roots obtainable are those of perfect 
powers, in geometry a length can be found which will represent exactly the square 
root of a given line, even though this line be not commensurable with unity. Of 
other roots, Descartes speaks later. 

w Descartes uses a 3 , a 4 , a 5 , a 6 , and so on, to represent the respective powers 
of a, but he uses both aa and o 2 without distinction. For example, he often has 

aabb, but he also uses ~- 0 . 

4b 2 

181 Descartes writes: ^C.a 3 — b s + abb. See original, page 299, line 9. 

m At the time this was written, a 2 was commonly considered to mean the sur¬ 
face of a square whose side is o, and b 3 to mean the volume of a cube whose side 
is b ; while b 4 , b 5 , ... were unintelligible as geometric forms. Descartes here says 
that o 2 does not have this meaning, but means the line obtained by constructing a 
third proportional to 1 and o, and so on. 
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It should also be noted that all parts of a single line should always 
be expressed by the same number of dimensions, provided unity is not 
determined by the conditions of the problem. Thus, a 3 contains as 
many dimensions as ab 2 or & 3 , these being the component parts of the 

line which I have called ^a 3 — b*-\-ab 2 . It is not, however, the same 
thing when unity is determined, because unity can always be under¬ 
stood, even where there are too many or too few dimensions; thus, if 
it be required to extract the cube root of arb 2 — b , we must consider the 
quantity a 2 b 2 divided once by unity, and the quantity b multiplied twice 
by unity. 171 

Finally, so that we may be sure to remember the names of these lines, 
a separate list should always be made as often as names are assigned 
or changed. For example, we may write, AB= 1 , that is AB is equal 
to 1 ; 181 GH = a, BD — b, and so on. 

If, then, we wish to solve any problem, we first suppose the solution 
already effected/ 91 and give names to all the lines that seem needful for 
its construction,—to those that are unknown as well as to those that 
are known. 1101 Then, making no distinction between known and unknown 
lines, we must unravel the difficulty in any way that shows most natur- 

10 Descartes seems to say that each term must be of the third degree, and that 
therefore we must conceive of both a 2 b 2 and b as reduced to the proper dimension. 

l>1 Van Schooten adds “seu unitati,” p. 3. Descartes writes, ABOOl. He 
seems to have been the first to use this symbol. Among the few writers who fol¬ 
lowed him, was Hudde (1633-1704). It is very commonly supposed that 00 is a 
ligature representing the first two letters (or diphthong) of “sequare." See, for 
example, M. Aubry’s note in W. W. R. Ball's Recreations Mathematiques et Prob- 
lemes des Temps Anciens et Modernes, French edition, Paris, 1909, Part III, p. 164. 

C#1 This plan, as is well known, goes back to Plato. It appears in the work of 
Pappus as follows: “In analysis we suppose that which is required to be already 
obtained, and consider its connections and antecedents, going back until we reach 
either something already known (given in the hypothesis), or else some fundamen¬ 
tal principle (axiom or postulate) of mathematics." Pappi Alexandrini Collectiones 
quae supersunt e hbris manu scriptxs edidit Latina interpellatione et commentariis 
instruxit Fredericus Hultsch , Berlin, 1876-1878; vol. II, p. 635 (hereafter referred 
to as Pappus). See also Commandinus, Pappi Alexandrini Mathematicae Collec¬ 
tiones, Bologna, 1588, with later editions. 

Pappus of Alexandria was a Greek mathematician who lived about 300 A.D. 
His most important work is a mathematical treatise in eight books, of which the 
first and part of the second are lost. This was made known to modern scholars 
by Commandinus. The work exerted a happy influence on the revival of geometry 
in the seventeenth century. Pappus was not himself a mathematician of the first 
rank, but he preserved for the world many extracts or analyses of lost Works, and 
by his commentaries added to their interest. 

1101 Rkbuel calls attention to the use of a, b, c, ... for known, and x, y, z, ... 
for unknown quantities (p. 20). 
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gnes fur lc papier, & il fuffift de les defigner par quelques vfer de 
lettres, chafcune par vne feule. Corame pour adioufter chiffresen 
la ligne B D a G H, ie nomme l'vne a & 1'autre b y Sc efcris tr j e e ° me ' 
a~h b- } Eta— £,pour fouftraire b d’ a-, Et a ^pour les mul¬ 
tiplier l’vne par I’autrejEt f, pour diuiler a par b ,• Et aa, 

2 3 

ou a, pour multiplier a par loy mefme } Et a, pour le 
multiplier encore vne fois par a , &ainfi a l’infini i Et 
T * a 

* a •+■ b , poor tirer la racine quarre'e d’ a -+- b ; Et 

__ - } } 

' C. a —b -{-abb, pour tirer la racine cubique d‘a —b 

-\~abb y &ainfidesautres. 

a ) 

Od il eft a remarquer que par a ou b ou lemblables, 
iene convoy ordinairement que des lignes toutes fim- 
ples, encore que pour me feruir des noms vfitds enl’Al- 
gebre, ie les nomme des quarre's ou des cubes, See. 

Ileftaufly a remarquer que toutes les parties d’vne 
mefme ligne,(e doiuent ordinairement exprimer par au- 
tant de dimenfions l’vne que 1’autre, lorfque I’vnitd'n’eft 

point determined en la queftion, comme icy a en con¬ 
sent autantqu’a ££ ou b dont fecompofe la ligne que 

i’ay nommde ^C. a-- b ■+• abb: inais que ce n’eft 
pas de mefine lorfque l’vnitd eft determinde, a caufo- 
qu’elle peut eftrefoufentendue par tout ou il y a trop ou 
trop peude dimenfions: comme s’il faut tirer la racine 
cubique de a abb — b , il faut penfer que la quantity 
aabbeft diuilee vne fois parl’vnitc, 5cque 1’autrequan- 
tite' b eft multipliee deux fois par la mefme. 

P p 2 Au 
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Au refte affin de ne pas manquer a fe fauuenir des 
nomsde ces lignes, il en faut toufiours faire vn regiftre 
fepare , k mefure qu’on les pofe ou qu’on les change, 
efcriuant par exemple. 

AB a) i, c’eft a dire, A B efgal £ t. 

GH 30 a 
B D oo b, tcc. 

Cammet Ainfi voulant refoudre quelque problefine, on doit d’a- 
nirau* C * ^ or< ^confiderercommedefiafair, &donnerdesnoms 
Equals a toutes les lignes, quifetn blent necefTaires pour le con¬ 
sent arc- ftruire, aufly bien acelles qui font inconnues , qu'aux 
foudre les a gtres. Puis fans confiderer aucune difference entre ces 
problef- jjg nes connu £ Sj fe inconnues, on doit parcounr la diffi¬ 
cult^, felon l’ordre qui monftre le plus naturellement 
de tous en qu’elle forte elles dependent mutuellement- 
lesvnes des autres,iufques ace qu’on ait trouue moyen 
d’exprimer vne mefme quantite'en deux fa§ons: ce qui 
fe nommevne Equation } car les termes de i’vne de ces 
deux fagons font efgaux aceux de l’autre. Et on doit 
trouuer autant de telles Equations,qu’ona fuppofc' de li¬ 
gnes, qui eftoient inconnues. Oubien s’il ne sen trouue 
pas tant, & que nonobftant on n’omette ricn de ce qui eft 
defire en la queftion,celatefmoigne qu’elle n’eft pasen- 
tierement determine'e. Et lors on peut prendre a difere- 
tion des lignes connues, pour toutes les inconnues aut 
qu’elles ne correfpond aucune Equation. Aprds cela s’il 
enrefte encore plufieurs , il fe faut feruir par ordre de 
chafcune des Equations qui refteut aufly, foit en la con- 
fiderant toute feule,foit en la comparant auec Ids autres, 
pour expliquer chafcune de ces lignes inconnues ; & faire 

ainfi 
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ally the relations between these lines, until we find it possible to express 
a single quantity in two ways. 1111 This will constitute an equation, since 
the terms of one of these two expressions aie together equal to the 
terms of the other. 

We must find as many such equations as there are supposed to be 
unknown lines ; [12] but if, after considering everything involved, so many 
cannot be found, it is evident that the question is not entirely deter¬ 
mined. In such a case we may choose arbitrarily lines of known length 
for each unknown line to which there corresponds no equation. 11 * 1 
If there are several equations, we must use each in order, either con¬ 
sidering it alone or comparing it with the others, so as to obtain a value 
for each of the unknown lines; and so we must combine them until 
there remains a single unknown line [14] which is equal to some known 
line, or whose square, cube, fourth power, fifth power, sixth power, 
etc., is equal to the sum or difference of two or more quantities, 1181 one 
of which is known, while the others consist of mean proportionals 
between unity and this square, or cube, or fourth power, etc., multiplied 
by other known lines. I may express this as follows: 

z =--=&, 

or z 2 = — az-\-b 2 , 
or z*=az 2 -\-b 2 z — c *, 
or z*=az* — c 3 z-\-d*j etc . 

That is, z t which I take for the unknown quantity, is equal to b; or, 
the square of z is equal to the square of b diminished by a multiplied 
by z; or, the cube of z is equal to a multiplied by the square of z, plus 
the square of b multiplied by z, diminished by the cube of c; and sim¬ 
ilarly for the others. 

1111 That is, we must solve the resulting simultaneous equations. 

Van Schooten (p. 149) gives two problems to illustrate this statement. Of 
these, the first is as follows: Given a line segment AB containing any point C, 
required to produce AB to D so that the rectangle AD.DB shall be equal to the 
square on CD. He lets AC = a , CB = b , and BD = x. Then AD = a + b + x t 

and CD = b 4- x, whence ax 4 - bx + x- — b 2 + 2bx + x- and x — . ~. 

' a — b 

1131 Rabuel adds this note: “We may say that every indeterminate problem is an 
infinity of determinate problems, or that every problem is determined either by 
itself or by him who constructs it” (p. 21). 

1141 That is, a line represented by x, x 2 , x 3 , x 4 , - 

I1B] In the older French, “le quarre, ou le cube, ou le quarre de quarre, ou le sur- 
solide, ou le quarre de cube &c.,” as seen on page 11 (original page 302). 
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Thus, all the unknown quantities can be expressed in terms of a sin¬ 
gle quantity/ 1 * 1 whenever the problem can be constructed by means of 
circles and straight lines, or by conic sections, or even by some other 
curve of degree not greater than the third or fourth. 1171 

But I shall not stop to explain this in more detail, because I should 
deprive you of the pleasure of mastering it yourself, as well as of the 
advantage of training your mind by working over it, which is in my 
opinion the principal benefit to be derived from this science. Because, 
I find nothing here so difficult that it cannot be worked out by any one 
at all familiar with ordinary geometry and with algebra, who will con¬ 
sider carefully all that is set forth in this treatise. 11 * 1 

[18] See line 20 on the opposite page. 

[17] Literally, “Only one or two degrees greater.” 

tl8] In the Introduction to the 1637 edition of La Geometrie, Descartes made 
the following remark: “In my previous writings I have tried to make my mean¬ 
ing clear to everybody; but I doubt if this treatise will be read by anyone not 
familiar with the books on geometry, and so I have thought it superfluous to repeat 
demonstrations contained in them.” See Oeuvres de Descartes, edited by Charles 
Adam and Paul Tannery, Paris, 1897-1910, vol. VI, p. 368. In a letter written 
to Mersenne in 1637 Descartes says: “I do not enjoy speaking in praise of myself, 
but since few people can understand my geometry, and since you wish me to 
give you my opinion of it, I think it well to say that it is all I could hope for, 
and that in La Dwptrique and Les Meteores, I have.only tried to persuade people 
that my method is better than the ordinary one. I have proved this in my geom¬ 
etry, for in the beginning I have solved a question which, according to Pappus, 
could not be solved by any of the ancient geometers. 

“Moreover, what I have given in the second book on the nature and properties 
of curved lines, and the method of examining them, is, it seems to me, as far 
beyond the treatment in the ordinary geometry, as the rhetoric of Cicero is beyond 
the a, b, c of children. ... 

“As to the suggestion that what I have written could easily have been gotten 
from Vieta, the very fact that my treatise is hard to understand is due to my 
attempt to put nothing in it that I believed to be known either by him or by any 
one else. ... I begin the rules of my algebra with what Vieta wrote at the 
very end of his book, De emendatione acquationum. . . . Thus, I begin where 
he left off.” Oeuvres de Descartes, publiees par Victor Cousin, Paris, 1824, Vol. 
VI, p. 294 (hereafter referred to as Cousin). 

In another letter to Mersenne, written April 20, 1646, Descartes writes as 
follows: “I have omitted a number of things that might have made it (the geom¬ 
etry) clearer, but I did this intentionally, and would not have it otherwise. The 
only suggestions that have been made concerning changes in it are in regard to 
rendering it clearer to readers, but most of these are so malicious that I am com¬ 
pletely disgusted with them.” Cousin, Vol. IX, p. 553. 

In a letter to the Princess Elizabeth, Descartes says: “In the solution of a 
geometrical problem I take care, as far as possible, to use as lines of reference 
parallel lines or lines at right angles : and I use no theorems except those which 
assert that the sides of similar triangles are proportional, and that in a right 
triangle the square of the hypotenuse is equal to the sum of the squares of the 
sides. I do not hesitate to introduce several unknown quantities, so as to reduce the 
question to such terms that it shall depend only on these two theorems.” Cousin, 
Vol. IX, p. 143. 
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ainfi en les demeflant, qu’il n’en demeure quVne feule, 
eigale a quelque autre, qui foit connue, oubiea dont Ie 
quarrd, ou le cube, ou le quarre' de quarre', oule furfoli- 
de,oulcquarrd’de cube,&c. foit efgal a ce, qui fc pro- 
duift par l’addition, ou fouftradtion de deux ou plufieurs 
autres quantite’s, dont l’vne foit connue, & les autres 
foient compofe'es de quelques moyennes proportion* 
nelles entre l’vnite' & ce quarrd, ou cube, ou quarre de 
quarre',&c. multiplic'espar d’autres connues. Ce que i'e- 
fcrisen cete forte. 

^ a> b. ou 

z 

^oo—a %-hbb. ou 
^ oo -ha -bb^-c. ou 

4 » » ,4 

% ao a % — c^-h a. Sic. 

C’eftadire, que ieprens pour la quantity inconnue, 
eft efgalda^, oulequarrd de ^eft efgal au quarre de b 
moins a multiplid par ou le cube de ^eft efgal i a 
multiplie'par le quarre de ^plus le quarre de ^multiplic 
par ^ moins le cube de c. & ainfi des autres. 

Et on peut toufiours reduire ainfi toutes les quantitds 
inconnues & vne foule, lorfque le Problefme fe peut con- 
ftruirepardescercles&deslignesdroites, ou aufly par 
des fedtions coniques,ou mefme par quelque autreligne 
qui ne foit que d’vn ou deux degrds plus compofe'e. Mais 
ie ne m’arefte point a expliquer cecy plus en detail, a 
caufo que ie vous ofterois le plaifir de l’apprendre de 
vous mefme, & l’vtilitd de cultiuer voftrc efprit en vous 
yexerceant,qui efta mon auis laprincipale,qu’on puiffe 

P p 5 tiret 


li 



Quels 
fancies 
problef- 
mes plan 


Com¬ 
ment ils 
fe rcfol- 
uent. 


302 La Gbometrie. 

titer dc c etc fcience. Aufly que ie □ y remsrqiic rien de 
fi difficile, que ceux qui feront vn peu verfe's en la Geo- 
metrie commune, & en I’AIgebre, & qui prendront gar¬ 
de a tout ce qui eft en ce traite, ne puiflent trouuer. 

C eftpourquoyieme contenteray icy de vous auer- 
tir, que pourvu qu'en demeflanc ces Equations on nc 
manque point a fe feruir de toutes Ies diuifions, qui fe¬ 
ront poffibles, on aura infalliblemcnt Ies plus limples 
termes,aufquels la queftion puifle eftre reduite. 

Et que li ellepeut eftre refolue par la Geometrie ordi¬ 
naire, c’eftadire,ennefeferuantque de lignes droites 
& circulates trac^esfurvnefuperficieplate, lorfque la 
demiere Equation aura eftd entierement ddrneflee,il n y 
reftera tout au plus qu'vn quarre'inconnu, e/gal a cequi 
feproduiftde 1’Addition, ou fouftradtion de faracine 
multipliee par quelque quantitc'connue, Sc de quelque 
autte quantite' anlfy connue 

Etlorsceteracine,ouligneinconnue fetrouue ayfe- 
ment. Car fi i’ay par exemple 

^ X> a ^ + b b 
iefais le triangle rectan¬ 
gle N L M, dont Ie co- 
fte'L M eft efgal k b ra- 
cine quarrde de la quan¬ 
tity connue b b, Sc l’au- 
M tre L N eft i a , la moi- 
tie" de l’autre quantitc' 
connue, qui eftoitmultipb ee par ^ que ie fuppofe eftre la 
ligne inconnue. puis prolongeant M N la baze de ce tri¬ 
angle. 
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I shall therefore content myself with the statement that if the stu¬ 
dent, in solving these equations, does not fail to make use of division 
wherever possible, he will surely reach the simplest terms to which 
the problem can be reduced. 

And if it can be solved by ordinary geometry, that is, by the use of 
straight lines and circles traced on a plane surface , 1 " 1 when the last 
equation shall have been entirely solved there will remain at most only 
the square of .an unknown quantity, equal to the product of its root 
by some known quantity, increased or diminished by some other quan¬ 
tity also known . 1201 Then this root or unknown line can easily be found. 
For example, if I have z 2 = az-\- b 2 , m I construct a right triangle NLM 
with one side LM, equal to b, the square root of the known quan¬ 
tity b 2 , and the other side, LN, equal to J a, that is, to half the 
other known quantity which was multiplied by z, which I supposed to 
be the unknown line. Then prolonging MN, the hypotenuse 1221 of this 
triangle, to O, so that NO is equal to NL, the whole line OM is the 
required line z. This is expressed in the following way : [2#1 


, -i*+\/T a,+ * 

But if I have y 2 —— ay + b 2 , where y is the quantity whose value 
is desired, I construct the same right triangle NLM, and on the hypote- 

1191 For a discussion of the possibility of constructions by the compasses and 
straight edge, see Jacob Steiner, Die geometrischen Constructionen ausgefiihrt 
mittelst der geraden Linie und etnes festen Kreises, Berlin, 1833. For briefer 
treatments, consult Enriques, Fragen der Elemcntar-Gcometrie, Leipzig, 190/; 
Klein, Problems in Elementary Geometry, trans. by Beman and Smith, Boston, 
1897; Weber und Wellstein, Encyklopddie der Elementaren Geometrie, .Leipzig, 
1907. The work by Mascheroni, La geometria del compasso, Pavia, 1797, is inter¬ 
esting and well known. 

tao] That is, an expression of the form z 2 = az±. b. “Esgal a ce qui se produit 
de TAddition, ou soustraction de sa racine multiplee par quelque quantite connue, 
& de quelque autre quantite aussy connue,” as it appears in line 14, opposite page. 
Descartes proposes to show how a quadratic may be solved geometrically. 
[2S] Descartes says “prolongeant MN la baze de ce triangle,” because the hypote¬ 
nuse was commonly taken as the base in earlier times. 

ta#1 From the figure OM.PM = LM 2 . If OM = s, PM = r — a, and since 

LM = b, we have z (z — a) = b 2 or z 2 = az~h b 2 . Again, MN = ^-a 2 -\~b 2 t whence 

OM — z— ON + MN = -fl+\l -a 2 b 2 . Descartes ignores the second root, which 

2 \ 4 

is negative. 
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nuse MN lay off NP equal to NL. and the remainder PM is y, the 
desired root. Thus I have 



In the same way, if I had 

.v 4 — _ ax 2 -)- &*, 

PM would be x 2 and I should have 

* ~2 a+ yj\ dJ + /> *’ 

and so for other cases. 

Finally, if I have z 2 — az—b 2 , I make NL equal to a and LM equal 
to b as before; then, instead of joining the points M and N, I 
draw MQR parallel to LN, and with N as a center describe a circle 
through L cutting MQR in the points Q and R; then 2, the line sought, 
is either MQ or MR, for in this case it can be expressed in two ways, 
namely : m 



1241 Since MR.MQ = LM 2 , then if R = we have MQ = fl — 2 , and so 
2 (a — 2 )—b 2 or 2 1 — a2 — b-. 

If, instead of this, MQ = 2 , then MR = a — 2 , and again, z 2 = 02 — b 2 . Further¬ 
more, letting O be the mid-point of QR, 

MQ = OM-OQ=ja- y jl a o__ b 2 i 

and 

MR= MO + OR = + i o 2 —6 2 . 

Descartes here gives both roots, since both are positive. If MR is tangent to the 

circle, that is, if b — a, the roots will be equal; while if b > ~ra, the line MR 
2 2 

will not meet the circle and both roots will be imaginary. Also, since RM.QM—LM 2 , 

2 x z 2 ~ b 2 , and RM + QM = 2 l + 2 2 = a. 
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angle, iufquesaO, en fortequ’N O foit efgale a NL, 
la toute O M eft x la ligne cherchde Et elle s’exprime 
en cete forte 

% 30 ^ a -i- if j aa -h bb. 

Que fi iayyy oo — ay -t- bb, & qu’y foit laquantite 
qu’ilfaut trouuer , ie fais le mefme triangle redtangle 
NLM, &defabazeMNi’ofteN Pefgalea NL, &le 
refte P M eft ^ la racine cherche'e. De fagon que iay 
y ao — -\-V ~aa -hbb. Et tout de mefme fi i’a- 

-A li l 

uois x 30 — a x A- b. PM feroit x. & i'aurois 

x ab V -.ja-f- Y'-aa-^r bb: &ainfi des autres. 

Enfin fi i’ay 

Z 

£00 as^ — bb: 

ie fais N L efgale k \ a, & LM 
efgale k b come deuat, puiSjau lieu 
de ioindre les poins M N, ie tire 
M QJl parallele aL N. & du cen¬ 
tre N par I, ayant defcrit vn cer- 
cle qui la couppe aux poins Q Sc 
R, la ligne cherchee % eft M Q» 
oubie M R, car en ce cas elle s’ex¬ 
prime en deuxfagons,afgauoir \ so^* -i- Y ^aa-bb. 

Sc x » ~ a — Y'^aa—bb. 

Et fi le cercle, qui ayant fon centre au point N, pafle 
par le point L, ne couppe ny ne touche la ligne droite 
MQR, iln’yaaucune racine enl’Equation, de fagon 
qu’on peut afTurer que la conftrmftion du problefme 
propofd eft impoilible. 

Au 



is 
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Au refte ccs mefmes racines fe peuuent trouuer par 
vne infinite d'autres raoyens , & i’ay feulement veulu 
mettre ceux cy, comme fort limples, affin de faire voir 
qu’on peut conftruire tous Ies Problefmes de la Geome¬ 
trie ordinaire, fans faire autre chofe que le peu qui eft 
comprisdans les quatre figures que i’ay expliquees. Ce 
queienecroy pas que les anciens ayent remarqud. car 
autrementilsn’euflentpas prisJa peine d’en eferire tant 
de gros liures, ou le feul ordre de leurs propolitions nous 
fait connoiftre qu’ils n’ont point eu lavraye methode 
pour les trouuer toutes,mais qu’ilsont feulement ramat 
fe'celles qu’ilsont rencontrees. 

Exemple Et on le peut voir aufify fort clairement de ce que Pap- 

Pappus. pus amis au commencement defonfeptiefme liure, ou 
apre's s’eftre arefte' quelque terns a denombrer tout ce 
qui auoit efte efcrit en Geometrie par ceux qui l’auoient 
precede'ilparleenfind vne queftion , qu’ilditqueny 
Euclide,ny Apollonius, ny aucun autre n'auoient fceu 
entierement relbudre. & voycy fes mots.. 


ie cite Quern autemdicit [Apollonius) in tertio libro locum ad 
tres > & quatuorlineas ab EuclideperfeBum non ejje , neque 
tine que le ipp e perficere poterat } neque aliquis alius ‘J fed neque pau - 
nffinq g m lulum quidaddere it's , qute Euclides fcripfit,per ea tantum 
conka , qute ufque ad Euclidis tempera prtemonflrata 

pirn nyfc- Junt, G’f. 

ment. Et vn peu apre's il explique ainfiqu’elle eft cete que- 


ftion. 

At locus adtres, 6? quatuorlineas , in quo (Apollonius) 
magnijice [c iaiiat t & uflentat,nulla habita gratia ei , qui 
prius fcripferat , efi bujufmodi. Sipofitione dates tribus 

reel is 
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And if the circle described about N and passing through L neither 
cuts nor touches the line MQR, the equation has no root, so that we 
may say that the construction of the problem is impossible. 

These same roots can be found by many other methods , t25] I have 
given these very simple ones to show that it is possible to construct 
all the problems of ordinary geometry by doing no more than the little 
covered in the four figures that I have explained. [2el This is one thing 
which I believe the ancient mathematicians did not observe, for other¬ 
wise they would not have put so much labor into writing so many books 
in which the very sequence of the propositions shows that they did not 
have a sure method of finding all, [27J but rather gathered together those 
propositions on which they had happened by accident. 

This is also evident from what Pappus has done in the beginning of 
his seventh book , 1281 where, after devoting considerable space to an 
enumeration of the books on geometry written by his predecessors , 1203 
he finally refers to a question which he says that neither Euclid nor 
Apollonius nor any one else had been able to solve completely ; l3#] and 
these are his words: 

“Quem autem dicit ( Apollonius ) in tertio libro locum ad tres, & 
quatuor lineas ab Euclide perfcctum non esse, neque ipse perficere 
poterat, neque aliquis alius; sed neque paululum quid addere Us, quce 

[251 For interesting contraction, see Rahuel, p. 23, et seq. 

[2el It will be seen that Descartes considers only three types of the quadratic 
equation in 2 , namely, z 2 + an — b- = 0, s 2 — as — b 2 — 0, and s 2 — as+b 2 = 0. 
It thus appears that He has not been able to free himself from the old traditions 
to the extent of generalizing the meaning of the coefficients, — as negative and 
fractional as well as positive. He does not consider the type z 2 + as + b 2 = 0, 
because it has no positive roots. 

[27] “Qu'ils n’ont point eu la vraye methode pour les trouuer toutes.” 

m See Note [9]. 

m See Pappus, Vol. II, p. 637. Pappus here gives a list of books that treat 
of analysis, in the following words: “Illorum librorum, quibus de loco, ’avaXvSjxevos 
sive resoluto agitur, ordo hie est. Euclidis datorum liber unus, Apollonii de pro¬ 
portions sectione libri duo, de spatii sectione duo, de sectione determinata duo, de 
tactionibus duo, Euclidis porismatum libri tres, Apollonii inclinationum libri duo, 
eiusdem locorum planorum duo, conicorum octo, Aristaei locorum solidorum libri 
duo.” See also the Commandinus edition of Pappus, 1660 edition, pp. 240-252. 

[3 °] p or the history of this problem, see Zeuthen: Die Lehre von den Kegel- 
schnitten im Alterthum, Copenhagen, 1886. Also, Adam and Tannery, Oeuvres de 
Descartes, vol. 6, p. 723. 
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Eiiclides scripsit, per ea tantum conica , qua u$que ad Euclidis tempora 
prcemonstrata sunt, &c ” lsl] 

A little farther on, he states the question as follows: 

“At locus ad tres, & quatuor lineas } in quo ( Apollonius ) magnifice 
se jactaty & ostentat, nulla habita gratia ei, qui prius scripserat, est 
hujusmodi . [32] Si positione datis tribus rectis lineis ab uno & eodem 
punctOy ad tres lineas in datis angulis recta linea ducantur, & data sit 
proportio rectanguli contenti duabus ductis ad quadratum reliqua: 
punctum contingit positione datum solidum locum, hoc est unam ex 
tribus conicis sectionibus. Et si ad quatuor re etas lineas positione datas 
in datis angulis linea ducantur; & rectanguli duabus ductis contenti ad 
contentum duabus reliquis proportio data sit; similiter punctum datum 
coni sectionem positione continget. Si quidem igitur ad duas tantum 
locus planus ostensus est. Quod si ad plures quam quatuor , punctum 
continget locos non adhuc cognitos, sed lineas tantum diet as; quales 
autem sint; vel quam habcant proprietatem, non constat: earum unam, 
neque primam , & qua manifestissima videtur, composuerunt osten- 
dentes utilem esse. Propositiones autem ipsarum ha sunt. 

“Si ab aliquo puncto ad positione datas rectas lineas quinque ducantur 
recta linea in datis angulis, & data sit proportio solidi parallelepipedi 
rectanguli, quod tribus ductis lineis continetur ad solidum parallelepipe- 
dum rectangulum, quod continetur reliquis duabus, & data quapiam 
linea , punctum positione datam lineam continget. Si autem ad sex, & 
data sit proportio solidi tribus lineis contenti ad solidum, quod tribus 
reliquis continetur; rursus punctum continget positione datam lineam. 
Quod si ad plures quam sex, non adhuc habent die ere, an data sit pro¬ 
portio cujuspiam contenti quatuor lineis ad id quod reliquis continetur, 

l31] Pappus, Vol. II, pp. 677, et seq., Commandinus edition of 1660, p. 251. 
Literally, “Moreover, he (Apollonius) says that the problem of the locus related 
to three or four lines was not entirely solved by Euclid, and that neither he him¬ 
self, nor any one else has been able to solve it completely, nor were they able to 
add anything at all to those things which Euclid had written, by means of the 
conic sections only which had been demonstrated before Euclid.” Descartes arrived 
at the solution of this problem four years before the publication of his geometry, 
after spending five or six weeks on it. See his letters, Cousin, Vol. VI, p. 294, 
and Vol. VI, p. 224. 

1321 Given as follows in the edition of Pappus by Hultsch, previously quoted: 
“Sed hie ad tres et quatuor lineas locus quo magnopere gloriatur simul addens ei 
qui conscripserit gratiam habendam esse, sic se habet.” 
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reBis lineis ab uno & eodem punBo, ad tres lined* in datis an - 
gulis reBee line# ducantur, (3 data Jit proportio reBanguli 
contenti duabus duBis adquadmtum reliquce : punBum con - 
tingitpojitione datum folidum locum, hoc ejl unam ex tribus 
conicisfeBionibus . Et Ji ad quatuor reBas tineas pojitione 
datas in datis angulis tinea ducanturs & reBanguli duabus 
duBis contenti ad contentum duabus reliquisproportio data 
fit: fmi liter punBum datum coni feBionem pofitione cantin'• 
get . Si quidemigitur ad duos tantum locus planus ojienfus 
ejl . Quodjiadplures quam quatuor, punBum continget lo¬ 
cos non adhuc cognitos, fed tineas tantum diBas s quales au - 
temfint, velquam babeantproprietatem, non conjlati earum 
unam, nequeprrmam, & qua manifejlijjima videtur, compo - 
Juerunt ojlendentes utilem efie. propojitiones autemipjarum 
bee funt . 

Si ab aliquo punBo ad pofitione datas reBaS tineas quin - 
que ducantur reBee lineee in datis angulis , & data Jit propor- 
tio falidiparallelepipeds reBanguli, quod tribus duBis lineis 
continetur adfolidum parallelepipedum reBangulum , quod 
continetur reliquis duabus, 0 data quapiam tinea, punBum 
pofitione datam lineam continget . Si autem ad(ex, & data 
fit prop ortiofolidi tribus lineis contenti ad folidum, quod 
tribus reliquis continetur ,* rurjuspunBum continget pofitione 
datam lineam . Quodfi adplures quam fex, non adhuchabent 
dicere,andata fit proportio cuiufpid contenti quatuor lineis 
ad id quod reliquis continetur, qnoniam non ejl aliquid con - 
tentum pluribus quam tribus dimenfionibus. 

Ou ie vous prie de remarqueren pafTant, que le feru- 
pule,quefaifoientlesanciens dvfer.destermes del’A- 
rithmetique en la Geometrie, qui lie pouuoic proccder, 

O q que 
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que do ce qu’ils ne voyoient pas afles clairement Ieur 
rapport, caufoit beaucoup d’obfcurite, & d’embaras, en 
la fa^ondontils s'expliquoient. car Pappus pourfuit ea 
cete forte. 

Acquiefcunt aictem his, quipaulo ante talia interpretati 
[imt. neque unum aliquopaclo comprebenfibilefignificantes 
quodhis continetur.Licebit ante per coniunBasproportiones 
htec, (3 dicere, S3 demonfirare univerfe in diBis proportioni- 
hus, at que his in hunc modum. Si ab aliquo punBo adpoji- 
tione datasreBas tineas ducantur reft# linete in datis angu- 
lis, S3 data fit proportio coniunBa ex ea, quam habct una du - 
ftarum adunam, S3 altera ad alteram, S3 alia adaliam,S3 re~ 
liqua ad datam lineam, fifint [ep terns Jivero 0 B 0 , S3 reliqua 
ad reliquamipunBum continget pojitione datfo linear. Et 
fimiliter quotcumque jint impares vel pares multitudine-, 
cum hacy ut dixi, loco adquatuor linear refpondeant, nullum 
igitur pofuerant ita ut Itnea not a Jit , S3c. 

La queftion done qui auoit efte commencee a refou- 
dreparEucIide, &: pourfuiuie par Apollonius, Ians auoir 
eftcacheude parperfonne, eftoit telle. Ayant trois oa 
quatreou plus grand nombre delignes droites donnees 
parpofitionjpremierement on deniande vnpoint,.du- 
quelon puifle tirerautant d’autres lignes droites, vne fur 
chafcunedesdonnees, qui fa$ent auecellesdes angles 
donnds, & que le redangle contenu en deux de celles, 
qui feront aiufi tirdes d’vn mefme point, ait la propor¬ 
tion, donne'e auec le quarrd de la troifiefme, s’il n’y en a 
que trois,-oubienauec le redangle des deuxautres, s’ily 
en a quatre ; oubien,$’il y en a cinq,que le parallelepipede 
compofe'de trois aitla proportion donnee auec le paral- 

lelepipede 
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quoniam non est aliquid contentum plnribus quam tribus dimensioni- 
busr m 

Here I beg you to observe in passing that the considerations that 
forced ancient writers to use arithmetical terms in geometry, thus mak¬ 
ing it impossible for them to proceed beyond a point where they could 
see clearly the relation between the two subjects, caused much obscur¬ 
ity and embarrassment, in their attempts at explanation. 

Pappus proceeds as follows: 

"Acquiescunt autem his , qui paulo ante talia interpretati sunt; neque 
unum aliquo pacto comprehensibile significantes quod his continetur. 
Licebit autem per conjunctas proportions hcec, & dicere & demonstrare 
universe in dictis proportionibus, atque his in hunc modum. Si ab 
aliquo puncto ad positione datas rectas lineas ducantur rectce linece in 
datis angulis, & data sit proportio conjuncta ex ea, quam habet una 
ductarum ad unam, & altera ad alteram, & alia ad aliam, & reliqua ad 
datarn lineam, si sint septcm; si vero octo, & reliqua ad reliquam: 
punctum continget positione datas lineas . Et similiter quotcumque sint 

jmj ^his ma y b e somewhat freely translated as follows: “The problem of the 
locus related to three or four lines, about which he (Apollonius) boasts so proudly, 
giving no credit to the writer who has preceded him, is of this nature: If three 
straight lines are given in position, and if straight lines be drawn from one and 
the same point, making given angles with the three given lines; and if there be 
given the ratio of the rectangle contained by two of the lines so drawn to the 
square of the other, the point lies on a solid locus given in position, namely, one 
of the three conic sections. 

“Again, if lines be drawn making given angles with four straight lines given 
in position, and if the rectangle of two of the lines so drawn bears a given ratio 
to the rectangle of the other two; then, in like manner, the point lies on a conic 
section given in position. It has been shown that to only two lines there corre¬ 
sponds a plane locus. But if there be given more than four lines, the point gen¬ 
erates loci not known up to the present time (that is, impossible to determine by 
common methods), but rperely called ‘lines'. It is not clear what they are, or 
what their properties. One of them, not the first but the most manifest, has been 
examined, and this has proved to be helpful. (Paul Tannery, in the Oeuvres de 
Descartes, differs with Descartes in his translation of Pappus. He translates as 
follows: Et on n’a fait la synthese d’ aucune de ces lignes, ni montre qu’elle servit 
pour ces lieux, pas meme pour celle qui semblerait la premiere et la plus indiquee.) 
These, however, are the propositions concerning them. 

“If from any point straight lines be drawn making given angles with five 
straight lines given in position, and if the solid rectangular parallelepiped contained 
by three of the lines so drawn bears a given ratio to the solid rectangular paral¬ 
lelepiped contained by the other two and any given line whatever, the point lies 
on a ‘line' given in position. Again, if there be six lines, and if the solid con¬ 
tained by three of the lines bears a given ratio to the solid contained by the other 
three lines, the point also lies on a 'line' given in position. But if there be more 
than six lines, we cannot say whether a ratio of something contained by four 
lines is given to that which is contained by the rest, since there is no figure of 
more than three dimensions.” 
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impares vel pares multitudine , cum hcec, ut dixi, loco ad quatuor lincas 
respondeant, nullum igitur posuerunt ita ut linea nota sit, &c. m 

The question, then, the solution of which was begun by Euclid and 
carried farther by Apollonius, but was completed by no one, is this: 

Having three, four or more lines given in position, it is first required 
to find a point from which as many other lines may be drawn, each 
making a given angle with one of the given lines, so that the rectangle 
of two of the lines so drawn shall bear a given ratio to the square of 
the third (if there be only three) ; or to the rectangle of the other two 
(if there be four), or again, that the parallelepiped 1301 constructed upon 
three shall bear a given ratio to that upon the other two and any given 
line (if there be five), or to the parallelepiped upon the other three (if 
there be six) ; or (if there be seven) that the product obtained by mul¬ 
tiplying four of them together shall bear a given ratio to the product 
of the other three, or (if there be eight) that the product of four of 
them shall bear a given ratio to the product of the other four. Thus 
the question admits of extension to any number of lines. 

Then, since there is always an infinite number of different points 
satisfying these requirements, it is also required to discover and trace 
the curve containing all such points . [3C1 Pappus says that when there 
are only three or four lines given, this line is one of the three conic 
sections, but he does not undertake to determine, describe, or explain 
the nature of the line required 1371 when the question involves a greater 
number of lines. He only adds that the ancients recognized one of 
them which they had shown to be useful, and which seemed the sim- 

[34] This rather obscure passage may be translated as follows: “For in this are 
agreed those who formerly interpreted these things (that the dimensions of a 
figure cannot exceed three) in that they maintain that a figure that is contained by 
these lines is not comprehensible in any way. This is permissible, however, both 
to say and to demonstrate generally by this kind of proportion, and in this man¬ 
ner: If from any point straight lines be drawn making given angles with straight 
lines given in position; and if there be given a ratio compounded of them, that 
is the ratio that one of the lines drawn has to one, the second has to a second, 
the third to a third, and so on to the given line if there be seven lines, or, if there 
be eight lines, of the last to a last, the point lies on the lines that are given in 
position. And similarly, whatever may be the odd or even number, since these, 
as I have said, correspond in position to the four lines; therefore they have not 
set forth any method so that a line may be known." The meaning of the passage 
appears from that which follows in the text. 

1381 That is, continued product. 

1301 It is here that the essential feature of the work of Descartes may be said 
to begin. 

1871 See line 19 on the opposite page. 
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lelepipede cotnpofe'des deux qui reftent, & d’vne autre 
ligne donnde. Ous’ilycnafix, que le parallelepipede 
copofe de trois ait la proportion donne'e auecle paralie- 
Iepipede des trois autres. Ou s’ilyen afept,que ce qui fe 
produift lorlqu’on en niultiplie quatrel’vne par l’autre, 
ait la raifon donude auec ce qni fe produift par la multi¬ 
plication des trois autres, & encore d’vne autre ligne 
donne'e; Ou s’il yen a huit, que le produit de la multi¬ 
plication de quatre ait la proportion donne'e auec le pro¬ 
duit des quatre autres. Et ainfi cete queftion fe peut 
cftendre a tout autre nombre de Iignes. Puis a caufe qu’il 
ya toufiours vneinfinite'dediuers poins qui peuuent fa- 
tisfaireacequi eft icy demands, il eft aufly requis dc 
connoiftre, & de tracer la ligne,dans laquelle ils doiuent 
tousfe trouuer. & Pappus dit que lorfqu’il n’y a que 
trois ou quatre Iignes droites donne'es, c’eften vne des 
trois fciftionsconiques.mais iln’entreprendpoint de la 
determiner, ny de la defcrire. non plus que dexpli- 
quer celles ou tous ces poins fe doiuent trouuer, lorfque 
la queftion eft propofe'eenvn plus grand nombre de li- 
gnes. Seulement il aioufte que Ies anciens en auoient 
imaginc'vnequ'ilsmonftroient yeftrevtile , raaisqui 
fembloit la plus manifefte, & qui n’eftoit pas toutefois la 
premiere. Cequi m'a donnd occafion d’eflayer fi par la 
methodedontieme fers on peut aller aufly loin qu'ils 
ontefte'. 

Et premierement i’ay connu que cete queftion n’eftant Refponfe 
propofe'e qu’en trois, ouquatre,ou cinq Iignes , on peut 
toufiours trouuer les poins cherche's par la Geometrie Pappus. 
Ample; c’eft a dire en ne fe feruant que de la reigle & du 

Q.q * compas. 
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cornpas, ny ne feifent auttechofe, quc ce qui a defiaefttf 
dit; excepteTeuIement lorfqu'il y a cinq lignes donndes, 
fi dies font ton tes paralleles. Auquelcas, com me aufly 
lorfquela queftion eft propofee en fix, 0117, ou 8, ou 9 
lignes, onpeuttoufiours trouuer lespoinscherchds par 
la Geometrie des folides ; c’eft a dire en y employarr 
que lqu’Vue des trois fe&ions coniques. Excepte' feule- 
ment lorfqu’il y a neuflignes donnces, fi elles font toutes 
paralleles. Auquelcasderechef, & encore en 10,11,12, 
ou 13 lignes on peut trouuer les poins cherches par le 
moyen d’vne ligne courbe qui foit d’vn degre' plus com¬ 
pose que les fe&ions coniques. Except d 1 en treize fi el¬ 
les font toutes paralleles, auquel cas, & en quatorze, t 
1 6, &i7ilyfaudra employer vne ligne courbe encore 
d’vB degre plus compofte que la precedence & aiufi 
al’infini. 

Puis iay trouuc’aufly, que lorfqu’il nyaquetrois ou 
quatre lignes donnces, les poins cherchds fe rencontrent 
tons , non feulement en 1’vne des trois fe&ions coni¬ 
ques , mais quelquefois aufly en la circonference d'vn 
cercle, ou en vne ligne droite. Et que lorfqu’il y en a 
cinq, ou fix, oufept,ouhuit, tous ces poins fe rencon¬ 
trent en quelque vne des lignes, qui font d’vn degrd plus 
compofdes que les fe&ions coniques, & lleft impoffible 
d’enimagineraucunequi nefoit vtile a cete queftion ; 
cnais ils peuuent aufly derecheffe rencontrer en vne fe- 
&ion coni que, ou en vn cercle, ou envne ligne droite. 
Ets’ilyenaneuf,ouio,ouii,ou 11, cespoins fe ren¬ 
contrent en vne ligne, qui ne peut eftre que d’vn degrd 
plus compofoe que les precedences - mais toutes celles 

qui 
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plest, and yet was not the most important . 1383 This led me to try to find 
out whether, by my own method, I could go as far as they had gone . 1391 

First, I discovered that if the question be proposed for only three, 
four, or five lines, the required points can be found by elementary 
geometry, that is, by the use of the ruler and compasses only, and the 
application of those principles that I have already explained, except 
in the case of five parallel lines. In this case, and in the cases where 
there are six, seven, eight, or nine given lines, the required points can 
always be found by means of the geometry of solid loci , 1401 that is, by 
using some one of the three conic sections. Here, again, there is an 
exception in the case of nine parallel lines. For this and the cases of 
ten, eleven, twelve, or thirteen given lines, the required points may be 
found by means of a curve of degree next higher than that of the conic 
sections. Again, the case of thirteen parallel lines must be excluded, 
for which, as well as for the cases of fourteen, fifteen, sixteen, and 
seventeen lines, a curve of degree next higher than the preceding must 
be used; and so on indefinitely. 

Next, I have found that when only three or four lines are given, the 
required points lie not only all on one of the conic sections but some¬ 
times on the circumference of a circle or even on a straight line . 1 " 1 

When there are five, six, seven, or eight lines, the required points 
lie on a curve of degree next higher than the conic sections, and it is 
impossible to imagine such a curve that may not satisfy the conditions 
of the problem; but the required points may possibly lie on a conic 
section, a circle, or a straight line. If there are nine, ten, eleven, or 
twelve lines, the required curve is only one degree higher than the pre¬ 
ceding, but any such curve may meet the requirements, and so on to 
infinity. 

1381 See lines 5-10 from the foot of page 23. 

1301 Descartes gives here a brief summary of his solution, which he amplifies 
later. 

1401 This term was commonly applied by mathematicians of the seventeenth cen¬ 
tury to the three conic sections, while the straight line and circle were called plane 
loci, and other curves linear loci. See Fermat, Isagoge ad Locos Pianos et Solidos, 
Toulouse, 1679. 

l41J Degenerate or limiting forms of the conic sections. 
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Finally, the first and simplest curve after the conic sections is the 
one generated by the intersection of a parabola with a straight line in 
a way to be described presently. 

I believe that I have in this way completely accomplished what 
Pappus tells us the ancients sought to do, and I will try to give the 
demonstration in a few words, for I am already wearied by so much 
writing. 

Let AB, AD, EF, GH, ... be any number of straight lines 
given in position , 1421 and let it be required to find a point C, from which 
straight lines CB, CD, CF, CH, ... can be drawn, making given angles 
CBA, CDA, CFE, CHG, .. . respectively, with the given lines, and 


f42J It should be noted that these lines are given in position but not in length. 
They thus become lines of reference or coordinate axes, and accordingly they 
play a very important part in the development of analytic geometry. In this con¬ 
nection we may quote as follows: “Among the predecessors of Descartes we 
reckon, besides Apollonius, especially Vieta, Oresme, Cavalieri, Roberval, and 
Fermat, the last the most distinguished in this field; but nowhere, even by, Fermat, 
had any attempt been made to refer several curves of different orders simultane¬ 
ously to one system of coordinates, which at most possessed special significance 
for one of the curves. It is exactly this thing which Descartes systematically 
accomplished.” Karl Fink, A Brief History of Mathematics, trans. by Beman and 
Smith, Chicago, 1903, p. 229. 

Heath calls attention to the fact that “the essential difference between the 
Greek and the modern method is that the Greeks did not direct their efforts to 
making the fixed lines of a figure as few as possible, but rather to expressing 
their equations between areas in as short and simple a form as possible.” For fur¬ 
ther discussion see D. E. Smith, History of Mathematics , Boston, 1923-25, Vol. II, 
pp. 316-331 (hereafter referred to as Smith). 
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qui font d'vndegreplus compafees y peauent feruir. & 
ainfial’infini. 

Au refte la premiere, & la plus fimple de toutes aprds 
les fe&ions coniques, eft celle qu’on peut defcrirepar 
1 interfe&ion d'vne Parabole, & d’vne Iigne droite, en la 
fagon qui fera tantoft expliqu de. En forte que ie peufe 
auoir entierement fatisfait a ceque Pappus nous dit auoir 
eftdchetchden cecy par les anciens. & ic tafcheray d’en 
mettre la demonftration en peu de mots.car il m’ennuie 
defiad’en tantefcrire. 


\ 



Soient A B, A D, E F, G H, &c. plufieurs lignes don- 
ncespar pofition, & qu’il faille trouuer vn point, com me 
C, duquel ayant tire'd’autres lignes droites fur les don- 
ndes, comme C B, C D, C F, & C H, en forte que les 
angles C B A, C D A, C F E, C H G,&c. foient donnes, 

Qq 3 & 
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& que ce qui eft produit par la multiplication d’vne par- 
tie de ces lignes,foit e/gal a ce qui eft produit par la mul¬ 
tiplication des autres, oubien qu’ils ayent quelque autre 
proportion donnee, car cela ne rend point la queftion 
plus difficile. 

Commct Premierement ie fuppofe la chofe comme della faite, 
policies 3cpour me demeller de la cofulion d,e toutes ces’ lignes, 
termes ie confidere l’vnedes donnees, & l’vne de cellesqu’il 
«ir U i vz- fauttrouuer,parexempleAB, & C B, commelespriu- 
quarion cipales, & aufquelles ie tafche de rapporter ainli toutes 
«cmpie. les autres. Que le fegment de la ligne A B, qui eftentre 
les poins A & B, foit nomnid x. & que B C foit nomme 
y. & que toutes les autres lignes donndes foient prolon¬ 
ged, iufques a ce qu’elles couppent ces deux, an fly pro¬ 
longed s’il eft befoin, & 11 elles ne leur font point paral¬ 
lels. comme vous voyes icy qu’elles couppent la ligne 
ABauxpoinsA, E, G, &BC aux poins R,S,T. Puis a 
caufe que tous les angles du triangle ARB font donne's, 
la proportion,qni eft entre les colie's A B, & B R, eft auf- 
fydonne’e, &ie lapofecommede^a^, defagonqu’AB 

eftant rRB fer i b ~* 8 c la toute C R fora v -+• b ~ r -* k caufe 
que le point B tombe entre C & Rj car 11 R tomboit en¬ 
tre C & B,C R feroit y — ~»& fi C tomboit entre B & R, 

b x 

C R feroit —y H- ’ Tout de mefme les trois angles 

du triangle D R C font donne's, & par confequent aufly 
la proportion qui eft entre les cofte's C R, & C D, que ie 

pofe comme de c: de fagon que CR eftant y 

CD 
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such that the product of certain of them is equal to the product of the 
rest, or at least such that these two products shall have a given ratio, 
for this condition does not make the problem any more difficult. 

First, I suppose the thing done, and since so many lines are confus¬ 
ing, I may simplify matters by considering one of the given lines and 
one of those to be drawn (as, for example, AB and BC) as the prin¬ 
cipal lines, to which I shall try to refer all the others. Call the segment 
of the line AB between A and B, x f and call BC, y. Produce all the 
other given lines to meet these two (also produced if necessary) pro¬ 
vided none is parallel to either of the principal lines. Thus, in the 
figure, the given lines cut AB in the points A, E, G, and cut BC in the 
points R, S, T. 

Now, since all the angles of the triangle ARB are known , 14 * 1 the ratio 
between the sides AB and BR is known . 1441 If we let AB : BR = z :b, 

bx 

since AB = x, we have RB = — ; and since B lies between C and R I4fl , 

z 

bx 

we have CR = y + ~* (When R lies between C and B, CR is tqual 

t0 ““ "P an( * when C lies between B and R, CR is equal to — y + ^ ) 

Again, the three angles of the triangle DRC are known, [4aJ and there¬ 
fore the ratio between the sides CR and CD is determined. Calling this 

. . bx cx b> x 

ratio z:c, since CR = y-\ -, we have CD= • Then, since 

Z z z 3 

{4S] Since BC cuts AB and AD under given angles. 

f44J Since the ratio of the sines of the opposite angles is known. 

1461 In this particular figure, of course. 

l40] Since CB and CD cut AD under given angles. 
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the lines AB, AD, and EF are given in position, the distance from A 
to E is known. If we call this distance k, then EB — k-\- x; although 
EB = k — x when B lies between E and A, and E = — k + x when E 
lies between A and B. Now the angles of the triangle ESB being 
given, the ratio of BE to BS is known. We may call this ratio z :d. 

Then BS — — — and CS = m When S lies between B 

z z 

and C we have CS = ~~ ——— , and when C lies between B and S 

z 

we have CS = ~ Zy + — . The angles of the triangle FSC are 

z 

known, and hence, also the ratio of CS to CF, or z: e . Therefore, 

CF = eZy + de \ - . Likewise, AG or / is given, and BG = / — x . 

Also, in triangle BGT, the ratio of BG to BT, or z :f, is known. There¬ 
fore, BT anc j CT = — In triangle TCH, the ratio 

z z 

of TC to CH, or z : g t is known / 481 whence CH = — ~ • 

{471 We have 

CS = y + BS 

, dk - j- dx 
= y+- r - 

_ zy dk-\- dx 

z ’ 

and similarly for the other cases considered below. 

The translation covers the first eight lines on the original page 312 (page 32 
of this edition. 

1481 It should be noted that each ratio assumed has s as antecedent. 
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C D fera A pres cela pourceque les lignes A B, 

A D, & E F font donne'es par poficion, la diftauce qui eft 
entrelespoins A & E eftauflydonnde, & fi on la nom¬ 
ine K, on aura E B efgal a mais ce feroit x , fi 
le point B tomboit entre E Sc A,-& — x,fiE tomboit 

entre A & B. Et pourceque les angles du triangle E S B 
font tous donnds, la proportionde BE a BS eftaulfy 
donnee, & ie la pofe comme %hd , fibienque BS eft 

—-—, & la toute C S eft ~— - ; mais ce leroit 

-— -,6 le points tomboit entre B ScCj8cce feroit 

—--,fi C tomboit entre B Sc S. De plus les 

trois angles du triangle F S Cfont donnes, Sc en fuite la 

pro- 
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proportion deCS&CF, qui fbit comme dc^ke, & la 

toute C F fera * — *** £n mefrne fagon AG 

queienomme/eftdonnee, & BGeft/-*', & a caufe 
dutriangle BGTlaproportion de BG a B T eft aufly 

fl~fx 

donnde, quifoit comme de f. &B T fera —■ ,& 

C Too Puis derechef la proportion de TC a 

C H eft donnee, a caufe du triangle T C H, & la pofanc 

comme de & g, on aura CHco ** - y 

Etainfivousvoye's, qu’entel nombrede lignes don- 
Jtiecs par pofition qu’on puifle auoir, toutes les lignes ti- 
rees deflus du point C a angles doune's fuiuant la teneur 
delaqueftion ,fepeuuent toufiours exprimer chafcune 
par trois termes ; dont i’vn eft compofe"de la quantity in- 
connue y , multiplied , ou diuifee par quelque autre 
connuej & l'autre de la quantite' inconnue x, aufly mul¬ 
tiplie'e ou diuifee par quelque autre connue, & le trofief- 
me d’vne quantite' toute connue. Excepte feulement fi 
elles font parallelesj oubien a la ligne A B, auquelcas le 
terme compofe' de la quantite a; fera nul ; oubien a la li¬ 
gne C B, auquei cas celuy qui eft compofe'de la quantite' 
y fera nul ; ainfi qu’il eft trop manifeftc pour qu e ie m are- 
fte a l’expliquer. Et pour les fignes H-, & —, qui fe ioi- 
gnent a ces termes, ils peuuent eftre change's en toutes 
les famous imaginables. 

Puis vous voyds aufly, que muitipliant plufieurs de 
ces lignes I’vne par l’autre, les quantity x&y, qui fe 
trouuent dans leproduit,n’y peuuent auoir que chafcu¬ 
ne autant de dimenfions, qu’il y a eu de lignes, a Impli¬ 
cation 
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And thus you see that, no matter how many lines are given in posi¬ 
tion, the length of any such line through C making given angles with 
these lines can always be expressed by three terms, one of which con¬ 
sists of the unknown quantity y multiplied or divided by some known 
quantity; another consisting of the unknown quantity x multiplied or 
divided by some other known quantity; and the third consisting of a 
known quantity . 1 " 1 An exception must be made in the case where the 
given lines are parallel either to AB (when the term containing x van¬ 
ishes), or to CB (when the term containing y vanishes). This case is 
too simple to require further explanation . 1601 The signs of the terms 
may be either + or — in every conceivable combination . 1611 

You also see that in the product of any number of these lines the 
degree of any term containing x or y will not be greater than the num¬ 
ber of lines (expressed by means of x and y) whose product is found. 
Thus, no term will be of degree higher than the second if two lines 
be multiplied together, nor of degree higher than the third, if there be 
three lines, and so on to infinity. 

That is, an expression of the form ax-\~by~\- c, where a, b, c t are any real 
positive or negative quantities, integral or fractional (not zero, since this exception 
is considered later). 

[MI The following problem will serve as a very simple illustration: Given three 
parallel lines AB, CD, EF, so placed that AB is distant 4 units from CD, and CD 
is distant 3 units from EF; required to find a point P such that if PL, PM, PN 



be drawn through P, making angles of 90°, 45°, 30°, respectively, with the 
parallels. Then PM 2 = PL.PN. 

Let PR = y, then PN = 2y t PM = V2 (y + 3), PL = y + 7. If PM 2 = PN. PL, 
we have £ ^ii(y + 3)J* =2y(y + 7), whence y = 9. Therefore, the point P lies on 

the line XY parallel to EF and at a distance of 9 units from it. Cf. Rabuel, p. 79. 
1611 Depending, of course, upon the relative positions of the given lines. 
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Furthermore, to determine the point C, but one condition is needed, 
namely, that the product of a certain number of lines shall be equal to, 
or (what is quite as simple), shall bear a given ratio to the product of 
certain other lines. Since this condition can be expressed by a single 
equation in two unknown quantities , 1621 we may give any value we please 
to either x or y and find the value of the other from this equation. It 
is obvious that when not more than five lines are given, the quantity x, 
which is not used to express the first of the lines can never be of degree 
higher than the second. [Ba] 

Assigning a value to y, we have x 2 = ± ax rb b 2 , and therefore x 
can be found with ruler and compasses, by a method already explained. lB4] 
If then we should take successively an infinite number of different 
values for the line y, we should obtain an infinite number of values for 
the line x, and therefore an infinity of different points, such as C, by 
means of which the required curve could be drawn. 

This method can be used when the problem concerns six or more 
lines, if some of them are parallel to either AB or BC, in which case 

1521 That is, an indeterminate equation. “De plus, a cause que pour determiner 
le point C, il n’y a qu’une seule condition qui soit requise, a sgavoir que ce qui est 
produit par la multiplication d’un certain nombre de ces lignes soit egal, ou (ce qui 
n’est de rien plus mal-aise) ait la proportion donnee, a ce qui est produit par la 
multiplication des autres; on peut prendre a discretion Tune des deux quantitez 
inconnues x ou y, & chercher Tautre par cette Equation.” Such variations in the 
texts of different editions are of no moment, but are occasionally introduced as 
matters of interest. 

1031 Since the product of three lines bears a given ratio to the product of two 
others and a given line, no term can be of higher degree than the third, and there¬ 
fore, than the second in x. 

fM1 See pages 13, et seq. 
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cation defqnellesellesferuent, quiontefte ainfi multi- 
pliees: enforce qu’ellesn’aurontiamais plus de deux di- 
menfions, en ce qui nefera produit que par la multipli¬ 
cation de deux lignes- ny plus de trois, en ce qui ne fera 
produit que par la multiplication de trois, & ainfi a I’in- 
fini. 

De plus, a caufe que pour determiner le point C, il 
n’y a qu’vne feule condition qui foit requife , a fgauoir que ce 
que ce qui eft produit par la multiplication d'vn certain 
nombre de ces lignes foit efgal, ou (cequi n’eft de rien plan, lorf- 
plus malayfe') ait la proportion donne'e, k ce qui eft pro- “ eIt 

duit par la multiplication des autresj on peut prendre a propofe 
diferetion l’vne des deux quantites inconnues x ou y, & *"jgne$.* 
chercher l’autre par cete Equation, en laquelle il eft eui- 
dent que lorfque la queftion n’eft point propofee en plus 
de cinq lignes, la quantifd x qui nefert point a l’expref- 
fion de la premiere peut toufiours n’y auoir que deux di- 
menfions. de fajon que prenant vne quantity connue 
poury, ilnerefteraque xx 30-+•ou-- ax-h on ~bb. & 
ainfi on pourratrouuer la quantitd x auec la reigle &le 
compas, en lafacontantoft expliquee. Mefine prenant 
fucceffiuement infinies diuerfes grandeurs pour la Iigne 
y, on en trounera aufly infinies pourla ligne x, 8 c ainfi on 
aura vne infinitude diuers poins , telsqueceluyquieft 
marqud C, par le moyen defquels on defcrirala ligne 
courbe demand ee. 


life peut faire aufiy, la queftion eftantpropofefe en fix, 
ou plus grand nombre de lignes ; s’il y en a entre les don- 
ndes, qui foient paralleles a B A, ou B C, que l’vne des 
deux quantitds x ou y n’ait que deux dimenfions en 

Rr I’Equa- 
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l'Equation, 8c ainfi qu’on puifTe trouuuer le point C auec 
la reigle 8c lecompas. Mais aucontraire fielles font tou- 
tesparalleles , encore que Iaqueftion ne foit propofee 
qu’en cinq lignes,ce point Cnepourra ainfi eftre trou- 
ud, a caufe que la quantity x ne fe trouuant point en tou- 
te rEquation,il ne fera pluspermis de prendre vne quan¬ 
tity connue pour celle qui eft nommeej, mais ce fera 
elle qu'il faudra chercher. Et pource quelle aura trois di¬ 
mensions, on nelapourra trouuer qu’en tirant la racinc 
d’vne Equation cubique. cequi ne fe peut generalement 
faire fens qu’on y employe pour le moins vne fedtion co- 
nique. Et encore qu’ily ait iufques a neuflignes don- 
ndes.pourvuqu'elles ne foient point toutes parallels, on 
peut toufionrs faire que l’Equation ne monte que iufques 
au quarre de quarrd. au moyen dequoy on la peut aufly 
toufiours refoudreparies ledtions coniques, en la fa$on 
quei’expliqueraycyapres. Et encore qu’il yen ait iu£ 
quesatreize,onpeut toufiours faire qu’elle ne monte 
que iufques au quarrd de cube- en fuite de quoy on la 
peut refoudre par le moyen d’vne ligne , quin’eftque 
d’vn degrd plus compofde que lesfedtions coniques, en 
la fa$on que i’expliqueray aufly cyaprds. Et cecy eft la 
premiere partie de ceque i’auois icy a demonftrer j mais 
auant que ie paflfe a la feconde il eft beioin que ie dio 
quelquechofeen general dela nature des lignes cour¬ 
ses. 

LA 
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either x or y will be of only the second degree in the equation, so that 
the point C can be found with ruler and compasses. 

On the other hand, if the given lines are all parallel even though a 
question should be proposed involving only five lines, the point C can¬ 
not be found in this way. For, since the quantity x does not occur at 
all in the equation, it is no longer allowable to give a known value to y. 
It is then necessary to find the value of y . I5#1 And since the term in y 
will now be of the third degree, its value can be found only by finding 
the root of a cubic equation, which cannot in general be done without 
the use of one of the conic sections . 16 * 1 

And furthermore, if not more than nine lines are given, not all of 
them being parallel, the equation can always be so expressed as to be 
of degree not higher than the fourth. Such equations can always be 
solved by means of the conic sections in a way that I shall presently 
explain. [67] 

Again, if there are not more than thirteen lines, an equation of degree 
not higher than the sixth can be employed, which admits of solution by 
means of a curve just one degree higher than the conic sections by a 
method to be explained presently . 1683 

This completes the first part of what I have to demonstrate here, but 
it is necessary, before passing to the second part, to make some general 
statements concerning the nature of curved lines. 

[ “ ] That is, to solve the equation for y. 

[56] See page 84. 

1671 See page 107. 

1681 This line of reasoning may be extended indefinitely. Briefly, it means that 
for every two lines introduced the equation becomes one degree higher and the 
curve becomes correspondingly more complex. 
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Geometry 

BOOK II 


On the Nature of Curved Lines 

T HE ancients were familiar with the fact that the problems of geom¬ 
etry may be divided into three classes, namely, plane, solid, and linear 
problems. [B9] This is equivalent to saying that some problems require 
only circles and straight lines for their construction, while others 
require a conic section and still others require more complex curves . 1801 
I am surprised, however, that they did not go further, and distinguish 
between different degrees of these more complex curves, nor do I see 
why they called the latter mechanical, rather than geometrical . 1811 
If we say that they are called mechanical because some sort of instru¬ 
ment 1821 has to be used to describe them, then we must, to be consistent, 

[s»] ££ Pappus, Vol. I, p. 55, Proposition 5, Boole III: “The ancients consid¬ 
ered three classes of geometric problems, which they called plane, solid, and linear. 
Those which can be solved by means of straight lines and circumferences of circles 
are called plane problems, since the lines or curves by which they are solved have 
their origin in a plane. But problems whose solutions are obtained by the use of 
one or more of the conic sections are called solid problems, for the surfaces of solid 
figures (conical surfaces) have to be used. There remains a third class which is 
called linear because other ‘lines’ than those I have just described, having diverse 
and more involved origins, are required for their construction. Such lines are the 
spirals, the quadratrix, the conchoid, and the cissoid, all of which have many impor¬ 
tant properties.” See also Pappus, Vol. I, p. 271. 

[601 Rabuel (p. 92) suggests dividing problems into classes, the first class to 
include all problems that can be constructed by means of straight lines, that is, 
curves whose equations are of the first degree; the second, those that require curves 
whose equations are of the second degree, namely, the circle and the conic sec¬ 
tions, and so on. 

1611 Cf. Encyclopedic ou Dictionnaire Raisonne des Sciences, des Arts et des 
Metiers, par une Societe de gens de lettres, mis en ordre et publiees par M. Diderot, 
et quant d la Partie Mathematique par M. d'Alembert, Lausanne and Berne, 1780. 
In substance as follows: " Mechanical is a mathematical term designating a con¬ 
struction not geometric, that is, that cannot be accomplished by geometric curves. 
Such are constructions depending upon the quadrature of the circle. 

The term, mechanical curve, was used by Descartes to designate a curve that 
cannot be expressed by an algebraic equation.” Leibniz and others call them 
transcendental. 
lwl “Machine.” 
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GEO M L E TRIE. 

LIVRE SECOND. 

jDtf la nature des lignes courbes, 

L E s anciens oat fort biea remarque , qu’cntre Ies 

Problcfines de Geometrie, Ies vns font plans, Ics an- Qaeiics 
tres folides,&les autres lineaires, c’eft a dire, que les vns 1°“^” 
peuuenteftreconftruits, ennetra§ant que des lignes co " rbes 
droites, &descercles ; au lieu que les autres ne le pen- peuTre- 
uent eftre, qu’on n’y employe pour le moins quelque fe- ceuoir en 
chon conique • m ennn les autres , qu on n y employe U j e . 
quelque autre ligne plus compofee. Mais ie m’eftonne 
de ce qu’ils n’ont point outre cela diftingud diuers de- 
grdsentreces lignes plus composes, & ie ne f^aurois 
comprendre pourquoy ils les ont nommdes mechani- 
ques, plutoft que Geometriques. Car de dire que §’ait 
efte", a caufe qu'il eft belbin de fe feruir de quelque ma¬ 
chine pour Ies defcrire, il faudroit reietter par melme 
raifon Ies cdrcles & les lignes droites ; vti qu’on ne les de- 
fcrit fur le papier qu’auec vn compas, & vne reigle, qu’on 
peut aufly nommer des machines. Ce n’eft pas non plus, 
a caufe que les inftrumens, qui feruent a les tracer.eftant 
plus compofe's que la reigle & le compas , ne peuuent 
eftre fiiuftesjcar il faudroit pour cete raifon les reietter 
des Mechaniques, oh la iuftefte des ouurages qui fortent 
delamaineftdefireej plutoft que de la Geometrie , ou 
c’eft feulement la iuftefte duraifonnemet qu’on recher- 

Rr 2 che. 
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che, & qui peut fans donte eftre anfly parfaite touchant 
ces lignes, que touchant les autres. Ie ne diray pas aufly, 
que ce foit a caufe qu ils n’ont pas voulu augmenter Ie 
nombre deleursdemandes, & qu’ils fe fontcontentds 
qu’onleuraccordaft, qu’ils puflent ioindre deux poins 
donne's par vne Iigne droite , Sc defcrire vn cercle d’wn 
centre donne' qui paflaft par vn point donne.car ils n’ont 
point fait de fcrupule de fuppofer outre ceIa,pour traiter 
des fe<ftionsconiques , qu on puft coupper toutcdne 
donne'par vn plan donne'. &iln’eft befbin de rienfup- 
pofer pour tracer toutes les lignes courbes, que ie pre- 
tens icy d‘introduire ; finon que denx ou plufieurs lignes 
poiflent eftre meues l’vne par I’autre, & que Ieurs inter- 
fe&ions en marquent d'autres; ce quine me paroift en 
rien plus difficile. 11 eft vray qu’ils n’ont pas aufly entie- 
rement receu les fe&ions coniques en leur Geoinetrie, 
& ie ne veux pas entreprendre de changer les noms qui 
ont efteappronucfc par l’vfage; mais il eft, ce me femble, 
tres clair, queprenant comme on fait pour Geometri- 
que ce qui eft precis & exad: , & pour Mechanique 
cc qui ne l eft pas; & confiderant la Geometrie comme 
vne fcience, qui enfeigne generalement a connoiftre les 
mefures d e tousles cors, on n’endoit pas plutoft exclure 
les lignes les plus compofees que les plus fimples, pourvil 
qu’on les puiflcimaginer eftre defcrites par vn mouue* 
ment continu, ou par plufieurs qui s’entrefuiuent Sc dont 
lesderniersfoient entierement regies par ceux qui les 
precedent, car par ce moyen on peut toufiours auoir 
vne connoiflance exadte de leur mefure. Mais peuteftre 
quecequiaempefche'lesanciens Geometres de re$e- 

uoir 
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reject circles and straight lines, since these cannot be described on 
paper without the use of compasses and a ruler, which may also be 
termed instruments. It is not because the other instruments, being 
more complicated than the ruler and compasses, are therefore less 
accurate, for if this were so they would have to be excluded from 
mechanics, in which accuracy of construction is even more important 
than in geometry. In the latter, exactness of reasoning alone 16 * 1 is 
sought, and this can surely be as thorough with reference to such lines 
as to simpler ones. 1641 I cannot believe, either, that it was because they 
did not wish to make more than two postulates, namely, (1) a straight 
line can be drawn between any two points, and (2) about a given center 
a circle can be described passing through a given point. In their treat¬ 
ment of the conic sections they did not hesitate to introduce the assump¬ 
tion that any given cone can be cut by a given plane. Now to treat all 
the curves which I mean to introduce here, only one additional assump¬ 
tion is necessary, namely, two or more lines can be moved, one upon 
the other, determining by their intersection other curves. This seems 
to me in no way more difficult. 1661 

It is true that the conic sections were never freely received into 
ancient geometry, 1661 and I do not care to undertake to change names 
confirmed by usage; nevertheless, it seems very clear to me that if we 
make the usual assumption that geometry is precise and exact, while 
mechanics is not ; 16T1 and if we think of geometry as the science which 
furnishes a general knowledge of the measurement of all bodies, then 
we have no more right to exclude the more complex curves than the 
simpler ones, provided they can be conceived of as described by a con¬ 
tinuous motion or by several successive motions, each motion being 
completely determined by those which precede; for in this way an exact 
knowledge of the magnitude of each is always obtainable. 

1631 An interesting question of modern education is here raised, namely, to what 
extent we should insist upon accuracy of construction even in elementary geometry. 

1-41 Not only ancient writers but later ones, up to the time of Descartes, made 
the same distinction; for example, Vieta. Descartes’s view has been universally 
accepted since his time. 

That is, in no way less obvious than the other postulates. 

m Because the ancients did not believe that the so-called constructions of the 
conic sections on a plane surface could be exact. 

I#T1 Since it is not possible to construct an ideal line, plane, and so on. 
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Probably the real explanation of the refusal of ancient geometers to 
accept curves more complex than the conic sections lies in the fact that 
the first curves to which their attention was attracted happened to be 
the spiral, 1 ®* 1 the quadratrix, 1 *® 1 and similar curves, which really do 
belong only to mechanics, and are not among those curves that I think 
should be included here, since they must be conceived of as described 
by two separate movements whose relation does not admit of exact 
determination. Yet they afterwards examined the conchoid, 1701 the 
cissoid, 1 ” 1 and a few others which should be accepted; but not knowing 
much about their properties they took no more account of these than 
of the others. Again, it may have been that, knowing as they did only 
a little about the conic sections, 1 ” 1 and being still ignorant of many of 
the possibilities of the ruler and compasses, they dared not yet attack 
a matter of still greater difficulty. I hope that hereafter those who are 
clever enough to make use of the geometric methods herein suggested 
will find no great difficulty in applying them to plane or solid problems. 
I therefore think it proper to suggest to such a more extended line of 
investigation which will furnish abundant opportunities for practice. 

Consider the lines AB, AD, AF, and so forth (page 46), which we 
may suppose to be described by means of the instrument YZ. This 
instrument consists of several rulers hinged together in such a way that 
YZ being placed along the line AN the angle XYZ can be increased or 
decreased in size, and when its sides are together the points B, C, D, 
E, F, G, H, all coincide with A; but as the size of the angle is increased, 

[os] See Heath, History of Greek Mathematics (hereafter referred to as Heath), 
Cambridge, 2 vols., 1921. Also Cantor, Vorlesungen iiber Geschichte der Mathe- 
matik , Leipzig, Vol. I (2), o. 263, and Vol. II (1), pp. 765 and 781 (hereafter 
referred to as Cantor). 

m See Heath, I, 225; Smith, Vol. II, pp. 300, 305. 

[TO1 See Heath, I, 235, 238; Smith, Vol. II, p. 298. 

l71] See Heath, I, 264; Smith, Vol. II, p. 314. 

[72] 'j'hgy really knew much more than would be inferred from this statement. 
In this connection, see Taylor, Ancient and Modern Geometry of Conics, Cam¬ 
bridge, 1881. 
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uoir celles qui eftoient plus compofees que lesfe&ions 
coniques, c’eftqueles premieres qu’ils ont conflderdes, 
ayant par halard efte la Spirale, la Quadratrice, & fem- 
blables, qui n'appartienent veritablement qu’aux Me- 
chaniques,&nefont point dunombre de celles que ie 
penfe deuoir icy eftre receues, a caufe qu’on les imagine 
defcrites par deux mouuemens fepares, & qui n’ont en* 
treeuxaucun raport qu'on puifle mefurer exa&ement, 
bienqu’ils ayentapres examind la Conchoide, la Cifloi- 
de, &quelquepeud’autres qui en font, toutefoisacau- 
fe qu’ils n’ont peuteftre pas afles remarqud leurs pro¬ 
priety's , ils n’en ont pas fait plus d'eftat que des premie¬ 
res. Oubien c’eft que voyant , qu’ils ne connoifloient 
encore, que pen de chofes touchant les fe&ionsconi- 
ques, &qu’illeur enreftoitmefme beaucoup, touchant 
ce qui fe peut faire auec la reigle & le compas , qu’ils 
ignoroient,ils ontcreune deuoir point entamer de ma- 
tiere plus difficile. Mais pourceque i’efpere que d’orena- 
uant ceux qui auront l’adrefle de fe feruir du calculGeo- 
metrique icy propofe', ne trouueront pas afles dequoy 
s’arefter touchant les problefmes plans, ou folides ; ie 
croy qu’il eft a propos que ie les inuite a d’autres re- 
cherches, ou ils ne manqueront iamais d’exercice. 

Voyesleslignes AB,A D, AF, & femblables queie 
fuppofe auoir cftd defcrites par l’ayde de l’inftrument 
Y Z,qui eftcompofe' de pluiieurs reigles tellement ioin- 
tes, quecellequi eft marqude YZ eftant areftde fur la 
ligne A N,on peut ouurir & fermer Tangle XY Z ; &que 
lorfqu’ileft tout fermd, les poins B, C, D, F, G, H font 
tous aflembl& au point A } mais qua mefure qu’on 

Rr 3 l’ouure. 
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Tounre, la reigleB C, qui eft iointe a angles droits auec 
X Yau point B, poufle vers Z la reigle CD, qui coule 
ftir Y Z en faifant toufiours des angles droits auec elle,& 
C D poufle D E, qui coule toutde mefine fur Y X en de- 
meurant parallele a B C, D E poufle E F,E F poufle F G, 
cellecy poufle G H. & on en peut conceuoit vne infinite 
dautres', qui fe pouflent confequutiuement en meftne 
fa^on, &dontles vnesfaeent toufiours les mefmes an¬ 
gles auec Y X, & les autres auec Y Z. Or pendant qu’on 
ouureainfil’angle X YZ,Ie pointB defcritlaligne A.B, 
quieftvncercle, &Ies autres poins D,F, H, ou fe font 
les interledtions des autres reigles, defcriuent d autres 
lignescourbes AD, AF, AH,dont les dernieres font 
parordre plus copofces que la premiere, & cellecy plus 
que le cercle. mais ic ne voy pas ce qui peut empefcher, 
qu'onneconcoiucauflynettement, & aufly diftindte- 
ment la defcription de cete ptemiere,que du cercle, ou 

du 
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the ruler BC, fastened at right angles to XY at the point B, pushes 
toward Z the ruler CD which slides along YZ always at right angles. 
In like manner, CD pushes DE which slides along YX always parallel 
to BC; DE pushes EF; EF pushes FG; FG pushes GH, and so on. 
Thus we may imagine an infinity of rulers, each pushing another, half 
of them making equal angles with YX and the rest with YZ. 

Now as the angle XYZ is increased the point B describes the curve 
AB, which is a circle; while the intersections of the other rulers, 
namely, the points D, F, H describe other curves, AD, AF, AH, of 
which the latter are more complex than the first and this more complex 
than the circle. Nevertheless I see no reason why the description of 
the first 17 * 1 cannot be conceived as clearly and distinctly as that of the 
circle, or at least as that of the conic sections; or why that of the sec¬ 
ond, third, 1741 or any other that can be thus described, cannot be as 
clearly conceived of as the first; and therefore I see no reason why 
they should not be used in the same way in the solution of geometric 
problems. 17 * 1 

1731 That is, AD. 

lT4] That is, AF and AH. 

l7BJ The equations of these curves may be obtained as follows: (1) Let 

* X 2 

YA = YB = a, YC = x, CD = y, YD = z ; then z : x~ x \ a, whence z = —• 

a 

Also z 2 = x 2 -]-y 2 ; therefore the equation of AD is x 4 = a 2 (x 2 + y 2 ). (2) Let 

YA = YB = a, YE =x, EF = y, YF = z. Then z : x — x : YD, whence 

YD = —. Also 
z 

x : YD = YD : YC, whence YC=~^x — ^,. 

z l z 2 

But YD : YC = YC : a, and therefore 


ax 2 ( X*\ 2 a/*-4 

Also, z 2 = x 2 ~hy 2 . Thus we get, as the equation of AF, 

yj~ = x n - + y-, or x g — a 2 (x 2 + y 2 ) 3 . 

(3) In the same way, it can be shown that the equation of AH is 
x l2 = a 2 (x 2 + y 2 ) 5 . 


See Rabuel, p. 107. 
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I could give here several other ways of tracing and conceiving a 
series of curved lines, each curve more complex than any preceding 
one, 1761 but I think the best way to group together all such curves and 
then classify them in order, is by recognizing the fact that all points of 
those curves which we may call “geometric,” that is, those which admit 
of precise and exact measurement, must bear a definite relation 1771 to 
all points of a straight line, and that this relation must be expressed by 
means of a single equation. 1781 If this equation contains no term of 
higher degree than the rectangle of two unknown quantities, or the 
square of one, the curve belongs to the first and simplest class/ 791 which 
contains only the circle, the parabola, the hyperbola, and the ellipse; 
but when the equation contains one or more terms of the third or fourth 
degree 1801 in one or both of the two unknown quantities 1811 (for it 
requires two unknown quantities to express the relation between two 
points) the curve belongs to the second class; and if the equation con¬ 
tains a term of the fifth or sixth degree in either or both of the unknown 
quantities the curve belongs to the third class, and so on indefinitely. 

1761 “Qui seroient de plus en plus composees par degrez a Tinfini.” The French 
quotations in the footnotes show a few variants in style in different editions. 

1771 That is, a relation exactly known, as, for example, that between two straight 
lines in distinction to that between a straight line and a curve, unless the length 
of the curve is known. 

1781 It will be recognized at once that this statement contains the fundamental 
concept of analytic geometry. 

u»j “j) u premier & plus simple genre,” an expression not now recognized. As 
now understood, the order or degree of a plane curve is the greatest number of 
points in which it can be cut by any arbitrary line, while the class is the greatest 
number of tangents that can be drawn to it from any arbitrary point in the plane. 

1801 Grouped together because an equation of the fourth degree can always be 
transformed into one of the third degree. 

m Thus Descartes includes such terms as x-y, x 2 y 2 , . . as well as x 2 , y 4 . 
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da moms que des fe&ions coniques; ny cequi peut em- 
pefcher, qu’on ne concoiue la feconde, & la troifiefme, 
Sctoutes les autres, qu’on peut defcrire, aufly bien que 
la premiere ; ny par consequent qu’on ne les recoiue 
toutesenmefmefa$on, pour feruir aux {peculations de 
Geometrie. 

Iepourroismettre icy plufieurs autres moyens pour La facon 
tracer Sccon^cuoir des lignes courbes, qui feroient de^ 1 ^* 
plus enpliis composes par degrds a linfini. mais pour^s les ii- 
comprendre enfemble toutes celles, qui font en la natu-f", sc e n Ur " 
re, & les diftiuguer par ordre en certains genres } ie ne cercains E 
f^ache rien de meilleur que de dire que tous les poins, de dc^on- 1 
celles qu’on peut nommer Geometriques, c’eft a dire nolftre Ic 
qui tombent fous quelque mefure pr'ecife Sc exa&e, oBt.q„'onr 
necelFairement quelque rapport a tous les poins d’vne-'°“*] e “ rs 
lignedroite, qui peut eftre exprime’ par quelque equa-<euxd« 
tion, en tous par vne mefrne, Et que lorfque cete equa^ 
tion ne monte que iufques au rectangle de deux quanti~ 
tdsindeterminees, oubienau quarry d’vnemefine, la li- 
gne courbe eft du premier Sc plus limple genre, dans le- 
quelilny aquele cercle, la parabole, 1'hyperbole , Sc 
l’Ellipfe qui foient comprifos. mais que lorfque l’equa- 
tion monteiufques ala trois ou quatriefme dimenlion 
des deux,ou de l’vne des deux quantity's indetermindes, 
car il en faut deux pour expliquer icy le rapport d’vn 
point a vn autre,elle eft du fecond:& que lorfque l’equa- 
tion monte iufques a la j ou fixiefme dimenlion, elle 
e& du troifiefme,- & ainfi des autres a l’infini. 

Comme fi ie veux fgauoir de quel genre eft la ligne 
E C, que i'imagine eftre defcrite pat ftnterfedtion de la 

reigle 
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reigleGL, & duplanredtiligneCNKL,dontle cofte 
K N eft indefiniement prolongd ve rs C , &qui eftant 
meu fur le plan de deflous en ligne droite, c’eft a dire en 
telle forte que fon diametre KJL fe trouue toufiours ap- 
pliqudTurquelqueendroitdelaligne BA prolong^ede 
part & d’autre, fait mouuoir circulairement cete reigle 
G L autour du point G, a caufe quelle luy eft tellement 
iointe quelle paffe toufiours par le point L• Ie choifis 
vne ligne droite,commeA B,pour rapporter a fes diuers 
poinstousceux de cete ligne courbeEC, &en cete li¬ 
gne A B ie choifis vn point, comme A, pour commencer 
parluycecalcul. Ie disque ie choifis & 1 'vn & l’autre, a 
caule qu’il eft libre de les prendre tels qu’on veult. car 
encore qu’il y ait beaucoup de choix pour rendre 1’equa- 
tion plus courte. Si plus ayfee ; toutefois en quelle fa§on 
qu’on les prene, on peut toufiours faireque la ligne pa- 
roiflede mefine genre, ainfi qu’il eft ayfe a demonftrer. 

Apr& 
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Suppose the curve EC to be described by the intersection of 
the ruler GL and the rectilinear plane figure CNKL, whose side 
KN is produced indefinitely in the direction of C, and which, being 
moved in the same* plane in such a way that its side t82] KL always coin¬ 
cides with some part of the line BA (produced in both directions), 
imparts to the ruler GL a rotary motion about G (the ruler being 
hinged to the figure CNKL at L).' 831 If I wish to find out to what 
class this curve belongs, I choose a straight line, as AB, to which to 
refer all its points, and in AB I choose a point A at which to begin the 
investigation. 1 ® 41 I say “choose this and that,” because we are free to 
choose what we will, for, while it is necessary to use care in the choice 
in order to make the equation as short and simple as possible, yet no 
matter what line I should take instead of AB the curve would always 
prove to be of the same class, a fact easily demonstrated.' 861 

m “Diametre.” 

IMJ The instrument thus consists of three parts, (1) a ruler AK of indefinite 
length, fixed in a plane; (2) a ruler GL, also of indefinite length, fastened to a 
pivot, G, in the same plane, but not on AK; and (3) a rectilinear figure BKC, the 
side KC being indefinitely long, to which the ruler GL is hinged at L, and which 
is made to slide along the ruler GL, 

1841 That is, Descartes uses the point A as origin, and the line AB as axis of 
abscissas. He uses parallel ordinates, but does not draw the axis of ordinates. 

l * J That is, the nature of a curve is not affected by a transformation of 
coordinates. 
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Then I take on the curve an arbitrary point, as C, at which we will 
suppose the instrument applied to describe the curve. Then I draw 
through C the line CB parallel to GA. Since CB and BA are unknown 
and indeterminate quantities, I shall call one of them y and the other x. 
To the relation between these quantities I must consider also the known 
quantities which determine the description of the curve, as GA, which 
I shall call a ; KL, which I shall call b ; and NL parallel to GA, which 
I shall call c. Then I say that as NL is to LK, or as c is to b, so CB, or 

y, is to BK, which is therefore equal to ~y. Then BL is equal to 

j y — b, and AL is equal to x + b - y — b. Moreover, as CB u to LB, 

that is, as y is to - y — b , so AG or a is to LA or x - y — b: Militi¬ 
as 

plying the second by the third, we get — y — ab equal to 

*y + *y 2 — by, 

which is obtained by multiplying the first by the last. Therefore, the 
required equation is 

y 2 = cy — ^y + ay — ac. 
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Apre'scelaprenantvnpointadifcretion dans lacourbe, 
comme C, fur lequel ie fuppofe que l’inftrument qui fere 
a la deferire eft appliquC", ie tire de ce point C-felig 11 ® 
C B parallele a G A, fiepoureeque CB & BA font deox 
quantites indeterminees & inconnues , ie Ies nomme 
l'vnejr & l’autre x. maisaffin de tronuer le rapport de 
IVne & l‘autre; ie confidere aufly les quantites connues 
qui determinent la defeription de ccte ligne courbe, 
comme G A que ie nomme a,KL que ie nomme b, Sc 
N L parallele a G A que ie nofnme c. puis iedis, comme 
NLeftkLK,our££ > ainliCB,ouy > eftitBK, qui eft 

parconlequent' y: &B Left-7 y—b, & A' Lettx-h 

j-y -b.de plus comme C BeftaLB, ou^- & jy—b, ainfi 

<*,ou G A, eft i L A, on x -+• -jy — b. de fagon que mul- 

S f tipliant 
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iiz 

tip liant la feconde par la troifielme on produit ~-y - ai t 

qui eft eigale k xy-b~~yy—by qui fe produit en multi* 

pliant la premiere par la derniere. & ainfi 1'equation qu’il 
falloittrouuereft . 

ex 

yy 30 cy*- y~^~ a y ~~ ae - 

delaqnelle oncounoift quelaligneEC eft do premier 
genre , comme en effetft elie n’eft autre qu’vne Hy¬ 
perbole. 

Que fi en Pinftrament qui fert a la delcrire on fait 
qu’au lieu de la lignedroite C N K, ce fdit cete Hyper¬ 
bole, ouquelque autre lignecourbe du premier genre, 
quitermineleplan G NKL ; l’interle&ion de ceteligne 
&de la reigleGL defcrira, au lieu de I Hyperbole E C, 
vne autre ligne courbe, qui feradu fecond genre. Com-* 
me fi C N K eft vn cercle, dont L foit le centre, on de¬ 
fcrira la premiere Conchoidedes anciens 5 & fi c’eft vne 
Parabole dont le diametre foit K B, oil defcrira la ligne 
courbe, que i’aytantoft diteftre la premiere, & la-plus 
Ample poor la queftion dePappus,lorfqu’il n’y a que cinq 
lignes droites donnees parpofition. Mais fi au lieu dVne 
de ceslignes courbesdu premier genre, e’en eft vne du 
fecond, qui termine le plan CNKL, onen defcrira par 
fon moyen vne du troifiefme, ou fi e’en eft vne du troifi¬ 
efme, on en defcrira vne du quatriefme, &rainfi a l’infini. 
comme il eft fort ayfea connoiftrepar le calcul. Et en 
quelque autre fagon, qu’on imagine la defeription dVne 
ligne courbe , pourvuqu'elle foit du nombre de celles 
queienomme Geometriques, on pourra toufiours trou- 

uer 
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From this equation we see that the curve EC belongs to the first class, 
it being, in fact, a hyperbola. 18 ® 1 

If in the instrument used to describe the curve we substitute for the 
rectilinear figure CNK this hyperbola or some other curve of the first 
class lying in the plane CNKL, the intersection of this curve with the 
ruler GL will describe, instead of the hyperbola EC, another curve, 
which will be of the second class. 

Thus, if CNK be a circle having its center at L, we shall describe 
the first conchoid of the ancients, [8T1 while if we use a parabola having 
KB as axis we shall describe the curve which, as I have already said, 
is the first and simplest of the curves required in the problem of Pappus, 
that is, the one which furnishes the solution when five lines are given 
in position. 1 " 81 

1881 Cf. Briot and Bouquet, Elements of Analytical Geometry of Two Dimen¬ 
sions, trans. by J. H. Boyd, New York, 1896, p. 143. 

The two branches of the curve are determined by the position of the triangle 
CNKL with respect to the directrix AB. See Rabuel, p. 119. 

Van Schooten, p. 171, gives the following construction and proof: Produce 
AG to D, making DG = EA. Since E is a point of the curve obtained when 
GL coincides with GA, L with A, and C with N, then EA = NL. Draw DF 
parallel to KC. Now let GCE be a hyperbola through E whose asymptotes 
are DF and FA. To prove that this hyperbola is the curve given by the instru¬ 
ment described above, produce BC to cut DF in I, and draw DH parallel to AF 


D G K A 

meeting BC in H. Then KL : LN = DH : HI. But DH = AB — x, so we may 

write b : c = x : HI, whence HI = ^, IB *= a + c — — IC = a + c— ~r — y. 

ooo 

But in any hyperbola IC.BC = DE.EA, whence we have (a-f-c— ~— y)y = ac , 

or y 2 = cy —ay — ac. But this is the equation obtained above, which is 

therefore the equation of a hyperbola whose asymptotes are AF and FD. 

Van Schooten, p. 172, describes another similar instrument: Given a ruler 
AB pivoted at A, and another RD hinged to AB at B. Let AB rotate about A 
so that D moves along LK; then the curve generated by any point E of BE will 
be an ellipse whose semi-major axis is AB + BE and whose semi-minor axis is 
AB—BE. 

1871 See notes 59 and 70. 

m For a discussion of the elliptic, parabolic, and hyperbolic conchoids see 
Rabuel, pp. 123, 124. 
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If, instead of one of these curves of the first class, there be used a 
curve of the second class lying in the plane CNKL, a curve of the third 
class will be described; while if one of the third class be used, one of 
the fourth class will be obtained, and so on to infinity. 1881 These state¬ 
ments are easily proved by actual calculation. 

Thus, no matter how we conceive a curve to be described, provided 
it be one of those which I have called geometric, it is always possible 
to find in this manner an equation determining all its points. Now I 
shall place curves whose equations are of the fourth degree in the same 
class with those whose equations are of the third degree; and those 
whose equations are of the sixth degree' 801 in the same class with those 
whose equations are of the fifth degree' 011 and similarly for the rest. 
This classification is based upon the fact that there is a general rule for 
reducing to a cubic any equation of the fourth degree, and to an equa¬ 
tion of the fifth degree' 921 any equation of the sixth degree, so that the 
latter in each case need not be considered any more complex than the 
former. 

It should be observed, however, with regard to the curves of any 
one class, that while many of them are equally complex so that they 
may be employed to determine the same points and construct the same 
problems, yet there are certain simpler ones whose usefulness is more 
limited. Thus, among the curves of the first class, besides the ellipse, 
the hyperbola, and the parabola, which are equally complex, there is 
also found the circle, which is evidently a simpler curve; while among 
those of the second class we find the common conchoid, which is 
described by means of the circle, and some others which, though less 

t80J Rabuel (p. 125), illustrates this, substituting for the curve CNKL the semi- 
cubical parabola, and showing that the resulting equation is of the fifth degree, 
and therefore, according to Descartes, of the third class. Rabuel also gives (p. 119), 
a general method for finding the curve, no matter what figure is used for CNKL. 
Let GA — a, KL = b, AB — x, CB = y and KB = z ; then LB — z — b , and 
AL — x + z — b. Now GA : AL=CB : BL, or a : x + z — b ~ y : z — b, 

whence , = 

a — y 

This value of z is independent of the nature of the figure CNKL. But given 
any figure CNKL it is possible to obtain a second value for z from the nature of 
the curve. Equating these values of z we get the equation of the curve. 

1001 “Celles dont Tequation monte au quarre de cube.” 

rot] «c e iies dont elle ne monte qu’au sursolide.” 

fMJ “Au sursolide.” 
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uer vne equation pour determiner tous fes poins en cere 
forte. 

Aurefteiemetsles lignes courbes qui font monter 
cete equation iufques auquarre'de quarre', au mefme 
genre que ceiles qui ne la font monter que iufques au 
cube. & ceiles dontl’equation monte au quarrd de cu¬ 
be,au mefme genre que ceiles dont elle ne monte qu’au 
furfolide. &ainfidesautres. Dontlaraifoneft, qu’ilya 
reigle generale pour reduireau cube toutes les difficul¬ 
ty’s qui vont au quarrd de quarrd, &au furfolide toutes 
ceiles qui vont au quarrd de cube, de fa$on qu'on ne lcs 
doit point eftimer plus compofees. 

Mais il eft a remarquer qu’entre les lignes de chafque 
genre, encore que la plus part foient efgalement compo¬ 
ses , en forte qu’ellespeuuentferuir a ddterminerles 
mefines poins, & conftruire les mefmes problefmes ,il y 
ena toutefoisaufly quelques vnes, qui font plus iimples, 

&qui n’ont pas tant d’eftendue cn leur puiflance. com- 
meentre ceiles du premier genre outre 1 ’EUipfe 1 ’Hyper- 
bole & la Farabole qui font efgalement compofees ,Ie 
cercle y eftauflycompris, qui mauifeftement eft plus 
limpler & entre ceiles du fecond genre ily ala Conchoi- 
de vulgaire, qui a fon origine du cerclej & il y en a en¬ 
core quelques autres, quibien qu’ellesn’ayentpas tant 
d’eftendue que la plus part de ceiles du mefme genre, 
ne peuuenr toutefois eftre mifos dans le premier. 

Or apresauoirainlireduit toutes les lignes courbes a 
certains genres > il m eft ayie' de pourfoiure en la de- t ‘ on ° c I* 
monftration de la refponfe, que i’ay tantoftfaite a la que- 3“p^p°pu S 
ftionde Pappus. Car preuaierement ayant fait voir cy mi ^ au 

si* dcm. s ,!ir 
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deflus , que lorfqu’il n’y a que trois ou 4 lignes droites 
donndes, [’equation qui fert a determiner les poins cher- 
chds, ne monte quciufqucs au quarre ; il eft euident.que 
ia lignecourbeoufetrouuentcespoins, eft neceffaire- 
ment quelqu vnede celles du premier genre: a eaufe que 
cete mefrne equation explique Ie rapport, qu’ont tous 
les poins des lignes du premier genre a ccux d’vne ligne 
droite. Et que lorfqu'il n’y a point plus de 8 lignes droi¬ 
tes donndes , cete equation ne monte que iufques au 
quarredequarre tout au plus, Sc que par confequent la 
ligne cherchee ne peut eftre que du fecond genre, ou au 
deffous.Et que Iorfqu’il n’y a point plus de 12 lignes don- 
nees , 1’equation ne monte que iufqu es au quarre'de cu¬ 
be, & que par confequent la ligne cherche'e n’cft quedu 
troifiefme genre, ouaudeflbus. Scainfi des autres. Et 
mefrne a eaufe que la pofition deslignes droites donne'es 
peut varier en toutes fortes, 8c par confequent faire cha- 
ger tantles quantitdsconnues, que les fignes •+■ & — de 
l’equation, en toutes les fagons imaginables } il eft eui- 
dentqn’iln’ya aucune ligne courbe du premier genre, 
qui ne foft vtilea cete queftion, quand elle eft propofefe 
en 4 lignes droitesjny aucune dufecond qui nyfoit vti- 
le, quand elle eft propofoe en huit ; ny du troifiefme, 
quand elle e ft propofee en douze: Sc ainfi des autres. ( En 
forte qu’il n'y a pas vne ligne courbe qui tombe fous le 
Solution calcul 8c puiiTeeftre recede enGeometrie , quin’yfoit 
^'eftlon vt ^ e P our q ueI< 3 ue nombre de lignes. 
quandeiie Maisilfaut icyplusparticulierement queiedetermi- 
pofte Pr °" « e , & donne Ia fa9on dc trouuer la ligne cherchee \ qui 
qn’en) f er jcnchafquecas, lorfqu’ilnyaque 3 ou4 lignesdroi- 
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complicated 1981 than many curves of the same class, cannot be placed 
in the first class. 1941 

Having now made a general classification of curves, it is easy for me 
to demonstrate the solution which I have already given of the prob¬ 
lem of Pappus. For, first, I have shown that when there are only three 
or four lines the equation which serves to determine the required 
points' 1961 is of the second degree. It follows that the curve containing 
these points must belong to the first class, since such an equation 
expresses the relation between all points of curves of Class I and all 
points of a fixed straight line. When there are not more than eight 
given lines the equation is at most a biquadratic, and therefore the 
resulting curve belongs to Class II or Class I. When there are not 
more than twelve given lines, the equation is of the sixth degree or 
lower, and therefore the required curve belongs to Class III or a lower 
class, and so on for other cases. 

Now, since each of the given lines may have any conceivable posi¬ 
tion, and since any change in the position of a line produces a corre¬ 
sponding change in the values of the known quantities as well as in 
the signs + and — of the equation, it is clear that there is no curve 
of Class I that may not furnish a solution of this problem when it 
relates to four lines, and that there is no curve of Class II that may not 
furnish a solution when the problem relates to eight lines, none of 
Class III when it relates to twelve lines, etc. It follows that there is 
no geometric curve whose equation can be obtained that may not be 
used for some number of lines. 1 " 1 

It is now necessary to determine more particularly and to give the 
method of finding the curve required in each case, for only three or 

[M1 “Pas tant d’etendue.” Cf. Rabuel, p. 113. “Pas tant d’etendue en leur 
puissance.” 

[M] Various methods of tracing curves were used by writers of the seventeenth 
century. Among these there were not only the usual method of plotting a curve 
from its equation and that of using strings, pegs, etc., as in the popular construc¬ 
tion of the ellipse, but also the method of using jointed rulers and that of using 
one curve from which to derive another, as for example the usual method of 
describing the cissoid. Cf. Rabuel, p. 138. 

m That is, the equation of the required locus. 

[#«] <‘£ n sor t e q U ’ii n ’y a pas une ligne courbe qui tombe sous le calcul & puisse 
etre receue en Geometrie, qui n’y soit utile pour quelque nombre de lignes.” 
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four given lines. This investigation will show that Class I contains 
only the circle and the three conic sections. 

Consider again the four lines AB, AD, EF, and GH, given before, 
and let it be required to find the locus generated by a point 
C, such that, if four lines CB, CD, CF, and CH be drawn through it 
making given angles with the given lines, the product of CB and CF 
is equal to the product of CD and CH. This is equivalent to saying 

CB = y, 

CV = csy + bcx , 

™ ezy + dek + dcx 

Cr =- 2 -, 

z 2 

= 9 = y + fgi — fg x 

Z 2 

then the equation is 

g ( cfglz — dckz 2 )y — (dez 2 + cfgz — bcgz)xy + bcfglx — be fgx 2 
T ~ ez 3, — cgz 2 


that if 


and 
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res don Dees- & on verra par mefme moyen que le pre¬ 
mier genre des lignes courbes n’en contientaucunes au- 
tres, que les trois fe&ionsconiques, & le cercle. 


\r 



Reprcnons les4lignes AB, A D, EF, & GH don- 
necs cy deflus, & qp’il faille-trouuervne autre ligne, en 
laquelleilfe rencontre vne infinite' de poins tels que C, 
duquel ayanttinfles4 lignes C B, CD, C F, & C H, a 
angles donnes, lur les donndes, C B multipliee par C F, 
produift one fomme efgale a C D, multipliee par C H. 
e’eft a dire ayant fait CB» D» ~ ****** 

cb ~n -&CHOO lequatioeft 

--dekzz —dezzx r ^ 

yy^ + efsu j-y.. ifi*** W — bcfgxx f 
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au moins en fuppolant e ^plus grand que c^.cars’il eftoit 
moindre,ilfaudroitchangertousIeslignes ~hSc-. Et 
fi la quantity fe trouuoit nolle, ou moindre que rienen 
cete equation, lorlqu’on afuppofd’le point C enl’angle 
DAG, ilfaudroitlefuppolerauflycn Tangle DA E, on 
E A R, ou R A G, en changeant les lignes -h- 8 c — felon 
qu’ilferoit requisa cet effect. Et fi en toutes ces 4 po- 
fitionslavaleurd'y le trouuoit nulle,la queftion feroit 
impoflible au cas propoft?. Mais ftppofons la icy eftre 
poffible, & pour en abreger les termes, au lieu des quan¬ 


tity 


efglz— d e&zz 


- efcriuons x 


m 


8 c au lieu de 


ez-~ cgzz 

dezz^cfgz — bcgl^ 


efcriuons —*,• 8 c ainfi nous au- 


ez~ cgz^ 

TODS 

yytozmy - 7- xy , dont la raci- 

ez—cgzz 

ne eft 


ycom- 


. Y\ 

■ X ^ 


3 - mnx ” **n x x+ij* b cfglx -- bcfgxx\ 

171 Tit mm ■ —•! ———-.. 

z ^ zt » 

ez—cgzz 

5 c derechef pour abreger, au lieu de 


■'*’ + ■7— efcriuonsoj&au lieu de^” 




n n -• b cfg 
zz 


e -- cgzz 


efcriuons £. car ces quantites eftant toutes donnees, 

nous les pouuons nommer comme il nous plaift. 8 c 
ainfi nous auons 

y TOm — -~x -+- Y~ mm -h ox—~xx, quidoit eftre la 

longeur dela Iigne B C, en laiffaut A B,ou .vindeter- 

raince. 


62 



SECOND BOOK 


It is here assumed that ez is greater than eg; otherwise the signs + 
and — must all be changed. 1 *" 1 If y is zero or less than nothing in this 
equation, 1 ** 1 the point C being supposed to lie within the angle DAG, 
then C must be supposed to lie within one of the angles DAE, EAR, 
or RAG, and the signs must be changed to produce this result. If for 
each of these four positions y is equal to zero, then the problem admits 
of no solution in the case proposed. 

Let us suppose the solution possible, and to shorten the work let us 


write 2 m instead of 
Then we have 


cflgz — dek£ 
ez 3 — cgz 1 ' 


and—instead of 
z 


dez 2 -j- cfgz — begs 
ez 3 — cgz 2 


of which the root 1 ** 1 is 


2my-^ X y + bcfglx-bcfgx* 
J z J ^ ez 3 — cgz 2 


-m 


nx I 

~T + Y 


,_ 2mnx n 2 x 2 bcfglx — bcfgx 2 

z z 2 ez 3 — cgz 2 


Again, for the sake of brevity, put — — 

z ' ez 3 — cgz 2 


equal to o, and 


befg 


z 2 ez 3 — cgz 2 


equal to —; for these quantities being given, we can 


represent them in any way we please. 11001 Then we have 


y = m — J x + yj™ 1 + °x + 1 x* . 

This must give the length of the line BC, leaving AB or x undeter- 


[97] When ez is greater than eg, then ez 3 — cgz 2 is positive and its square root 
is therefore real. 

IWJ Descartes uses “moindre que rien” for “negative.” 

t99J Descartes mentions here only one root; of course the other root would fur¬ 
nish a second locus. 

11001 In a letter to Mersenne (Cousin, Vol. VII, p. 157), Descartes says: “In 
regard to the problem of Pappus^ I have given only the construction and demon¬ 
stration without putting in all the analysis * ... in other words, I have given the 
construction as architects build structures, giving the specifications and leaving 
the actual manual labor to carpenters and masons.” 
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mined. Since the problem relates to only three or four lines, it is obvi¬ 
ous that we shall always have such terms, although some of them may 
vanish and the signs may all vary. 11011 

After this, I make KI equal and parallel to BA, and cutting off on 
BC a segment BK equal to m (since the expression for BC contains 
+ m; if this were— m, I should have drawn IK on the other side of 
AB, [1021 while if m were zero, I would not have drawn IK at all). Then 
I draw IL so that IK : KL = z : n ; that is, so that if IK is equal to y, 

n 

KL is equal to - x . In the same way I know the ratio of KL to IL, 

which I may call n : a, so that if KL is equal to - x, IL is equal tu 

~x. I take the point K between L and C, since the equation contains 

— - x; if this were 4- *x, I should take L between K and C ; 11081 while if 
z z 

~ x were equal to zero, I should not draw IL. 

This being done, there remains the expression 

LC = yjm 2 + ox + ^x 2 , 

from which to construct LC. It is clear that if this were zero the point 

11011 Having obtained the value of BC algebraically, Descartes now proceeds to 
construct the length BC geometrically, term by term. He considers BC equal to 
BK+KL + LC, which is equal to BK — LK + LC which in turn is equal to 

m — —x -h\/w 2 + ox + — x 2 - 
z \ m 

11081 That is, take I on CB produced. 

11081 That is, on KB produced. C is not yet determined. 
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1*7 



tninde. Et ileft euident que la queftion n’eftaat pro¬ 
pose qu’en trois ou quatre lignes, on peut toufiours 
auoirdetels termes. exceptque quelques vns d’eux 
peuuenteftrenuls, &que les fignes H- & — peuuent di- 
uerfement eftrechang^s. 

Aprds celaie fais KI elgalc & parallele a B A, en forte 
qu’ellecouppedeBClapartieBK efgale caufe 

qu’il y a icy -f- m j & ie l'aurois adioufte'e en tirant ccte 
ligne IK de l'autre cofte, s’il y auoit eu— m ; Sc ie ne l'au- 
rois point du tout tiree, fi la quantite 'm eufteftc' nulfe. 
Euis ie tire aufly 1 L, en forte que la ligne IK eft a K L, 
commeZeftas. c’eft a dire que IK eftant*, KL eft 

~x. Etparmefmemoyenieconnois aufly la proportion 

qui 
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qui eft entre K L, & IL, que ie pofe cornrne entre n 8c a : 

fibienque K L eftant ~^x, IL eft ~.v; Et ie fais que Ie 

point K foit entre L & C, a caufe qu’il y a icy — - x-, 

au lieu que i’auroismis LentreK & C,fi i’eufle eu*+■ -xj 

8c ie n’eufte point tir^cete ligne IL, fi ^ x euft efte" nulle. 
Or cela fait,il ne me refte plus pour la ligne L C, que 

cestermes, LC»^« m- f- ox --^xx. d'oilievoy 

que s’ilseftoient nuls, ce point C fe tronueroit en la li¬ 
gne droite I L } 8c que s*ils eftoient tels que la racine s’en 

p 

pufttirer.c’eftadirequeww&^a? x eftant marquis 
d’vnmefinefigne -f -ou—, oo fuftefgal kqpm ,oubien 

queIestermes»m& 0 A:,ou 0 A? 8c~ xx fuflent nuls, ce 
point C fe trouueroit en vne autre ligne droite qui ne fe- 
roit pas plus malayfle a trouuer qu* IL. Mais Iorfque 
cela n'eft pas, ce point C eft toufiours enl’unedes trois 
leftions coniques, ou en vn cercle * dont l*vn desdia- 
tnetres eftenla ligne I L,& la ligneL C eft 1’vne de cel- 
les qui s’appliquent par ordre k ce diametre ; ou au con- 
traireLCeftparalleleaudiametre, auquelcellequi eft 
en la ligne IL eft appliqule par ordre. A fijavoir fi le ter- 

mej~xx, eft nul cete fe&ioaconique eft vne Parabole- 
& s’il eft marquldu figne -+•, c’eft vne Hyperbole 5 & 
enfin s’il eft marque'du figne — c’eft vne Ellipft. Exceptl 
feulement fi la quantity' aam eft efgale k p 2 & 8c que Tan¬ 
gle 1LC foit droit; auquel cas on k vn cercle au lieu 

d’vne 
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C would lie on the straight line IL ; 11041 that if it were a perfect square, 
that is if m 2 and ^ x 2 were both -|- [106] and o 2 was equal to 4 pm, or if 

m 2 and ox , or ox and — x 2 , were zero, then the point C would lie on 

fft 

another straight line, whose position could be determined as easily 
as that of IL. 110-1 

If none of these exceptional cases occur , 1im the point C always lies 
on one of the three conic sections, or on a circle having its diameter 
in the line IL and having LC a line applied in order to this diameter, 11081 
or, on the other hand, having LC parallel to a diameter and IL applied 
in order. 

In particular, if the term — x 2 is zero, the conic section is a parabola; 

if it is preceded by a plus sign, it is a hyperbola; and, finally, if it is 
preceded by a minus sign, it is an ellipse. 11091 An exception occurs when 

11041 The e q Ua ti on 0 f il is y = m — -x. 

z 

11061 There i s considerable diversity in the treatment of this sentence in differ¬ 
ent editions. The Latin edition of 1683 has “Hoc est, ut, mm & — xx signo + 

m 

notalis.” The French edition, Paris, 1705, has “C’est a dire que mm et —xx etant 
„ m 

marquez d un meme signe + ou —.” Rabuel gives “C’est a dire que mm and 

P, 

— xx etant marquez d’un meme signe +He adds the following note: “Il y a 
dans les Editions Francoises de Leyde, 1637, et de Paris, 1705, ‘un meme signe + 
ou —ce qui est une faute depression.” The French edition, Paris, 1886, has 
“Etant marques d'un meme signe + ou —.” 

11061 Note the difficulty in generalization experienced even by Descartes. Cf. 
Briot and Bouquet, p. 72. 

110,71 “Mais lorsque cela n’est pas.” In each case the equation giving the value 
of y is linear in x and y, and therefore represents a straight line. If the quantity 

under the radical sign and ~x are both zero, the line is parallel to AB. If the 

quantity under the radical sign and m are both zero, C lies in AL. 

11081 “An ordinate.” The equivalent of “ordination application” was used in the 
16th century translation of Apollonius. Hutton’s Mathematical Dictionary, 1796, 
gives “applicate.” “Ordinate applicate,” was also used. 

11001 Cf. Briot and Bouquet, p. 143. 
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a 2 m is equal to ps 2 and the angle ILC is a right angle, 11101 in which case 
we get a circle instead of an ellipse. 11111 


If the conic section is a parabola, its latus rectum is equal to — and 
its axis always lies along the line IL. IUS1 To find its vertex, N, make 
IN equal to so that the point I lies between L and N if tn 2 is posi¬ 
tive and ox is positive; and L lies between I and N if wr is posi¬ 
tive and ox negative; and N lies between I and L if m 2 is negative and 
ox positive. It is impossible that m 2 should be negative when the terms' 
are arranged as above. Finally, if tn 2 is equal to zero, the points N and 
I must coincide. It is thus easy to determine this parabola, according 
to the first problem of the first book of Apollonius 11181 . 

If, however, the required locus is a circle, an ellipse, or a hyper¬ 
bola, 11141 the point M, the center of the figure, must first be found. This 
lU01 Rabuel (p. 167) adds “If arm = ps 2 or if m — p the hyperbola is equi¬ 
lateral.” _ 

IU1J In this case the triangle ILK is a right triangle, whence IK 2 = LK 2 -f IC i 
but by hypothesis IL : IK : KL = a : z : n; then o 2 + n 2 =z 2 . Now the equa¬ 
tion of the curve is 

y = m-^ + + «*-£**, 

and therefore the term in x 2 is 



and if a 2 tn = pz 2 , then = an( l this term in x 2 becomes ^ x 2 — x 2 . 

Therefore, the coefficients of x 2 and .v 2 are unity and the locus is a circle. 
tu*i This may be seen as follows: From the figure, and by the nature of the 

parabola LC 2 = LN .p and LN = IL + IN. Let IN = <t>\ then since IL = ~x t we 


have LN = -x~h and LC = y — tn +— x ; whence (y — m-\--~x) 2 — ( x-\~4>)p. 
z z z z 

But (y— w+ ^x) 2 = m 2 + ox from the equation of the parabola; therefore 

- xp 4- 4>p — m 2 4- ox. Equating coefficients, we have - p = o ; P = ~* 4>P = tn 2 '. 
z z t* 

oz _ , am 2 

p— — m 2 \ 0 =-. 

a oz 

111,1 Apollonii PergaeU Quae Graece exstant edidit I. L. Heiberg, Leipzig, 1891. 
Vol. I, p. 159, Liber I, Prop. LII. Hereafter referred to as Apollonius. This 
may be freely translated as follows: To describe in a plane a parabola, having 
given the parameter, the vertex, and the angle between an ordinate and the corre¬ 
sponding abscissa. 

11,41 Central conics are thus grouped together by Descartes, the circle being 
treated as a special form of the ellipse, but being mentioned separately in all cases. 
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3*9 



d'vne Ellipfe. Qjie ft cete fe&ion eft vne Parabole, fon 
coft^droit eft efgal Ion diametre eft toufiours en 

laligne IL. Sc poor tronuer ie point N, qui en eftle 
fommet, il faut faire IN efgale ^ & que le point I 

foit entre L & N,fi les termesfont H-mm~i~ox ; oubien 
que le point L foitentrel&N, s’ils font H- mm — ox-, 
oubien il faudroit qu’ N fuft entre I & L, s’il y auoit 

— m m -f- o x . Mais il ne peut iamais y auoir 

- m m, en la fa^on que les termes ont icy cft<f pofts. Et 
enfiu le point N ieroit le mefme que le point I (i la quan¬ 
tity OTweftoitnulle. Au moyen dequoy il eft ayfe de 
trouuer cete Patabole par le i«.Problefme du i er . liure 
d’Apollonius. 

Tt Que 
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Que fi la ligne demade'e eft vncercle,ou vne eIlipfe,ou 
vneHyperbole, llfaut premierementchercherlepoint 
M, quieneftle centre, &qui eft toufiours en la ligne 

ao m 

droitelL, ouonletrouueenprenant ~ pour IM. cn 

forte que fi la quantity o eft nulle.ce centre eft iuftement 
au point I. Et fi la ligne cherchee eft vn cercle, ou vne 
Ellipfe} on doit prendre le point M du mefm^cofte que 
le point L, au refpedfc du point I, lorfqu’on a -+- ox-, Sc 
Iorfqu’on k — ox, on le doit prendre de l'autre. Mais 
tout au contraire en 1 ’HyperboIe, fi on a -- ox, ce centre 
M doit eftre vers L 5 & fi on a H- o *, il doit eftrede I’au- 
tre cofte'. Aprds cela le cofte droit de la figure doit eftre 

. 4 , .... 

T7H-Iorfqu ona + m m, St que la ligne 

cherche'e eft vn cercle, ou vne Ellipfe• oubien lorfqu’on 
h—mm, Sc que c'eft vne Hyperbole. & il doit eftre 

~ ~j-’fi la ligne cherchee eftant vn cercle, 
ou vne Ellipfe, otik-*m m-, oubien fi eftant vne Hyper¬ 
bole & la quantity o eftant plusgrande que 4 mp, on k 
-hmm. Que fi la quantity mm eft nulle, ce cofte' droit 


eft & fi 0 x eft nulle,il eft V + ~ii. Puis pour le cofte 
traverfant, il fauttrouuer vne ligne ; qui foita ce cofte 
droit, comeaameftkp ^^,if§auoirfice cofte droit eft 

l/ 0 ozz 4 m pzz f , - r 1/ a *0 omm 4 a a r 

y le trauerfant eft v • h- —z 


ffZX. 


tm 
pz.z. 


Et en tous ces cas le diametre de la fe&ion eft en la ligne 
I M, Sc L C eft l’vne de celles qui Iuy eft applique'e par 
ordre. Sibienque faifant M N efgale a la moitie'du cofte' 

trau er- 
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will always lie on the line IL and may be found by taking IM equal to 
If o is equal to zero M coincides with I. If the required locus 

is a circle or an ellipse, M and L must lie on the same side of I when 
the term ox is positive and on opposite sides when ox is negative. On 
the other hand, in the case of the hyperbola, M and L lie on the same 
side of I when ox is negative and on opposite sides when ox is positive. 
The latus rectum of the figure must be 

loV Ampz 2 

if m 2 is positive and the locus is a circle or an ellipse, or if m 2 is nega¬ 
tive and the locus is a hyperbola. It must be 



Ampz 1 

a 2 


if the required locus is a circle or an ellipse and m 2 is negative, or if it 
is an hyperbola and o 2 is greater than Amp, mr being positive. 

oz 

But if m 2 is equal to zero, the latus rectum is — ; and if oz is equal to 
zero 11181 , it is 



For the corresponding diameter a line must be found which bears 
, . a 2 m 

the ratio to the latus rectum; that is, if the latus rectum is 



the diameter is 


4 


a 2 o 2 m 2 

p 2 z 2 


+ 


Aarm 2 


In every case, the diameter of the section lies along IM, and LC is one 
of its lines applied in order. 11 " 1 It is thus evident that, by making MN 
equal to half the diameter and taking N and L on the same side of M, 


11181 Cf. Briot and Bouquet, p. 156. 

11161 Some editions give, incorrectly, ox for os. 
11171 See note 108. 
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the point N will be the vertex of this diameter. 11181 It is then a simple 
matter to determine the curve, according to the second and third prob¬ 
lems of the first book of Apollonius. 111 * 1 
When the locus is a hyperbola 11201 and m 2 is positive, if o 2 is equal to 
zero or less than 4 pm we must draw the line MOP from the center M 
parallel to LC, and draw CP parallel to LM, and take MO equal to 



o 2 m 

“ 4 / ; 


while if ox is equal to zero, MO must be taken equal to w. Then con¬ 
sidering O as the vertex of this hyperbola, the diameter being OP and 
the line applied in order being CP, its latus rectum is 


/4# 4 /// 4 

a K o l m 6 




and its diameter 11211 is 

nF 1 ?- 

11181 If the equation contains —m 2 and + nx, then « 2 must be greater than 
4 mp, otherwise the problem is impossible. 

11181 Cf. Apollonius, Vol. I, p. 173, Lib. I, Prop. LV: To describe a hyperbola, 
given the axis, the vertex, the parameter, and the angle between the axes. Also 
see Prop. LVI: To describe an ellipse, etc. 

luo1 Cf. Letters of Descartes, Cousin, Vol. VIII, p. 142. 

[mi traversant.” 
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traucrfimt 6c le prenant du mefme coM da point M, 
qu’efcle point L, on a le point N pour le fominet de ce 
diametre .en fuite dequoy il eft ayfc de trouuer la feftion 
parlefecond6c } prob. da i« ( . liu.d'Apollonius- 



Mais quand cete lection eftant vne Hyperbole , on k 
-hmm^Sc que la quantity o o eft nulle ou plus petite que 
4 p m, on doit tirer du centre M la ligne MOP parallele a 
L C, 5c C P parallele k L M.‘ & faire M O efgale a 

^ m m — ~j oubien la faire efgale k/wfila quantity o x 
eft nulle. Puis confiderer le point O, come le fommet 
de cete Hyperbole; dont le diametre eft O P, 8c C P la 

Tt 2 ligne 
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ligncquiluy eft appliqude par otdre^Sc fon coftedroireft 

a+aom* - r bo*» 

7714 pST &foDco “ e trauersatefr v 
Except tf'quand ox eft nulle.car alors le cofte'droit eft 

mm 

& le trauerfant eft i m. & ainfi il eft ayfc de !a 
trouuer par le 3 prob.du i er . liu. d’Apollonius. 
ihation Et les demonft rat ions de tout cecy font euidentes.car 

de . tou "° compofant vn efpace des quantity's que iay affignees 
3'eftre pourle cofte droit, & le trauerfant, &pourlefegment 
cirque. j u diametreNL,ouOP,fuiuatlateneur del'll,du ia,& 
dm3 theorefmes du l e[ . liured'Apollonius, on trouuera 
tous les mefinestermes dont eft compofd le quarre de 
laligne C P,ou C L,qui eft applique’e par ordre a ce dia- 
metre. Comme en cet exemple oftantl M , qui eft 

—,deNM,quieft^^ oo-f-4/»/»,iayIN, alaquel- 

le aiouftant I L, qui eft ~x, ray N L, qui eft x — 

*+* a. 0-+ 4 m p , & cecy eftant multiplied par 

Z; j i/' 

~ K a 0 -I- 4 mf , qui eft le cofte'droit de la figure, il vient 


. — . .— ... om.y . t*'Q 0 

xv 6 o-\~\mp ~ ~ V 00 -1- $mp -f- — -h 2 m m 

pourle re&angle. duquelilfautofter vn efpace qui foit 
au quarre'de N L comme le coft ddroit eft au trauerfant. 

& ce quarrd de N L eft —; sex— *y~ x 


a a m -7- 

-+- ~~y~r x v 00 ■+* 4 m p ■+* 


a s o o m ra 


aam t 

pzz 


mho mm 
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An exception must be made when ox is equal to zero, in which case the 
2 a*m 2 


latus rectum is 


Pz 2 


and the diameter is 2m. From these data the 


curve can be determined in accordance with the third problem of the 
first book of Apollonius. 112 * 1 


The demonstrations of the above statements are all very simple, for, 
forming the product 11281 of the quantities given above as latus rectum, 
diameter, and segment of the diameter NL or OP, by the methods of 
Theorems 11, 12, and 13 of the first book of Apollonius, the result will 
contain exactly the terms which express the square of the line CP or 

CL, which is an ordinate of this diameter. 

aom 

In this case take IM or from NM or from its equal 


2 pz 


VoM-4*n/>. 


To the remainder IN add IL or — x, and we have 

z 


a aom am , — —_ 

NL =7*- 2^+2^ ^+4mp. 


Multiplying this by 

~ Vo 2 +4w/>, 


the latus rectum of the curve, we get 

x Vo l +4m^—^ ^o 2 +4mp+*^ +2m* 


for the rectangle, from which is to be subtracted a rectangle which is 
to the square of NL as the latus rectum is to the diameter. The square 
of NL is 



t a?m --- a?o 2 ni l a*m { 


pz 1 


2pH* 


IT 


pv 


2 ph 2 


^o* + Amp. 


n22] See note 113. 

lias] “Composant un espace.” 
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Divide this by aPm and multiply the quotient by ps 2 , since these terms 
express the ratio between the diameter and the latus rectum. The result is 

P n Y-S - S - 0*M otn --- 

-x 2 _ OX + * + ±mp + ~2p - W + ±mp + m- 2 . 

This quantity being subtracted from the rectangle previously obtained, 
we get 

CL*= m 2 4- ox — — x 2 . 

m 


It follows that CL is an ordinate of an ellipse or circle applied to NL, 
the segment of the axis. 

Suppose all the given quantities expressed numerically, as EA*3, 
AG = 5, AB = BR, BS=y BE,GB = BT, CD = yCR,CF = 2CS,CH = 

~2 CT, the angle ABR=60° j and let CB. CF=CD. CH. All these cjuan- 
ties must be known if the problem is to be entirely determined. Now 
let AB=^r, and CB=y. By the method given above we shall obtain 

y z =2y—xy-\-5x—x 2 ; 

whence BK must be equal to 1, and KL must be equal to one-half KI; 
and since the angle IKL = angle ABR = 60° and angle KIL (which is 
one-half angle KIB or one-half angle IKL) is 30°, the angle ILK is a 

right angle. Since IK = AB=^r, KL=^;r, IL~x^ and the quantity 
represented by s above is 1, we have a=^|, m=l, o=4,/=|, whence 
IM = ^ —, NM — yj and since a 2 m (which is -) is equal to fiz 1 , and 
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s m o m. m t . — 

-z&r * oo-h^mp qu’il faut diuifer par a am 5c 
multiplier par^^a caufe que cestermes expliquent la 
proportion qui eft entre le coftd trauerfant & le droit, 5c 

il vient - m x x — o x -h x Y oo -H 4 mp *4- m - 
~Tp »»w.cequ’il faut ofter do redangle 

precedent, 5controuue mm-hox — ^ararpourlequar- 

rd'de CL, qui par confequent eft vne Iigne applique'e 
par ordre dans vne Ellipfe,oudans vn cercle,aufegment 
dudiametreNL. 

Et ft on vent expliquer toutes les quantites donnefes 
parnombres,enfaifantparexemple EA O) j, AGoo 5-, 
AB»BR,BSsoiBE.GBao BT,CDoo iCR.CF 
oozCS, CH»|CT, & que 1 angle ABR foit de 60 
degrdsj & enfin que le redangle des deux C B, & C F, 
lore efgal an redangle des deux autres C D&rCH ; card 
faut auoir toutes ces chofes affin que la qoeftion foit en- 
tierement determinde. & auec cela fuppoiant A B 30 ,v, 
5 c C B 3> jr, ontrouue par la fa§on cy deflu a expliqude 
y y 30 ay — x y -f- 5 .v — x x Sc y 30 1 -- x ■+* 

/’1-H4 x-’^xx: ft bienqueB K doit eftre i,& KL 
doiteftrelamoitie'de KI, 5 c poureeqae Tangle I KL 
ou A B R eft de do degrds, & KIL qui eft la moitie"de 
KIB ou IK L, de 30 ,1 L K eft droit. Et poureeque IK 
ou A Beftnomme*,KLeft ±x, 5 c IL eft xV 5cla 
quantitd qui eftoit tantoft nommdfe ^efti, celle qui 
eftoit* eft Y\> celle qui eftoit m eft 1, celle qui eftoit 0 
eft 4,8rcelle qui eftoit p eft |;,de fa§on quon k Y ’f 

T t 3 pour- 
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3*4 



Quels 
font les 
lieux 
plans, & 
iblides:& 
la facon 
de les 
trouuer. 


pour I M, & Y ’f pour N M, & poureeque aam qui 
eft | eft icy efgal k & que 1 ’angle I L C eft droit, on 
trouue que la ligne courbe NCeil vn cercle. Et on 
peutfacilement examiner tous les autres cas en mefme 
forte. 

Aurefte acaufe que les equations, qui ne montent 
que iufques au quarre, fbnttoutes compriles en ce que ie 
viensd’expliquer ; non feulement le problefme des an- 
ciensen 5 &4lignes eft icy entierement acheue'j mais 
aufly tout ce qui appartient a ce qu'ils nommoient la 
compofition des lieux folides } & par confequent aufly a 
celle des lieux plans, a caufe qu’ils font compris dans les 
folides. Car ces lieux ne font autre chole, iinonquelors 
qu’il eft queftion de trouuer quelque point auquel il 

manque 
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the angle ILC is a right angle, it follows that the curve NC is a circle. 
A similar treatment of any of the other cases offers no difficulty. 

Since all equations of degree not higher than the second are included 
in the discussion just given, not only is the problem of the ancients 
relating to three or four lines completely solved, but also the whole 
problem of what they called the composition of solid loci, and conse¬ 
quently that of plane loci, since they are included under solid loci. tml 
For the solution of any one of these problems of loci is nothing more 
than the finding of a point for whose complete determination one con- 

tU41 Since plane loci are degenerate cases of solid loci. The case in which 
neither x 2 nor y 2 but only xy occurs, and the case in which a constant term occurs, 
are omitted by Descartes. The various kinds of solid loci represented by the equa¬ 
tion y—±m~±: — x ± \ ± m- ± ox ±—x may be summarized as follows: 

z x \ m 

tt 2 

(1) If all the terms of the right member are zero except —, the equation repre¬ 
ss 

sents an hyperbola referred to its asymptotes. (2) If — is not present, there are 
several cases, as follows: (a) If the quantity under the radical sign is zero or a 
perfect square, the equation represents a straight line; (b) If this quantity is not 
a perfect square and if ^jr 2 = 0, the equation represents a parabola; (c) If it is 

ttt 

not a perfect square and if — x 2 is negative, the equation represents a circle or an 
tn 

ellipse; (d) If — x 2 is positive, the equation represents a hyperbola. Rabuel, p. 248. 
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dition is wanting, the other conditions being such that (as in this exam¬ 
ple) all the points of a single line will satisfy them. If the line is 
straight or circular, it is said to be a plane locus; but if it is a parabola, 
a hyperbola, or an ellipse, it is called a solid locus. In every such case 
an equation can be obtained containing two unknown quantities and 
entirely analogous to those found above. If the curve upon which the 
required point lies is of higher degree than the conic sections, it may 
be called in the same way a supersolid locus/ 1281 and so on for other 
cases. If two conditions for the determination of the point are lacking, 
the locus of the point is a surface, which may be plane, spherical, or 
more complex. The ancients attempted nothing beyond the composition 
of solid loci, and it would appear that the sole aim of Apollonius in his 
treatise on the conic sections was the solution of problems of solid loci. 

I have shown, further, that what I have termed the first class of 
curves contains no others besides the circle, the parabola, the hyperbola, 
and the ellipse. This is what I undertook to prove. 

11263 “Un lieu sursolide.” 
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manquevne condition pour eftre entierement determi¬ 
ne, ainli qu'il arriue en cete exempIe,tous Ies poins d‘‘vne 
mefme ligne peiruent eftre pris pour celuy qui eft de¬ 
mands. Etfi cete ligneeft droite,ou circulate , onla 
Domme vn lieu plan. Mats ft c’eft vne parabole, ou vne 
hyperbole, ou vne eltiple, on la nomme vn lieu iolide. Et 
toutefois & quantes que cela eft, on peut venir a vne E- 
quationqui contient deux quantite's inconnues, & eft 
pareille a quelqu’vne de celles que ie viens de refoudre. 
Que fi la ligne qui determine ainli le point cherchd, eft 
d’vn degre'plus compose que les fe&ions coniques, on 
la peut nommer, en mefme fa$on, vn lieu furfolide, & 
ainli des autres. Et s’il manque deux conditions a la de¬ 
termination de ce point, le lieu ou il le trouue eft vne fu- 


perficic, laquelle peut eftre tout de mefme ou plate , ou 
fpherique, ou plus compofee. Mais le plus haut but 
quayenteulesanciensencetematiere a eftcdeparue- 
niralacompolitiondes lieux folides: Et il lemble que 
tout cequ’Apollonius a efcrit des fedions coniques n'a 
efte'qu’jt delfein de la chercher. Quelieeft 

De plus on v oit icy que ceque iay pris pour Ie premier la P tcmie - 
genredeslignes courbes,n’en peut comprendre aucunes plus fim- 
autres que Ic cercle, la parabole, l'hyperboIe,& I’elliple. P le u d * k 
qui eft tout ce quei’auois entrepris de prouuer. lignes 

Queli la queftion des anciens eftpropofee en cinq li- c °“f e b " 
gnes, qui foient toutes parallels ; il eft euident que le Uencen la 
point cherchc'feratoulioursenvnelignedroite- Mais li 3"s an-" 
elle eft propofee en cinq lignes, dont ily en ait quatre ciens 
qui foient paralleles, & que la cinquielme Ies couppe a Hd? pro- 
angles droits, & mefme que toutes Ies lignes tirdes duP oftet “ 

° . cinq li- 

pointg DCS. 
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point cherche'lesrcncontrent aufly a angles droits, & 
enftn que le parallelepipede compofe dc trois deslignes 
ainfi tiroes fur trois de celles qui font paralleles,foit eigal 
au parallelepipede compofd des deuxlignes tirdes 1'vne 
fur la quatriefme de celles qui font paralleles & l'autre 
fur celle qui les couppe a angles droits, & d’vne troifief- 
me ligne donnee. ce qui eft ce femble le plus Am¬ 
ple cas qu’ou puifle imaginer aprcs le precedent ; le 
point chcrche fera en la ligne courbe, qui eft defcrite 
par le mouuement d’vne parabole en la fa$on cy defTus 
expliquce. 



Soient 
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If the problem of the ancients be proposed concerning five lines, all 
parallel, the required point will evidently always lie on a straight line. 
Suppose it be proposed concerning five lines with the following condi- 
tions: 

(1) Four of these lines parallel and the fifth perpendicular to each 
of the others, 

(2) The lines drawn from the required point to meet the given lines 
at right angles; 

(3) The parallelepiped 1 composed of the three lines drawn to meet 
three of the parallel lines must be equal to that composed of three lines, 
namely, the one drawn to meet the fourth parallel, the one drawn to 
meet the perpendicular, and a certain given line. 

This is, with the exception of the preceding one, the simplest pos¬ 
sible case. The point required will lie on a curve generated by the 
motion of a parabola in the following way: 

lisa] That j Sj the p r0( j uc t of the numerical measures of these lines. 
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Let the required lines be AB, IH, ED, GF, and GA, and 
let it be required to find the point C, such that if CB, CF, CD, CH, and 
CM be drawn perpendicular respectively to the-given lines, the paral¬ 
lelepiped of the three lines CF, CD, and CH shall be equal to that of 
the other two, CB and CM, and a third line AI. Let CB=y, CM=.r, 
AI or AE or GE=a; whence if C lies between AB and DE, we have 
CF=2a—y, CD=a—y, and CH=y+a. Multiplying these three to¬ 
gether we get y s — 2ayr— a 2 y+2a 3 equal to the product of the other 
three, namely to axy. 

I shall consider next the curve CEG, which I imagine to be described 
by the intersection of the parabola CKN (which is made to move so 
that its axis KL always lies along the straight line AB) with the ruler 
GL (which rotates about the point G in such a way that it constantly 
lies in the plane of the parabola and passes through the point L). I 
take KL equal to a and let the principal parameter, that is, the par¬ 
ameter corresponding to the axis of the given parabola, be also equal to 
a, and let GA=2a, CB or MA=y, CM or AB=*. Since the triangles 
GMC and CBL are similar, GM (or 2a—y) is to MC (or x) as CB 

xy 

(or y) is to BL, which is therefore equal ^* nce KL is a y BK 

is a— ^ — or ~ . Finally, since this same BK is a segment 

2a— y 2a—y 

of the axis of the parabola, BK is to BC (its ordinate) as BC is to a 
(the latus rectum), whence we get y 3 — 2ay 2 —a-y-\-2a*=a.vy, and there¬ 
fore C is the required point. 
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Soient par exemple les Iignes cherch^es A B,I H,E D, 
G F, & G A. & qu’on demandele point C, en forte que 
tirant C B, C F, C D, C H, & C M a angles droits fur les 
donnces, leparallelcpipede des trois CF» CD, & CH 
foit efgal a celuy des z autres C B, & C M, & d’vne troi- 
fiefme quifoit AT. Ie pofe C B ooy. C Moo x. A I, ou 
A E, on G E oo a,de fa<jon que le point C eftant entre les 
lignesAB,&DE, iayCFa>2a — y ,C D oo a — y. & 
C H »y+* & multipliant ces trois I’vne par I autre, 

3 3 

iay y —z *yy— a ay -+- i a efgal au produit des trois 
autres qui eft a xy. Aprds cela ie confidere b ligne cour- 
be C E G, que i’imagine eftre defcrite par I’interfe&ion, 
debParaboleCKN,qu'onfaitmouuoir en telle forte 
que fon diametre KL eft toufiours fur la ligne droite 
A B, Sc de la reigle G L qui tourne cependant autour du 
point G en telle forte quelle pafle toufiours dans le plan 
decete Parabole par Ie point L. EtiefaisKLno a, &le 
coftddroit principal, c’eft a dire celuy qui fe rapporte a 
l’aiflieu decete parabole, auflyefgaUa, &GAao2a, Sc 
CBouM Aooy.&C MouA Boo x. Puis a caufe des 
triangles femblables GM C & C B L,G M qui eft 2 a -y, 
eft k M C qui eft x f comme C B qui efty, eft k B L qui eft 

par confequeot Et pourceque L K eft a, B Keft a 

—-,oubien ——. Etcnfinpourcequece mef- 
me B K eftant vn fogment du diametre de la Parabole, 
eft* BCquiluy eft appliqude par ordre, comme cel- 
lecyeft au coftddroit qui eft a, le calculmonftteque 

y — 2 ayy — a ay -1- zxt f eft efgal k axy. &par confer 

V v quent 
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quent que le point C eft celay qai eftoitdemande. Et il 
peat eftre pris en tel endroir de la ligne C E G qu’on ve- 
uille choifir, ou aufly en fon adiointe (EG ( qui fe de- 
fcri t en mefine fa5on,exceptd quele fornmet de laPara- 
bole eft tournc'vers I'autre coftd, on enfin en Ieurs con- 
trepofeesN Io,nI 0,qui font defcrites par l’interfeOion 
que fait la ligne G L en l’antre coftd de la Parabole 
KN. 

Or encore que ies paralleles donndes AB,1H, ED, 
Sc G F ne foflent point efgalement distantes, & que G A 
ne lescouppaft pointaangles droits, ny anfly les lignes 

tildes 
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The point C can be taken on any part of the curve CEG or of its 
adjunct cEGc, which is described in the same way as the former, except 
that the vertex of the parabola is turned in the opposite direction; or 
it may lie on their counterparts 11271 NI 0 and «IO, which are generated 
by the intersection of the line GL with the other branch of the para¬ 
bola KN. 

Again, suppose that the given parallel lines AB, IH, ED, and GF are 
not equally distant from one another and are not perpendicular to GA, 
and that the lines through C are oblique to the given lines. In this case 
the point C will not always lie on a curve of just the same nature. This 
may even occur when no two of the given lines are parallel. 

11171 “En leurs contreposees.” 
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Next, suppose that we have four parallel lines, and a fifth line cutting 
them, such that the parallelepiped of three lines drawn through the 
point C (one to the cutting line and two to two of the parallel lines) 
is equal to the parallelepiped of two lines drawn through C to meet the 
other two parallels respectively and another given line. In this case 
the required point lies on a curve of different nature , 11 * 81 namely, a 
curve such that, all the ordinates to its axis being equal to the ordinates 
of a conic section, the segments of the axis between the vertex and 
the ordinates 11291 bear the same ratio to a certain given line that this 
line bears to the segments of the axis of the conic section having equal 
ordinates . 11803 

I cannot say that this curve is less simple than the preceding; indeed, 
I have always thought the former should be considered first, since its 
description and the determination of its equation are somewhat easier. 

I shall not stop to consider in detail the curves corresponding to the 
other cases, for I have not undertaken to give a complete discussion of 
the subject; and having explained the method of determining an infinite 
number of points lying on any curve, I think I have furnished a way 
to describe them. 

It is worthy of note that there is a great difference between this 
method 11813 in which the curve is traced by finding several points upon 

1128] The general equation of this curve is axy — xy 2 + 2a 2 x = a 2 y — ay 2 . 
Rabuel, p. 270. 

1129] That is, the abscissas of points on the curve. 

1130] thought, expressed in modern phraseology, is as follows: The curve is 
of such nature that the abscissa of any point on it is a third proportional to the 
abscissa of a point on a conic section whose ordinate is the same as that of the 
given point, and a given line. Cf. Rabuel, pp. 270, et seq. 

im ] /pk at the method of analytic geometry. 
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tirdfes do point C vers elles, ce point Ci nc laifleroit pas 
defetrouuertoufiours en vneligne courbe* qui feroic 
de cete mefme nature. Et il s’y peut aufly trouuer quel- 
quefois, encore qu’aucunedes lignes donndes uefoient 
paralleles. Maisfilorfqu’ilyena 4 ainfi paralleles, & vne 
cinquiefme qui les trauerfe: & que le parallelepipede de 
troisdes lignes tirdes du point cherchd, l’vne fur cete 
cinquiefme, & les 1 autres for 2 de celles qui font paral- 
lele$ifoit efgalaceluy, des deux tirces fur les deux au¬ 
tres paralleles, & d’vne autre lignc donnde. Ce point 
cberchdeften vne ligne courbe d’vne autre nature, a 
f^auoir en vne qui eft telle, que toutes les lignes droites 
appliquees par ordre a fon diametre eftant efgales a cel¬ 
les d’vne fedion conique, les legmens de ce diametre, 
qui font entrelefommet&ces lignes, ont mefme pro¬ 
portion a vne certaine ligne donnde, que cete ligne don- 
nee a aux fegmens du diametre de la le&ion conique, 
aufquels les pareilles lignes font appliqnees par ordre. Et 
ie ne f$aurois veritablement dire que cete ligne foit 
moins fimple que la precedente, laquelle iay creu route- 
foisdeuoir prendre pour la premiere, acaufequela de- 
fcription , & le calcul en font en quelque fajon plus 
faciles. 

Pour les lignes qui feruent aux autres cas, ie ne ns’are- 
fteray point ales diftinguer par efpeces. car ie n’aypas 
entrepris de dire tout ; &c ayant expliquc la fagonde 
trouuer vne infinite de poins par ou elies paffect.ie penle 
auoir aflcs donnd le moyen de les defcrire. 

Mefme ileftaproposderemarquer.qu’il ya grande 
difference entre cete fa^on de trouuer plufieurs poins 

V v 2 pour 


89 



cftrc re- 
ccucs en 
Geome¬ 
tric. 


34® La Geombtrtb. 

font les pourtraeer vne ligne courbe, & celle dont on fe fert poor 
coutbes a %‘ ra ^ e > & f es femblables. car par cete derniere on nc 
qu’on de- trouoe pas indifferement tous les poins dela ligne qa'on 
ttouuant cherclie, mai&feulementceux qui peuuent eftre d^ter- 
piufieurs mine's par qu elque mefure phis fimple, que celle qoi eft 
poins*,qui rcquifepourlacompoler, & ainfi a proprement parler 
peuuenc on ne trouue pas vnde les poins. e’eft a dire pas vn de 
ceux qui lay font tellement propres, qu’ils ne puiflent 
eftre trouues que par elle: Aulieuqu’ilny aaucunpoinc 
dans les lignes qur feraent a la queftionpropose, qui ne 
fe puifte rencontrer entre ceux qui le determines par la 
fa^on tantoft expliquefe. Et poureeque cete fagon de 
tracer une ligne courbe, en trounant indifferement piu¬ 
fieurs deles poins , ne s’eftend qu’a celles qui peuuent 
aufly eftre deferites par vnmouuementregulier & con- 
tinu, on ne la doit pas entierement reietter dela Geo¬ 
metric. 

font aufly Et on n’en doit pas reietter non plus, celle ou on fe 
ceUes fertd’vnfil, oud’vne chorde replie'e, pour determiner 
Jcrit'aoec 1’egalitc ou la difference de deux ou piufieurs lignes 
vncchor- droites qui peuuent eftre tiroes de chafque point de la 
peuuent courbe qu’on cherche, a certains airtres poins 0 ou fur 
7 eftre certaines autres lignes a certains angles, ainfi que nous 

auons fait en la Dioptrique pour expliquer l’Ellipfe & 
l'Hyperbole. car encore qu’on n’y puiffe regeuoir au- 
cunes lignes qui femblent a des chordes, e’eft a dire qu] 
deuienent tantoft droites & tantoft combes, acaule que 
la proportion, qui eft entre les droites & les courbes, 
n’eftant pas connue, & mefme ie croy ne le pouuant eftre 
parleshommes, onnepourroitrien conclure de l&qui 

fuft 


Quelles 


xeceues. 
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it, and that used for the spiral and similar curves . 11 ** 1 In the latter not 
any point of the required curve may be found at pleasure, but only such 
points as can be determined by a process simpler than that required for 
the composition of the curve. Therefore, strictly speaking, we do not 
find any one of its points, that is, not any one of those which are so 
peculiarly points of this curve that they cannot be found except by 
means of it. On the other hand, there is no point on these curves which 
supplies a solution for the proposed problem that cannot be determined 
by the method I have given. 

But the fact that this method of tracing a curve by determining a 
number of its points taken at random applies only to curves that can 
be generated by a regular and continuous motion does not justify its 
exclusion from geometry. Nor should we reject the method 11 ** 1 in which 
a string or loop of thread is used to determine the equality or difference 
of two or more straight lines drawn from each point of the required 
curve to certain other points , 11 * 41 or making fixed angles with certain 
other lines. We have used this method in “La Dioptrique ” IU81 in the 
discussion of the ellipse and the hyperbola. 

On the other hand, geometry should not include lines that are like 
strings, in that they are sometimes straight and sometimes curved, since 
the ratios between straight and curved lines are not known, and I 
believe cannot be discovered by human minds , 11 *" 1 and therefore no con¬ 
clusion based upon such ratios can be accepted as rigorous and exact. 

[«*] That is, transcendental curves, called by Descartes “mechanical” curves. 

lM * J Cf. the familiar “mechanical descriptions” of the conic sections. 

11,41 As for example, the foci, in the description of the ellipse. 

[m»] This work was published at Leyden in 1637, together with Descartes's 
Discours de la Methode . 

IM#1 This is of course concerned with the problem of the rectification of 
curves. See Cantor, Vol. II (1), pp. 794 and 807, and especially p. 778. This 
statement, “ne pouvant etre par les hommes” is a very noteworthy one, coming as 
it does from a philosopher like Descartes. On the philosophical question involved, 
consult such writers as Bertrand Russell. 
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Nevertheless, since strings can be used in these constructions only to 
determine lines whose lengths are known, they need not be wholly 
excluded. 

When the relation between all points of a curve and all points of a 
straight line is known / 1871 in the way I have already explained, it is easy 
to find the relation between the points of the curve and all other given 
points and lines; and from these relations to find its diameters, axes, 
center and other lines 11881 or points which have especial significance for 
this curve, and thence to conceive various ways of describing the curve, 
and to choose the easiest. 

By this method alone it is then possible to find out all that can be 
determined about the magnitude of their areas / 1381 and there is no need 
for further explanation from me. 

tM71 Expressed by means of the equation of the curve. 

i»»] p or example, the equations of tangents, normals, etc. 

11891 For the history of the quadrature of curves, consult Cantor, Vol, II (1), 
pp. 758, et seq., Smith, History , Vol. II, p. 302. 
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fuft exa<ft& afford. Toutefoisa caufe qu’otxnefe ferr 
de chordcs en ces conftrmftions, que pour determiner 
des lignes droites, dont on conuoift parfeiteroent la Ion- 
geur, cela ne doit point faire qu’on les reiette. 

Orde cela leul qu’on f^ait le rapport, qu’ont tous les q« poo» 
poins d’vne ligne courbe a tous ceux d’vne ligne droite, 
en la fagon que iay explique'e t il eft ay f 6 de trouuer aufly propric- 
le rapport qu’ils ont a tous les autres poins, & lignes don- tc B *^ et k * 
nees: & en fuite de connoiftre les diametres, les aiflieux, courbet. 
lep centres, & autres lignes, ou poins f a qui chafque li- 
gne courbe aura quelque rapport plus particolier , ou k «pp°« 
plus Ample, qu'aux autres: & ainfi d’imaginer diuers ?“uXus 
moyens pour les deferire, & d’en choifir les plus faciles. p°'«* 
Et mefine on peut aufly par cela leal trouuer quafi tout %>« ** 
cequipeuteftre determine touchant la grandeur de l'e- droite ‘* 
fpace quelles comprenent, fans qu’ilfoit befbin que i’en £ 
donne plus d’ouuerture. Et enfin pour cequi eft de tou^’ a “" cs 
tes les autres propriety qu’on peut attribuer aux lignes qui les 
courbes.ellesne dependent que de la grandeur desan-*°”££ Bt 
gles qu’ellesfontauec quelques autres lignes.MaislorA ces poins 
quon peut tirer deslignes droites qui les couppent a an- 
gles droits, aux poins ou ellesfont rencontres par cel- 
lesauec qui dies font les angles qu’on veur mefurer, ou, 
cequeie prensicy pour le mefine, qui couppent lours 
contiugentes- la grandeur de cerangles n’eftpas plus 
malayfee a trouuer, que s’ils eftoient compris entre deux 
lignes droites. C eftpourqnoy ie croyray auoir mis iey 
tout ce qui eft requis pour les elemens des lignes cour¬ 
ses, lorfijuei’auray generalement donne" lafa§on de ti¬ 
ter des lignes droites, qui tombent a angles droits fur 

YT '3 tels 
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tcls de Ienrs poins qu'on voudra choifir. Et i’ofe dire 
queceilcecyleproblefme le plus vtile, &lepins gene¬ 
ral non feulemeat queie f^ache, mais mefme que 1’aye 
iamais defied de f$auoir en Geometric. 

So it C B 
la ligne courbe, 
& qu'il faille ti- 
rer vne ligne 
droite par le 
point C, quifa- 

ce auec elle des angles droits. Ie fuppoie la chofe defia 
faite, & que la ligne cherchde eft C P, laquelle ie pto- 
k>ngc iufques an point P, ou elle rencontre la ligne droi- 
teG A, que ie fuppofe eftre cclle aux poins de laquelle 
on rapporte tous ceux de la ligne C E: en forte que fai- 
fantMAouCBsoy,&CM, ouBA»a?, iay quelque 
equation,qui explique le rapport, qni eft entre x Sty. 
PuisiefeisPCoox, ou P M 3 d v -y t Sc a 

caufe du triangle re&angle PMC iay ss, qui eft le quar- 
rd de la baze efgal k xx • J rvv—zvy-^-yj , qni font 
les quarres des deux cofte's. e'eft a dire iay x 3) 

Vss-~ev-+- ivy—yy, oubieny aoz/-f- Vts~xx, 8 c 
parlemoyende ccte equation, i'ofte de l'autre equa¬ 
tion qui m’explique le rapport qu’ont tous lespoins de la 
courbe C E a ceux de la droite G A.l'vne des deux quan- 
titdsiudetermindes x ou y. ce qui eft ayfd a faire en 
mettantpartout ss—v d-t- ivy—yy au lieu d’x, Sc 
le quarrd de cete fomme au lieu d’x x, &fou cube au lieu 

dV, &ainfidesautres,fie’eft.*■ que ie veuilLeofter ; ou- 

bien 
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Finally, all other properties of curves depend only on the angles 
which these curves make with other lines. But the angle formed by 
two intersecting curves can be as easily measured as the angle between 
two straight lines, provided that a straight line can be drawn making 
right angles with one of these curves at its point of intersection with 
the other. 11 " 1 This is my reason for believing that I shall have given 
here a sufficient introduction to the study of curves when I have given 
a general method of drawing a straight line making right angles with 
a curve at an arbitrarily chosen point upon it. And I dare say that 
this is not only the most useful and most general problem in geometry 
that I know, but even that I have ever desired to know. 

Let CE be the given curve, and let it be required to draw 
through C a straight line making right angles with CE. Suppose the 
problem solved, and let the required line be CP. Produce CP to meet 
the straight line GA, to whose points the points of CE are to be 
related. 11411 Then, let MA=CB=y; and CM=BA=;r. An equation 
must be found expressing the relation between x and y . 11411 I let PC— s, 
TA—v, whence PM=z/— y . Since PMC is a right triangle, we see that 
s 2 f the square of the hypotenuse, is equal to x 2 -\-z/ i —2vy-\-y 2 , the sum 

of the squa res of t he two sides. That is to say, x— Vs 2 —z/ 2 + 2z/y —y 2 
or y = v + Vs 2 — x 2 . By means of these last two equations, I can elimi¬ 
nate one of the two quantities x and y from the equation expressing 
the relation between the points of the curve CE and those of the straight 
line GA. If x is to be eliminated, this may easily be done by replacing 
x wherever it occurs by Vs 2 -z/ 2 +2z>j/-y 2 , x 1 by the square of this ex¬ 
pression, x 3 by its cube, etc., while if y is to be eliminated, y must be 

replaced by v + Vs 2 — x 2 , and y 2 ,y 8 , . . .by the square of this expres- 

[i40] That is, the angle between two curves is defined as the angle between the 
normals to the curve at the point of intersection. 

11411 That is, the line GA is taken as one of the coordinate axes. 

11421 This will be the equation of the curve. See also the figure on page 97. 
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sion, its cube, and so on. The result will be an equation in only one 
unknown quantity, x or y. 

For example, if CE is an ellipse, MA the segment of its 
axis of which CM is an ordinate, r its latus rectum, and q its trans¬ 
verse axis, 11 " 1 then by Theorem 13, Book I, of Apollonius, 11 " 1 we have 


= ry — y 2 . Eliminating x* the resulting equation is 
q 

22.0 2 r _ 2 , qry-2qvy+qv*—qs* A 

s—v+2vy —y —ry—~y\ or y H-- — -=0. 


In this case it is better to consider the whole as constituting a single 
expression than as consisting of two equal parts. 114 * 1 

If CE be the curve generated by the motion of a parabola (see pages 
47, et seq.) already discussed, and if we represent GA by b f KL by c , 
and the parameter of the axis KL of the parabola by d, the equation 

11481 “Le traversant ” 

11441 Apollonius, p. 49: “Si conus per axem piano secatur autem alio quoque 
piano, quod cum utroque latere trianguli per axem posita concurrit, sed neque basi 
coni parallelum ducitur neque e contrario et si planum, in quo est basis coni, 
planumque secans concurrunt in recta perpendiculari aut ad basim trianguli per 
axem positi aut ad earn productam quaelibet recta, quae a sectione coni comnluni 
sectioni planorum parallela ducitur ad diametrum sectiones sumpta quadrata aequalis 
erit spatio adplicato rectae cuidam, ad quam diametrus sectionis rationem habet, 
quam habet quadratum rectae a vertice coni diametro sectionis parallelae ductae usque 
ad basim trianguli ad rectangulum comprehensum rectis ab ea ad latera trianguli 
abscissis, latitudinem rectam ab ea e diametro ad verticem sectionis abscissam et 
figura deficiens simili similiterque posita rectangulo a diametro parametroque com- 
prehenso; vocetur autem talis sectio ellipsis.” Cf. Apollonius of Perga, edited by 
Sir T. L. Heath, Cambridge, 1896, p. 11. 

11481 That is, to transpose all the terms to the left member. 
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bien fi c’cft y, en mettant en fon lieu si -f- Vtt—xx, 8 c 
le quarrd, ou le cube, &c. de cete fomme, au lieu dyy,ou 

y &c. De fa$on qu’il refte toufiours aprds cela vne equa¬ 
tion, en laquelle il ny a plus qu’vne feule quantity inde- 


terminde, x t ony. 

Comme fi C E eft vne Eflipfe , deque M A foit le 
fegment de fou diametre, auquel C M foit appliquee par 
ordre, & qui ait rpour fon cofte droit, & q pour le tra- 

uerfant.onk parle it th. 



du i liu. d’Apollonius. 

y, d’on 
oftant xx, il refte #/- 


- vv-hzvy-yy 00 ?y-^yy. 
oubien. 


yy ■ \Zr • elgai a wen. card eft miens en 
cet endroit de confiderer ainfi enfemble toute la fom- 
me, que d’en faire vne partie efgale afautre. 



Tout de mefine fi C 
E eft la ligne courbe 
deferite par le mou- 
uement d’vneParahoIe 
en la fagon cy deflu* 
expliqudj, & qu’on ait 
pofo^pourGA, rpour 
KL, 8 c d pour le cofte 
droit du diametreK£ 
enlaparabole.requatio 
qui esplique le rappocr 
qui 
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qui eft entreaty, eft /- c dy bcd+dxyao. 


d'oii oftant x 
■vv 


, on a y 


. - „ &yy—tdy -+• bed, -f- dy 

v jj--vv~htvy—yy. & remetrant en ordre ces 
termes parlemoyende la multiplication, il vient 

t 4 -%h'*U>d*4?44*d>j**ccddt vlt . ,, _ ,, ,, 

y . .. ddssY fymm *’ hccdd y* hbccdds > o - 

*i*d,d v 

Et ainli des autreS. 

Meime encore queles poins de la ligne courbenefe 
rapportaflentpas en la fagon que iay dittc a ceux d'vne 
ligne droite, maisen route autre qu'on fgauroit imagi- 
ncr, on ne laifle pas de pouuoir toufiours auoir vne telle 
equation. Comme £ Q E eft vne ligne, qui ait tel rap¬ 
port aux trois poins F, G, & A, que les Iignes droites ti- 
j-desde chafcun de fes poins comme C, iufques au point 
F, furpaflent la ligne F A d’vne quantity, qui ait certaine 

proportio don- 
nee a vne autre 
quantity dont 
GA furpafle les 
Iignes tirdes 
des naefmes 

poinsiufques k G. FaifonsGA»J,AF:»r,&prenant 
k dilcretion le point C dans lacourbe, que la quantitd 
dont C F furpafle F A, fbit & celle dont G A furpafle 
GC,commei 4 #,en forte que fi cetequantite qui eft 

inderermine'e fe nomme ^,FC eft r-f- ^&GC eft b — 
PuispofantM A co y, G M ebb-y, & F M eft c-*-y, & 
&caufe du triangle rectangle CMG, oftant le quarre 

de 
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expressing the relation between x and y is y*—by 2 —cdy-\-bcd+dxy=0. 
Eliminating x t we have 


jp-by'-cdy+bcd+dy 'is*—v‘+2vy—y*=0. 

Arranging the terms according to the powers of y by squaring, 114 * 1 this 
becomes 

( b 2 -2cd+d 2 ) y 4 + (4 bcd—2d 2 v) y 3 

+ (c 2 d 2 — d 2 s*+d 2 tf —2b 2 cd)y 2 -2bc 2 d 2 y+b 2 c 2 d 2 =0, 

and so for the other cases. If the points of the curve are not related 
to those of a straight line in the way explained, but are related in some 
other way, p4T1 such an equation can always be found. 

Let CE be a curve which is so related to the points F, G, and A, 
that a straight line drawn from any point on it, as C, to F exceeds 
the line FA by a quantity which bears a given ratio to the excess of GA 
over the line drawn from the point C to G. IU81 Let GA=&, AF=c, and 
taking an arbitrary point C on the curve let the quantity by which CF 
exceeds FA be to the quantity by which GA exceeds GC as d is to e. 
Then if we let z represent the undetermined quantity, FC=c+2 and 

GC = b- e -z. Let MA=y, — and FM=f+y Since CMG is a 
d 

right triangle, taking the square of GM from the square of GC we have 

[i«] «£ n reme ttant en ordre ces termes par moyen de la multiplication.” 

“Mais en toute autre qu’on saurait imaginer.” 

1,481 That is the ratio of CF — FA to GA — CG is a constant. 
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left the square of CM, or 


£ , 2be 
d 


z+2by—y *. 


Again, taking the 


square of FM from the square of FC we have the square of CM 
expressed in another way, namely: z 2 +2cz—2cy—y 2 . These two expres¬ 
sions being equal they will yield the value of y or MA, which is 


d 2 z 2 +2cd 2 z-e 2 z 2 +2bdez 
2bd 2 +2cd 2 

Substituting this value for y in the expression for the square of CM, 
we have 

—-2 bd 2 z 2 -\-ce 2 z 2 -\-2bcd 2 z—2bcdez 2 
CM =- ~ y • 

If now we suppose the line PC to meet the curve at right angles at C, 
and let PC=j and PA=v as before, PM is equal to v—y ; and since 
PCM is a right triangle, we have s 2 — v 2 +2vy — y 2 for the square of 
CM. Substituting for y its value, and equating the values of the square 
of CM, we have 

, 2bccPz — 2bcdez — 2cd 2 vz-2bdevz-bd 2 s 2 + bd 2 v 2 - cd 2 s 2 +cd 2 v 8 _ 
bd 2 +ce?+?v—d 2 v 

for the required equation. 

Such an equation having been found 114 * 1 it is to be used, not to deter¬ 
mine x, y t or z , which are known, since the point C is given, but to 
find v or s, Which determine the required point P. With this in view, 
observe that if the point P fulfills the required conditions, the circle 
about P as center and passing through the point C will touch but not 
cut the curve CE; but if this point P be ever so little nearer to or far¬ 
ther from A than it should be, this circle must cut the curve not only 

11481 Three such equations have been found by Descartes, namely those for the 
ellipse, the parabolic conchoid, and the curve just described. 
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de G M du quarre'de G C, on a Ic quarre de C M, qui eft 

d'4*i\y-'yy- puis oftant le quarre' de F M 

du quarre'de F C,ona encore le.quarre'de C M en d’au- 
trestermes,af§auoir^4-2f zey — yy, & cester- 
mes eftant efgaux auxprecedens, ilsfont connoiftrej. 


» jg » • ddzz ’i* i bde^ » /» i /i • 

ouM A, quieft- TuT* Tai --&fubftituantce- 

te forame au lieu d|y dans Ie quarr'e de C M, on trouue 
qu’il s'exprhne ences termes. 


bddzz ceezz 4«i bcddz — i bcdcz 

bdd >$* cid mm J J* 


Puis fuppolant que la ligne droite P C rencontre la 
courbe a angles droits au point C, & faifent PC aox, & 
P Aoo» comme deuant, PMefti»-) ; & a caufe du 
triangle rectangle P C M,on hts-vv-hi vy-yy pour 
le quarre' de C M, ou derechefayant au lieu dy fubftituc' 
la fomme qui luy eft elgale, il vient 

4* * bcddz ~ l bedez— x cddvz1 bdevz — bddss *£> bddvv — 

^ cee ee 

- ajss * aAw. yy 0 p 0ur l’equation que nouj cherchions. 


Or apre's qu’on it trouue' vne telle equation , au lie u 
dcs’enferuir pour connoiftreles quantity's #,ou/, ou 
qui font defia donnees, puifque le point C eft donnd, on 
la doit employer a trouuert^ou s , qui determinent le 
point P, qui eft demande' Et a cet effedl il faut confide- 
rer,que fi ce point P eft telqu'on le defire, le cercle dout 
il fora le centre, & qui paflera par le point C, y touchera 
la ligne courbe C E, fans lacoupper: mais que fi ce point 
P» efttantfoit peu plusproche,ou plus efloignd du point 

Xx A,qu’il 
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A, qu’ilne doit, ce cercle couppera la courbe, non feu- 
lementau point C, mais aufly neeeflairement en quel- 
que autre. Puis il faut aufly confiderer, que lorfque ce 
cercle couppe la ligne courbe C E, l’equation par laquel- 
leoncherche la quantite^ou/.ou quelque autrefem- 
blable, en fuppofant P A & P C eftreconnues, contient 
neeeflairement deux racines, quifont inefgales. Car par 
exemple fi ce cercle couppe la courbe aux point C & E, 
ayant tire'EQj>arallele a CM, les noms des quantitds 
indetermiuees x & j, conuiendront aufly bien aux ligne# 
EQj &QA, qu*a CM, & MAj puis PE eft efgale a 
P C, a caufe du cercle, fi bien que chercbant les lignes 

EQ & QA, par PE & 
P A qu'on fuppofe com- 
me donnees , on aura la 
mefme equation, que fi 
on cherchoit C M & 
M A par P C, P A. d'ofi 
il fuit euidemment,que la 
valeurd’*, ou d’/, oude 
telle autre quantite qu*on aura fuppofee, fera double en 
cete equation, c’eftadirequ’il y aura deux racines ineC 
galesentreelles; &dontl*vne fera CM , l’autre EQ, fi 
e'eft x qu’on cherche 5 oubien l’vne fera M A, & l’autre 
QAjfic’efty. &ainfi des autres. Il eft vray que fi le 
point E ne fe trouue pas du mefine coftd de la courbe 
que le point C* il n’y aura que l’vne dc ces deux racines 
quifoit vraye, & I’autrefera renuerfee, ou moindre que 
rien: inais plus ces deux poins, C, & E, font prochesl vn 
del’autre, moinsilyade difference entre ces deuxraci- 

nesj 
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at C but also in another point. Now if this circle cuts CE, the equation 
involving x and y as unknown quantities (supposing PA and PC 
known) must have two unequal roots. Suppose, for example, that 
the circle cuts the curve in the points C and E. Draw EQ paral¬ 
lel to CM. Then x and y may be used to represent EQ and QA respec¬ 
tively in just the same way as they were used to represent CM 
and MA; since PE is equal to PC (being radii of the same circle), 
if we seek EQ and QA (supposing PE and PA given) we shall get the 
same equation that we should obtain by seeking CM and MA (suppos¬ 
ing PC and PA given). It follows that the value of x y or y, or any 
other such quantity, will be two-fold in this equation, that is, the equa¬ 
tion will have two unequal roots. If the value of x be required, one of 
these roots will be CM and the other EQ; while if y be required, one 
root will be MA and the other QA. It is true that if E is not on the 
same side of the curve as C, only one of these will be a true root, the 
other being drawn in the opposite direction, or less than nothing . 1[m The 
nearer together the points C and E are taken however, the less differ- 

11501 “Et l’autre sera renversee ou moindre que rien.” 
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ence there is between the roots; and when the points coincide, the roots 
are exactly equal, that is to say, the circle through C will touch the 
curve CE at the point C without cutting it. 

Furthermore, it is to be observed that when an equation has two 
equal roots, its left-hand member must be similar in form to the expres¬ 
sion obtained by multiplying by itself the difference between the 
unknown quantity and a known quantity equal to it j 1 ” 11 and then, if the 
resulting expression is not of as high a degree as the original equation, 
multiplying it by another expression which will make it of the same 
degree. This last step makes the two expressions correspond term by 
term. 

For example, I say that the first equation found in the present dis¬ 
cussion, 1 ”* 1 namely 

*_l_ gry — 2 gvy+gv 2 —gs 2 
y Q~r 

must be of the same form as the expression obtained by making e—y 
and multiplying y—e by itself, that is, as y 2 —2 ey-{-e 2 . We may then 
compare the two expressions term by term, thus: Since the first term, 

y 2 . is the same in each, the second term, 1 ”* 1 of the first is 

J q—r 

equal to —2 ey t the second term of the second; whence, solving for v , 

y 2 

or PA, we have v-e— -e+-r; or, since we have assumed e equal to y, 
q 2 

v 1 

v=y—~y+~ r. In the same way, we can find s from the third term, 
q 2 

11811 That is, the left-hand member will be the square of the binomial x — a 
when x = o. 

11821 See page 96. The original has “first equation,” not “first member of the 
equation.” 

[ im ] jj jat j Sj t j ie secon( j t e rm in y. 
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nes. & enfin clles font entierement efgales, s'ils font toas 
deuxioins en vn ; c’eft adire fi le cercle,qui pafle par C, 
y touche la courbe C E fans la coupper. 

De plus il faut confiderer, que lorfqu’ily a deux raci- 
nes efgales en vne equation, elle a neceflairement la 
mefme fiorme.que fi on multiplie par foy mefine la quan- 
titc"qu’on y fuppofe eftre inconnue tnoins la quantitd 
connue qui luy eft efgale, Sc qu'apre's cela fi cete dcrniere 
fomme n’apas tant de dimenfions que la precedente, 
on la multiplie par vne autre fomme qui en ait autant 
qu’il luy en manque- affin qu'il puifle y auoir feparement 
equation entre chafcun des termes de l* vne, & chafcun 
destermes de lautre. 

Comme par exemple ie dis que la premiere equation 
trouu<fe cy deflus, afgauoir 

<f>qrjr--iqvy’&qvv-.qst , , . , „ „ 

JJ - r —-doit auoir la mefme forme que 

celle qui fe produift en faifaut e efgal a/, Sc multipliant 
j —epar foy mefme,d’ou il vien tjy —2 tj -\~ee,cn forte 
qu*onpeut comparer feparement chafcun de leurs ter¬ 
mes, & dire que puifque le premier qui eft/ j eft tout le 
mefine en l’vne qu’en I’autre, le fecond qui eft en l’vne 

eft efgal au fecod de l’autre qui eft — 2 ey ,d'oft 
cherchant la quantite' v qui eft la Iigne P A , on k 



jr 

vTOe 3 r, oubie 

a caufe que nous auons 
fuppofd e efgal a/ , on a 

r * Et 

X x a ainfi 
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ainli on pourroitr trouuer / par le troifiefme terme 

ee so ~' mais pourceque Iaquantite' v determine 

aff& le point P,qui eft le feul que nous cherchions,on n’a 
pas befoin de pafler outre. 

Tout de mefme la feconde equation trouude cy def- 
fus, aljauoir, 

— 1 cd** '-S — ibbcd ^ 

doit auoir mefme forme, que la Ibmme quife prodiiifb 
lotfqu’onmultiplie }j — tey- 4 -eeoa.z 

4 _ i 14 

y quieft 




. — \ 4 * h * ^ ** 4j \ 

r--i'fh-xtggXj'-tthi >r, 

>bee, J vfreef J *i*eegg J * ( 

defa$on quede ces deux equations i’en tire fix autres, 
qui feruent a connoiftre les fix quantity's f, g, h, v, 8 c si 
D’ouil eft fort ayfc' a entendre, que de quelque genre, 
quepuifleeftrela ligne courbe propofee, il vient tou- 
fiours par cete fa§on de proceder autant d’equationj, 
qu'oneftobligd defuppofer de quantites, qui font in-* 
connue's. Mais pour demeller par ordreces equations, 
& trouuer enfin la quantity v, qui eft la feule dont on a 
beloin,& a l’occafion de Iaquelle oncherche les autres: 
Iifautpremierementparlclecond terme chercher/, la 
premiere de$. quantity's inconnues de la derniere fom- 
me, & on trouue fooze— zb. 

Puis par le dernier il faut chercher ^la derniere des 
quantites inconnues de la mefme fomme, & on trouue 

bbtcdd* 

K^~rr~ 

Puis 


*»**\ 
* eehi J 


y & 
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£ — ; but since v completely determines P, which is all that is 

q—r 

required, it is not necessary to go further. 11541 

In the same way, the second equation found above, 11561 namely, 

/ - 2 by* + (£* - 2 cd+ d 2 )/+( ±bcd- 2d 2 v)y 3 

+ (c*d 2 - 2 b*cd+ d 2 v 2 - d 2 s 2 ) y 2 - 2 b<*d 2 y + b 2 <?d 2 , 

must have the same form as the expression obtained by multiplying 

y z —2ey+e- by y*+fy*+g 2 y 2 +h 3 y-\-k 4 , 

that is, as 

/+(/-2e)/+(^-2^+^)y+(^-2^ 2 +^/)y 8 

+ (fe 4 — 2eh z -\-e 2 g 2 )y 2 4-(e 2 h?—2ek 4 ‘)y-\-e 2 k 4 . 

From these two equations, six others may be obtained, which serve to 
determine the six quantities f, g, h 9 k 9 v, and s. It is easily seen that 
to whatever class the given curve may belong, this method will always 
furnish just as many equations as we necessarily have unknown quan¬ 
tities. In order to solve these equations, and ultimately to find v , which 
is the only value really wanted (the others being used only as means 
of finding v) 9 we first determine f, the first unknown in the above 
expression, from the second term. Thus, f=2e—2b. Then in the last 
terms we can find k> the last unknown in the same expression, from 

11541 That is, to construct PC we may lay off AP — v and join P and C. If 
instead we use the value of e, taking C as center and a radius CP = e y we con¬ 
struct an arc cutting AG in P, and join P and C. Rabuel, p. 309. To apply 
Descartes’s method to the circle, for example, it is only necessary to observe that 
all parameters and diameters are equal, that is, q = r ; and therefore the equation 

y I 11 

v=zy - y -\—r becomes v = , diameter. That is, the normal passes 

q 2 3 c 

through the center and is a radius of the circle. Rabuel, p. 313. 

11661 See page 99. As before, Descartes uses “second equation” for “first mem¬ 
ber of the second equation.” 
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which k* 


b 2 c*d* 
e 8 * 


From the third term we get the second quantity 
be-2cd+b*+d\ 


From the next to the last term we get h, the next to the last quantity, 
which is 118 * 1 


„ 2bW 2b(?d 2 

h 7~‘ 


In the same way we should proceed in this order, until the last quantity 
is found. 

Then from the corresponding term (here the fourth) we may find 
v, and we have 

2e z 3 bt , b 2 e 2ce , , 2be , be 2 bV. 

V ~ ~d* ~ d +*+ p j ' 


or putting y for its equal e , we get 


2 y* 
v=-^r 


3 by 2 b 2 y 2 cy 2bc be 2 


b 2 c 2 


for the length of AP. 
llM] Found from. 
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Puispar le troifiefme rerme il faut chercher g !a feconde 
quantitd.&ona^X) $ ee—\be—z cd-^r bb-\rdd. 
Puis par le pcnultiefme il faut chercher b la penultiefme 

quantite, qui eft A* 30 -—-—— Etamnilfau- 

droit continuer fuiuant ce mefnie ordre iufqnes a la dcr- 
niere, s'il y en auoit d’auantage en cete fomme j car c’eft 
chofe qu’on peut toufiours faire en meime fa§on. 

Puis par letermequifuitence mefnie ordre, qui eft 
icy lequatriefme,il faut chercher la quantite' v, &on a 



)bte bb 


v?o \ - - 


X be bcc bbctf 

■ ~d ■+• 77 "~rr. - 


dd dd ^ dd d 
on mettant/ au lieu d’e qui luy eft efgal on a 
„Vi \hy . bh y L e y'.._ l _ z li mlm iiL hkcc - 

v ™dd~ dd + dd" d ~ h 7' h d *+• yy~ 

pourlaligneAP. 

Et ainfila troifiefme equation, qui eft 

Xx 3 zi- 
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* 2 bcddz- ibtdez-tcddvz,- xbdevz — bddss $ bddvv~ 

KK 

— cddss £< tddvvt 


~<Mv 


a la mefme forme que 


en fuppofant/efgal a fi bienque il 

y a derechef equation entre — 2 /, ou —2 & 

1 b cdd— 1 be de — 1 cddv — 1 bdev . t #/l 

- 777*777*777717 7 - doti ou connoift que 

t . , A bcdd— be de tf* bddz »$< eeez 

la quantite * eft -77 7 *7777777*771 


C'eftpourquoy 
compofent la 
ligne A P, de 
cete fomme ef- 
gale k t» done 
toutesles quan¬ 
tity (one connues, & tirant du point P ainfi trouud, vne 
ligne droite vers C, elle y couppe la courbe C E a an* 
gles droits, quieftcequ'ilfalloitfaire. Et ienevoyrien 
qni empefche, qu’on n'eftende ce probiefme en mefine 
fagon a toutes leslignes courbes,qui tombentfous quel* 
que calcnl Geometrique. 

Mefme il eft aremarquer touchant la derniere fom¬ 
me, qu'on prent a difcretion, pour remplir le nombre 
des dimensions del’autre fomme , lorfqu’il y en man¬ 
que , comme nous auons pris tantoft 
y*+fy i ~+‘ggyy m i~f> , y-i~k k *i quelesfignes -h&— 
y peuuent eftrefuppof<s tels, qu'on veut, fans que la li¬ 
gne v, ou A P, fe trouue diuerfe pour cela, comme vous 
pourre's ay femcn t voir par experience, car s'il falloit que 
ie m’areftafle a demonftrer tous les theorefmes dont ie 

fais 
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Again, the third twl equation, namely, 

« 2bcd 2 z — 2 bcdez — 2cd 2 vz—2 bdevz — bd 2 s 2 + b(Pv 2 — cd 2 s 2 +cd 2 v 2 
^ + bd 2 +ce 2 +<?v-d 2 v 

is of the same form as z 2 —2fs J r f 2 where f=z, so that —2/ or —2s 
must be equal to 

2 bed 2 - 2bcde - 2cd 2 v - 2bdev 
bd 2 +ce 2 +e*v — d 2 v * 

whence 

bed 2 — bede + bd 2 z + c£z 
V ~ cd 2 + bde—e t z+d 2 z 

Therefore, if we take AP equal to the above value of v , all the 
terms of which are known, and join the point P thus determined 
to C, this line will cut the curve CE at right angles, which was required. 
I see no reason why this solution should not apply to every curve to 
which the methods of geometry are applicable. 11681 

It should be observed regarding the expression taken arbitrarily to 
raise the original product to the required degree, as we just now took 

y A +fy 8 +9 2 y 2 + hz y+ k *> 

that the signs + and — may be chosen at will, without producing dif¬ 
ferent values of v or AP. 116 ® 1 This is easily found to be the case, but if 
I should stop to demonstrate every theorem I use, it would require a 

11971 First member of the third equation. 

tlMJ Let us apply this method to the problem of constructing a normal to a para¬ 
bola at a given point. As before, s 2 — x 2 -f v 2 — 2vy~\~y 2 . If we take as the 
equation of the parabola x 2 = ry, and substitute, we have 

s 2 —ry~[~v 2 — 2vy\ *y 2 or y 2 +(r — 2 v)y\~v 2 — j 2 = 0. 

Comparing this with y 2 — 2cy + e- = 0» we have r — 2v — — 2e\ v 2 — s 2 — e 2 \ 

v — ~ *i" e. Since e = y, Let AM = y. and v = AP; then 

AM — AP = MP = one-half the parameter. Rabuel, p. 314. 

I1M1 It will be observed that Descartes did not consider a coefficient, as o, in the 
general sense of a positive or a negative quantity, but that he always wrote the 
sign intended. In this sentence, however, he suggests some generalization. 
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much larger volume than I wish to write. I desire rather to tell you 
in passing that this method, of which you have here an example, of sup¬ 
posing two equations to be of the same form in order to compare them 
term by term and so to obtain several equations from one, will apply 
to an infinity of other problems and is not the least important feature 
of my general method. 11603 

I shall not give the constructions for the required tangents and nor¬ 
mals in connection with the method just explained, since it is always 
easy to find them, although it often requires some ingenuity to get short 
and simple methods of construction. 

11,01 The method may be used to draw a normal to a curve from a given point, 
to draw a tangent to a curve from a point without, and to discover points of 
inflexion, maxima, and minima. Compare Descartes’s Letters, Cousin, Vol. VI, 
p. 421. As an illustration, let it be required to find a point of inflexion on the 
first cubical parabola. Its equation is y s — a 2 x. Assume that D is a point of 
inflexion, and let CD = y, AC = *, PA = s, and AE = r. Since triangle PAE is 

similar to triangle PCD we have t ~=-i whence x= ^ -- . Substituting in 

X i s s ~ 

the equation of the curve, we have y 3 —^-^+a 2 ^ = 0. But if D is a point of 

inflexion this equation must have three, equal roots, since at a point, of inflexion 
there are three coincident points of section. Compare the equation with 

y 3 — 3ey 2 -h 3e 2 y — e z — 0. 

Then 3* 2 = 0 and e = 0. But e = y, and therefore y = 0. Therefore the point of 
inflexion is (0, 0). Rabuel, p. 321. 


It will be of interest to compare the method of drawing tangents given by 
Fermat in Methodus ad disquirendam tnaxitnant et minimam, Toulouse, 16/9, 
which is as follows: It is required to draw a tangent to the parabola BD from a 

CD iiC^ . • . 

point O without. From the nature of the parabola since O is without the 

curve. But by similar triangles Therefore Let CE = o, 

TJI 2 TE 2 DI IE 2 

d a 2 

Cl — e , and CD = d ; then DI = d — e, and > ( a _ e y '» whence 
de z — 2ade > — a 2 e. 

Dividing by e, we have de — 2 ad > — o 2 . Now if the line BO becomes tangent to 
the curve, the point B and O coincide, de — 2 ad = — o 2 , and e vanishes; then 
2 ad = a 2 and a —2d in length. That is CE =<2CD. 
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fa is quelque mention, ie ferois contraint d’efcrire vn vo¬ 
lume beaucoup plus gros que ie ne defire. Mais ie veur 
bien en paflant vous auertir que 1’inuention defuppofer 
deux equations demefme forme, pour comparer fepa- 
rement tous les termes de I’vue a ceux de 1'autre, & ainfi 
en faire naiftre pluficurs d’vne feule, dont vous aues vu 
icy vnexemple, peutfcruir a vne infinite d'autres Pro- 
blefines, & n’eft pas l’vne des moindres de la methode 
dontie me fers* 


Ien’adioufte point les conftrudlions, par lefquelles on 
peut defcrire les contingentes ou les perpendiculaires 
cherchdes, enfuitedu calculqueie viensd’expliquer, a 
caufe qu'il eft toufiours ayfe"de les trouuer: Bienque fou- 
uenton aicbefoin d’vn peu d'adreiTe r pour les rendre 
courtes &fimples. 

Commepar exemple, fiD Ceft la premiere conchoi- £ Xempl< .- 

de des ancieus, de u con- 
dont A foit le po- 5e“«£ 0 . 
le, &BHla regie . blefine.cn 

r n la con- 

en lorte que tou- choide- 
tesleslignes droi- 
tes qui regardent 
vers A , & font 
comprifes entrela 
courbe CD, &Ja 
droiteBH, com- 

me D B & C E, foient efgales: Et qu’on veuille trouuer 
fe ligne C G qui la couppe au point C a angles droits. 
Onpourroitencherchant, dans la ligne B H, le point 
par o&cete ligne C G doit pafter, folon la methode icy 

expli- 
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expliqude, s’engager dans vn calcul autantou plus long 
qu’aucun des precedens: Et toutefois la conftru<ftion,qui 
deuroit apres en eftre deduite ,eft fort lmiple. Car il ne 
faut que prendre C F en la ligne droite C A, & la faire 
efgale k C H qui eft perpendiculaire fur H B: puis du 
point FtirerFG, parallele i BA, & efgale a EA: au 
moyeu de quoy on a le point G, par lequel doit paffer 
C G la ligne cherchde. 

Au refte affin que vous f§achiees que la conlideration 
deslignes conrbes icypropofde n'cft pas fans vfage, & 
qu’ellesontdiuerfesproprietes, qui ne cedent en rien a 
celles des fe&ions coniques ,ie veux encore adioufter icy 
I’ex plicationdecertaines Ouales, que vous verres eftre 
tresvtilespour la Theorie de la Catoptrique > 8c dela 
Dioptrique. Voycy la facon dont ie Ies deferis. 



Premierement ayant tire Ies lignes droites F A, & 
A R, qui s’entrecouppentau point A, Ians qu’il importe 
a quels angles, ieprensenl’vne le point F a diferetion, 
c’eftadireplus ou moins efloignddu point A felon que 

ie 


114 





SECOND BOOK 


Given, for example, CD, the first conchoid of the ancients (see page 
113). Let A be its pole and BH the ruler, so that the segments of all 
straight lines, as CE and DB, converging toward A and included 
between the curve CD and the straight line BH are equal. Let it be 
required to find a line CG normal to the curve at the point C. In try¬ 
ing to find the point on BH through which CG must pass (according 
to the method just explained), we would involve ourselves in a calcula¬ 
tion as long as, or longer than any of those just given, and yet the 
resulting construction would be very simple. For we need only take 
CF on CA equal to CH, the perpendicular to BH; then through F 
draw FG parallel to BA and equal to EA, thus determining the point 
G, through which the required line CG must pass. 

To show that a consideration of these curves is not without its use, 
and that they have diverse properties of no less importance than those 
of the conic sections I shall add a discussion of certain ovals which you 
will find very useful in the theory of catoptrics and dioptrics. They 
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may be described in the following way: Drawing the two straight lines 
FA and AR (p. 114) intersecting at A under any angle, I choose arbi¬ 
trarily a point F on one of them (more or less distant from A accord¬ 
ing as the oval is to be large or small). With F as center I describe a 
circle cutting FA at a point a little beyond A, as at the point 5. I then 
draw the straight line 56 11011 cutting AR at 6, so that A6 is less than Ab, 
and so that A6 is to A5 in any given ratio, as, for example, that which 
measures the refraction, 11821 if the oval is to be used for dioptrics. This 
being done, I take an arbitrary point G in the’line FA on the same side 
as the point 5, so that AF is to GA in any given ratio. Next, along the 
line A6 I lay off RA equal to GA, and with G as center and a radius 
equal to R6 I describe a circle. This circle will cut the first one in two 
points 1, 1, 11881 through which the first of the required ovals must pass. 

Next, with F as center I describe a circle which cuts FA as little 
nearer to or farther from A than the point 5, as, for example, at the 
point 7. I then draw 78 parallel to 56 and with G as center and a radius 
equal to R8 I describe another circle. This circle will cut the one 
through 7 in the points 1, 1 11841 which are points of the same oval. We 
can thus find as many points as may be desired, by drawing lines paral¬ 
lel to 78 and describing circles with F and G as centers. 

u«] The confusion resulting from the use of Arabic figures to designate points 
is here apparent. 

(i«3] jjj at t he ra ti 0 corresponding to the index of refraction. 

"Au point 1.” 

l «4} po j nt 1 » 
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ie veux faire ces Ouales plus ou moins grandes, &dece 
point Fcomme centre ie defcris vncercle , qui pafle 
quelquepeuau delft du point A, comme par le point y, 
puis de ce point y ie tire la ligne droitc y 6 , qui couppe 
l’autre an point 6, en forte qu’ A 6 foit moindre qu’ A y, 
felon telle proportion donne'e qu on veut, a fijauoir fe¬ 
lon celle qui mefure les Refra&ions fi ons’en veut fer- 
uir pour la Dioptrique. Aprds cela ie prens aufly le point 
G, en la ligne F A,du cofte'ou eft le point y, a difcretion, 
c’eft a dire enfaifant que leslignes A F & G A ont entrc 
elles telle proportion donne'e qu’on veut. Puis ie fais 
R A efgalc ft G A en la ligne A 6. & du centre G defcri- 
uant vncercle, dontlerayon foit efgal ft R<s,il couppe 
I'autre cercle de part & d'autre au point t , qui eft l'vn de 
ceux par oft doit pafler la premiere des Ouales cher- 
chdes. Puis derechef du centre F ie defcris vn cercle, 
qui pafle vn peu au de 9 a, ou au delft du point y, comme 
par Ie point 7 , & ayant tireT la ligne droitey 8 parallele a 
j6, du centre G ie defcris vn autre cercle, dont le rayon 
eft efgal a la ligne R 8 . & ce cercle couppe celuy qui 
pafle par le point ym point 1 , qui eft encore l’vn de ceux 
de la rnefme Ouale. Et ainfi on en pcut trouuer au- 
tant d’autres qu’on voudra , en tirant derechef d au- 
tres ligncs parallels ft 7 8 , & d’autres cercles des centres 
F, &G. 

Pour la feconde Ouale il n’y a point de difference, fi- 
non qu'au lieu d* A R il faut de l’autre coftd du point A 
prendre A S efgal ft A G, & que le rayon du cercle de- 
fcritdu centre G, pour coupper celuy qui eft deferit du 
centre F & qui pafle par le point y, foit efgal a la 

Yy ligne 
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ligne S 6 -, ou qu’il foit clgal & S 8, fi c’eft pour coupper 
eeluyqui paflepar le point 7. & ainli des autres. au 
moyen dequoy ces cercles s’entrecouppent aux poins 
marquds 2,1, qui font ceux de cete feconde Ouale 
A 2 X. 

Pour latroifiefme, & la quatriefine, au lieu de la ligne 
A G il faut prendre A H de lautre coftd du point A, k 
f^auoir du mefme qu’eft le point F. Et il y a icy de plus 
a oMeruer que cete ligne A H doit eftre plus grande que 
AF:laquelIepeutmelme eftre nulle , en forte que le 
point Ffe rencontre ou eft: le point A, en la defcription 
detoutescesouales. Aprcscela les lignes AR, & AS 
eftant efgales a API, pour defcrire la troifiefme ouale 
A 3 Y, ie fais vn cercle du centre H, dont le rayon eft 

efgal 
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In the construction of the second oval the only difference is 
that instead of AR we must take AS on the other side of A, equal 
to AG, and that the radius of the circle about G cutting the circle about 
F and passing through 5 must be equal to the line S6; or if it is to cut 
the circle through 7 it must be equal to S8, and so on. In this way the 
circles intersect in the points 2, 2, which are points of this second oval 
A2X. 

To construct the third and fourth ovals (see page 121), instead of 
AG I take AH on the other side of A, that is, on the same side as F. 
It should be observed that this line AH must be greater than AF, which 
in any of these ovals may even be zero, in which case F and A coincide. 
Then, taking AR and AS each equal to AH, to describe the third oval, 
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A3Y, I draw a circle about H as center with a radius equal to S6 and 
cutting in the point 3 the circle about F passing through 5, and another 
with a radius equal to S8 cutting the circle through 7 in the point also 
marked 3, and so on. 

Finally, for the fourth oval, I draw circles about H as center with 
radii equal to R6, R8, and so on, and cutting the other circles in the 
points marked 4. 11 " 1 

ll<8] In all four ovals AF and AR or AF and AS intersect at A under any 
angle. F may coincide with A, and otherwise its distance from A determines the 
size of the oval. The ratio A5 : A6 is determined by the index of refraction of 
the material used. In the first two ovals, if A does not coincide with F it lies 
between F and G, and the ratio AF : AG is arbitrary. In the last two, if F does 
not coincide with A it lies between A and H, and the ratio AF : AH is arbitrary. 
In the first oval AR = AG and the points R, 6, 8 are on the same side of A. In 
the second oval AS = AG and S is on the opposite side of A from 6, 8. In the 
third oval AS = AH and S is on the opposite side of A from 6, 8. In the fourth 
oval AR =AH and R, 6, 8 are on the same side of A. Rabuel, p. 342. 
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efgal a S 6 , qui couppe au point j ccluy du centre F, qui 
pafle par le point &vu autre dontle rayon eft efgala 
S 8, qui couppe ccluy qui paflepar le point 7, au point 
aufly marque' jj&ainfi desautres. Enfinpourladerniere 



Yy z ouale 
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oualeiefaisdescerciesdu centre H , dont les rayons 
font efgaux aux ligncs R 6 , R 8, & femblables, qui coup- 
pent les autres cercles anx poins marque's 4. 

On pourroit encore trouuer vne infinite d’autres 
moyens pourdefcrire ces mefmes ouales. comme par 
exemple,on peut tracer la premiere AV, lorlqu’on fup- 
pofe leslignes F A & A G eftre efgales, fi on dinife la 
toute F G au point L, en forte que F L foit aL G, com- 



me A j k A 6 . c'efti dire qu’clles ayent la proportion, 
qui mefure les refractions. Puis ayant diuife' A L en deux 
parties efgales au point K, qu’on face tourner vne reigle, 
comme F E, autour du point F, enpreflant du doigt C, 
la chorde E C, qui eftant attach e'e au bout de cete reigle 
vers E, fe replie de C vers K, puis de K derechef vers C, 
&deCversG,oufon autre bout foie attache', enforte 
que la longeur de cete chorde foit compofoe de celle 
deslignesG A plus A L plus FE moins AF. & ce fera 
le mouuement du point C, qui defcrira cete ouale , a 
limitation de cequi a cfte'dit en la Dioptriq-.de I’Elhpfe,. 

Sc 
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There are many other ways of describing these same ovals. For 
example, the first one, AV (provided we assume FA and AG 
equal) might be traced as follows: Divide the line FG at L so that 
FL : LG=A5 : A6, that is, in the ratio corresponding to the index 
of refraction. Then bisecting AL at K, turn a ruler FE about the 
point F, pressing with the finger at C the cord EC, which, being 
attached at E to the end of the ruler, passes from C to K and then 
back to C and from C to G, where its other end is fastened. Thus the 
entire length of the cord is composed of GA+AL+FE—AF, and the 
point C will describe the first oval in a way similar to that in which the 
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ellipse and hyperbola are described in La Dioptrique . 118,1 But I cannot 
give any further attention to this subject. 

Athough these ovals seem to be of almost the same nature, they 
nevertheless belong to four different classes, each containing an infinity 
of sub-classes, each of which in turn contains as many different kinds 
as does the class of ellipses or of hyperbolas; the sub-classes depend¬ 
ing upon the value of the ratio of A5 to A6. Then, as the ratio of AF 
to AG, or of AF to AH changes, the ovals of each sub-class change in 
kind, and the length of AG or AH determines the size of the oval. 11 " 1 

If A5 is equal to A6, the ovals of the first and third classes become 
straight lines; while among those of the second class we have all pos¬ 
sible hyperbolas, and among those of the fourth all possible ellipses. 11881 

In the case of each oval it is necessary further to consider two por¬ 
tions having different properties. In the first oval the portion toward 
A (see page 114) causes rays passing through the air from F to con¬ 
verge towards G upon meeting the convex surface 1A1 of a lens 
whose index of refraction, according to dioptrics, determines such 
ratios as that of A5 to A6, by means of which the oval is described. 

[lca] See the notes on pages 10, 55, 112. 

lia71 Compare the changes in the ellipse and hyperbola as the ratio of the length 
of the transverse axis to the distance between the foci changes. 

uw] These theorems may be proved as follows: (1) Given the first oval, with 
A5 = A6; then RA = GA; FP = F5; GP = R6 = AR — R6 = GA— A5 = G5. 
Therefore FP + GP = F5 + G5. That is, the point P lies on the straight line FG. 
(2) Given the second oval, with A5 = A6; then F2 = F5 = FA + AS; 
G2 = S6 = SA + A6 = SA + A5; G2 — F2 = SA — FA = GA — FA = C. There¬ 
fore 2 lies on a hyperbola whose foci are F and G, and whose transverse axis is 
GA — FA. The proof for the third oval is analogous to (1) and that for the 
fourth to (2). 

It may be noted that the first oval is the same curve as that described on 
page 98. For FP = F5, whence FP — AF = A5, and AR=:AG; GP = R6; 
AG— GP = A6. If then A5 : A6 — d : e we have, as before, 

FP —AF : AG — GP = d : 
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&de l’Hyperbole. mais ie neveux point m’arefter pins 
long terns fur ce fuiet. 

Or encore qaetoutescesonalesfemblent eftre quafi 
demefme nature,elles font neanmoins de 4 diners gen¬ 
res, cbafcun defqucls contient fous foy vne infinite! d’au- 
tres genres, qui derechef contienent chafcun autant de 
diuerfesefpeces, que fait le genre des Ellipses, 00 celuy 
des Hyperboles. Car felon que la proportion, qui eft en- 
treleslignesoufemblables,eftdifferente . le 
genre fubalternede cesoualcs eft different. Puis felon 
que la proportion, qui eft entre les lignes A F, & A G,ou 
A H, eft changefe, les ouales de chafque genre fubalter- 
ne changent d’efpece. Et felon qu' A G, ou A H eft plus 
oumoins grande, elles font diuerfes en grandeur. Et fi 
les lignes A 3 & A 6 font efgales, an lieu des ouales du 
premier genre oudutroifiefrae, onne deferit que des 
lignes droites; mais au lieu de celles du fecond on a tou- 
tes les Hyperboles poflibles; Sc aulieu de celles duder- 
niertoutesles Ellipfes. 

Outre cela en chafcune de ces ouales il faut confiderer Les pro. 
deux parties, quiont diuerfes propriety ; a f^auoirenla 
premiere, la partie qui eft vers A, fait que les rayons, qui touchant 
eftant dans 1’air vienent du point F, fe retouruent tous 
vers le point G, lorfqu’ils rencontrent la fuperficie con- >« tefr »- 
uexed’vn verre, dont la fuperficie eft 1A 1, Si dans le - t Ions ' 
quel les refractions fe font telles, que fuiuant ce qui a 
eftddit en laDioptrique, elles peuuenttoutes eftre me- 
furees par la proportion , qui eft entre les lignes Ay & 

A <j,ou femblables, par 1 ’ayde defquelles on a deferit cete 
ouale. 

Y y 3 Mais 
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Mais lapartie, qui eft versV, fait que Ies rayons qui 
vienent du point G fe reflefchiroient tons vers F, s’ils y 
rencontroient la fuperficie concaue d’vn miroir, dont la 
figure fuft i V i, & qui fuft de telle matiere qu’il di- 
minuaft la force de ces rayons,felon la proportion qui eft 
entre les Iignes A 5 & A 6 : Car de ce qui a eftd demon- 
ftrd en la Dioptrique, il eft euident que ccla po&, les an¬ 
gle sde la reflexion feroient inelgaus, aufly bien que font 
ceux de la refra< 3 :ion, & pourroient eftre mefure's en 
xnefme forte. 

En la feconde ouale la partie 2 Aifert encore pour les 
reflexions dont on fuppofo les angles eftre inefgaux. car 
eftantenla fuperficie d'vn miroir compofo de mefme 
matiere que le precedent,elle feroit tellement reflefchir 
tous les rayons, qui viendroientdu point G, qu’ils fem- 
bleroientapres eftre reflefchis venirdu point F. Et il 
eft aremarquer, qu’ayant fait la Iigne A G beaucoup 

plus 
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But the portion toward V causes all rays coming from G to converge 
toward F when they strike the concave surface of a mirror of the 
shape of 1V1 and of such material that it diminishes the velocity of 
these rays in the ratio of A5 to A6, for it is proved in dioptrics that in 
this case the angles of reflection will be unequal as well as the angles 
of refraction, and can be measured in the same way. 

Now consider the second oval. Here, too, the portion 2A2 (see 
page 118) serves for reflections of which the angles may be assumed 
unequal. For if the surface of a mirror of the same material as in the 
case of the first oval be of this form, it will reflect all rays from G, 
making them seem to come from F. Observe, too, that if the line AG 
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is considerably greater than AF, such a mirror will be convex in the 
center (toward A) and concave at each end; for such a curve would 
be heart-shaped rather than oval. The other part, X2, is useful for 
refracting lenses; rays which pass through the air toward F are re¬ 
fracted by a lens whose surface has this form. 

The third oval is of use only for refraction, and causes rays travel¬ 
ing through the air toward F (page 121) to move through the glass 
toward H, after they have passed through the surface whose form is 
A3Y3, which is convex throughout except toward A, where it is slightly 
concave, so that this curve is also heart-shaped. The difference between 
the two parts of this oval is that the one part is nearer F and farther 
from H, while the other is nearer H and farther from F. 

Similarly, the last of these ovals is useful only in the case of reflec¬ 
tion. Its effect is to make all rays coming from H (see the second 
figure on page 121) and meeting the concave surface of a mirror of 
the same material as those previously discussed, and of the form 
A4Z4, converge towards F after reflection. 

The points F, G and H may be called the “burning points” 11691 of 
these ovals, to correspond to those of the ellipse and hyperbola, and 
they are so named in dioptrics. 

I have not mentioned several other kinds of reflection and refraction 
that are effected 11 ™ 1 by these ovals; for being merely reverse or opposite 
effects they are easily deduced. 

[ m»] That is, the foci, from the Latin focus , “hearth.” The word focus was 
first used in the geometric sense by Kepler, Ad Vitellionem Paralipomena, Frank¬ 
fort, 1604. Chap. 4, Sect. 4. 

11701 “Reglees.” 
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plus grande que A F, ce miroir feroit conuexe an milieu, 
vers A, & concaueaux extremitez: car telle eft la figure 
decete ligne, qui en cela reprefente plutoft vn coeur 
qu’vne ouale. 

Maisfon autre partie X 2 fert pour les refradions, & 
fait que les rayons, qui eftant dans lair tendent vers F,fe 
detournentvers G, en trauerfant la fuperficie d’vn ver- 
re, qui en ait la figure. 

La troifiefme ouale fert toute aux refradions, & fait 
que les rayons, qui eftant dans l’air tendent vers F, fe 
vont rendre vers H dans le verre, apre's qu’ils ont trauer- 
fd fa fuperficie, dont la figure eft A 3 Y 3 , qui e ft conue¬ 
xe par tout,exceptd vers A ou elle eft vn peu concaue en 
force qu'elle a la figure d’vn coeur auffy bien que la pre- 
cedente. Et la difference qui eft entre les deux parties 
decete ouale, confifteence que le point F eft plus p ro - 
che de l’vne, que n’eft le point H ; Sc qu’il e ft plus 
efloigndde l’autre, que ce mefme point H. 

En mefme fa§onIaderniere ouale ferttonte aux re¬ 
flexions, & fait que fi les rayons,qui vienent du point H, 
rencontroient la fuperficie concaue d’vn miroir de mef¬ 
me matiere que les precedens, & dont la figure fuft A 4 
Z4, ilsfe reflefehiroient tous vers F, 
Defagonqu’onpeutnommerlespoinsF, &G, ouH 
Iespoins bruflans de ces ouales, a fexemple de ceux des 
Ellipfes, & des Hyperboles, qui ontefteainfi nommes 
enla Dioptrique. 

I’omets quantity d’autres refradions, & reflexions, 
qui font reigldes par ces mefmes ouales : car n’eftanc 
que les conuerfes, on les contraires de celles cy, dies en 

penuent 
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peuuent fadlement eftre dedaites. Mais it ne faut pas 
que i’omctte la demonftration de ceque iay dit. & a cet 
effect, prenons par exemplele point C a difcrction en la 
premiere partie de la premiere de ces ouales ; puis tirons 

la iigne droite 
CP, quicoup- 
pela courbeau 
point C k. an¬ 
gles droits, ce- 
qui eft facile 

par leproblefmeprecedentj Carprenant b pour AG, c 
pour A F, e ■+■ ^ pour F C; & fuppofant que la propor¬ 
tion qui eftentre dice, que ie prendray icy toufiours 
pour celle qui mefure les refra<ftions du verte propofe', 
defigueauffy celle qui eft entre les lignes A $, & A 6 , ou 
femblables, qui out ferui pour delchre cete ouale,ce qui 

donne^—^pourG C: ontrouuequelaligne A Peft 



bedd - btde »{< bddz ce$z. . - A , n. * J it* 

a,nfi 9 ulIa eftc monftre cy deffus. 

De plus du point Payant tinf'P Q^a angles droits fur la 
droite F C, & P N aufly a angles droits far G C,confide- 
rons que ft P Qeft kPN, comme deft hr, e’eft k dire, 
comme les lignes qui mefurent les refra&ions du verre 
conuexe A C, Ie rayon qui vient du point F au point C, 
doit tellement s’y courber en entrant dans ce verre, qu'il 
s’aille rendreaprds vers G: ainfi qu’il efttres euidcntde 
cequi a eftd dit en la Dioptrique. Puis enfin voyons par 
lecalcul, s'ileft vray,queP Qfoit k PN ; comme d eft 
k e. Les triangles redanglcs P Q F, & C M F font fem- 

blablesj 
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I must not, however, fail to prove the statements already made. For 
this purpose, take any point C on the first part of the first oval, and 
draw the straight line CP normal to the curve at C. This can be done 
by the method given above/ 1711 as follows; 

Let A G=b, AF =c, FC— c-\-z. Suppose the ratio of d to e, which 
I always take here to measure the refractive power of the lens under 
consideration, to represent the ratio of A5 to A6 or similar lines used 
to describe the oval. Then 


GC = b-^e, 
a 

whence 

. p bed 2 — bede + bd?z + ce*z 
bde+cd*+d 2 z—^z 

From P draw PQ perpendicular to FC, and PN perpendicular to GC. 11 ” 1 
Now if PQ : PN=d : e , that is, if PQ : PN is equal to the same 
ratio as that between the lines which measure the refraction of the 
convex glass AC, then a ray passing from F to C must be refracted 
toward G upon entering the glass. This follows at once from dioptrics. 
11711 See page 115. 

[m] Here PQ is the sine of the angle of incidence and PN is the sine of the 
angle of refraction. The ray FC is reflected along CG. 
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Now let us determine by calculation if it be true that PQ : PN =d : e. 

The right triangles PQF and CMF are similar, whence it follows that 
FP CM 

CF : CM = FP: PQ, and—= p Q. Again, the right triangles 

tr 

GP. CM 

PNG and CMG are similar, and therefore —— = PN. Now since 
the multiplication or division of two terms of a ratio by the same num¬ 
ber does not alter the ratio, if : = e > then, dividing 

each term of the first ratio by CM and multiplying each by both CF 
and CG, we have FP . CG : GP. CFNow by construction, 

bed 2 — bcde-\-bd 2 z-\ ~ce 2 z 
FP=c+ cd 2 —\~bde — e 2 z~\~d 2 z ’ 


or 


bed 2 ~\-e 2 d 2 -\-bd 2 z-\-ed 2 z 
FP = ctf+bde-e^+d^ 


and 

Then 
FP. CG = 
Then 


b 2 cd 2 -\-bc 2 d 2 +b 2 d 2 z-\-bcd 2 z~ bcdez—c 2 dez—bdez 2 —edez 2 
cd 2 + bde—e 2 z-\- d 2 z 

bed 2 —bcde-{-bd 2 z-\-ce 2 z 
= ed 2 -\-bde—e 2 z-\-d 2 z ’ 


GP = 


b 2 de-\-bcde—be 2 z—ce 2 z 


ed 2 -\-bde—e 2 z-\~d 2 z ’ 

and CF=c+^r. So that 

b 2 cde-]-bc 2 de-\-b 2 dez-\-bcdez—bce 2 z—c 2 e 2 z — be 2 z 2 —ce 2 z 2 


GP.CF = 


cd 2 -\-bde—e 2 z-\- d 2 z 
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blables; d’ou il fuit que CFeftkCM, commeF P eft a 
P Q ; &parconfequent que FP, eftant multiplice pat 
Cm’& diuife’eparCF, eft'efgaleaPQ^Toutdemet 
me les triangles rectangles PNG, & C M G font fem- 
blables; d'ou il fuit que G P, multiple par C M, & diui- 
foe par C G, eft efgale aP N. Puisa catffe que les mul¬ 
tiplications, ou diuifions, qui fe font dedeux quantitcs 
parvnemefme, nechangent point la proportion qui eft 
entre elles;fi F P multiplied par CM ; & diuifoe par C F, 
eft k G P multipliee aufly par C M & diaifde par C Gj 
comme ^ eft a e, en diuifant I’vne Scrfautre de ces deux 
fommes par CM, puis les multipliant toutes deux par 
CF,&derechefpar C G,il rcfte F P multiplied par C G, 
qui doit eftre k G P multiplied par C F, comme d eftke- 

* bcdd—bcdt .fc bddti (tec, 

Or par la conftru<ftion F P eft c bdei >cJ 4 * d<u -— 
oubien F P no lcdd * “M* * eddz - ~ r r; ^ 

bdejy* cdd ^ dd^ — eex. 


b \j fibienque multipliant F P par C G il vient 

bbeddy* buddy* bbddz * bcddz ~ bcde*. ~ ccdez, - bdex.% — cdez^. 

Fde *cdd »i '~dd(^7ez. % 

_ ^ bcdd * bcde ~ bddz. ~ ct${, 

PuisGPeft b '■ oubien 

bbde bcde -- beez, -- ceezp 

gp» -ut+m & C F eft <■ + 

fibienque multipliant G P par C F, il vient 

bbcde y* bade — bceez - - cceez y* b bde\ y* bcdebeezz -- ceezz, 
bde y* cdd ddz — eez 


Et pourcequela premiere de ces fommes diuifee par W, 
eft la mefrae que la feconde diuifoe par e, il eft manifefte, 
que F P multiplied par C G eft a G P multiplied par CF ; 

Z z c’eft 
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c’eft a dire que P Qeft k P N, comme d eft k e, qui eft 

tout ce qu’ilfalloit demonftrer. 

Et reaches, que cete mefme demonftration s’eftend 
a tout ccqui a efte" dit des autres refradions ou refle¬ 
xions, qui fe font dans les ouales proposes; fans qu'il y 
faille changer aucunechofe, que les fignes -J- & — du 
calcul. c’eft pourquoy chafcunles peut ayfement exa¬ 
miner de foymefine, fans qu’il foie befoin que ie my 
arefte. 

Maisil faut maintenent, queiefatisface a ce que iay 
onus en la Dioptrique,lorfqu’aprc’s auoir remarquequ’il 
peutyanoirdes verresdepiufieursdinerfes figures, qui 
facentauflybienlVnquerautre, que les rayons venans 
d’vn mefme point de l’obiet, s'aflemblent tous en vn au¬ 
tre point apres les auoir trauerfes. & qu’entre ces verres, 
ceux qui font fort conuexes d’un cofte', & concaues de 
l'autre, ont plus de force pour brufler, que ceux qui font 
efgalement conuexes des deux eoftds. au lieu que tout 
au contraire ces derniers font les meilleurs pour les Iune- 
tes. ie me foiscontented’expliquer ceux, que i’ay cril 
eftre les meilleurs pour la prattique, en fuppofant ladiffi- 
culte' que les artifans peuuent auoir a les tailler. C’eft 
pourquoy, affin qu’il ne refte rien a fouhaiter touchant la 
theorie de cete fcience,ie doy expliquer encore icy la fi¬ 
gure des verres, qui ayant l’vne de leurs fuperficies au- 
tantconuexe, ou concaue, qu’onvoudra, nefaiflentpas 
de faire que tous les rayons, qui vienent vers eux d’vn 
mefme point, ou paralleles, s’aflemblent aprds en vn 
mefme point ; & celle des verres qui font le femblable, 
eftant efgalement conuexes des deux coftes, oabienla 

conue- 
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The first of these products divided by d is equal to the second divided 
by e, whence it follows that PQ : PN=FP.CG: GP.CF=d : e, 
which was to be proved. This proof may be made to hold for the 
reflecting and refracting properties of any one of these ovals, by proper 
changes of the signs plus and minus; and as each can be investigated 
by the reader, there is no need for further discussion here. 117 * 1 

It now becomes necessary for me to supplement the statements made 
in my Dioptrique 11741 to the effect that lenses of various forms serve 
equally well to cause rays coming from the same point and passing 
through them to converge to another point; and that among such lenses 
those which are convex on one side and concave on the other are more 
powerful burning-glasses than those which are convex on both sides; 
while, on the other hand, the latter make the better telescopes. 117 * 1 I 
shall describe and explain only those which I believe to have the great¬ 
est practical value, taking into consideration the difficulties of cutting. 
To complete the theory of the subject, I shall now have to describe 

[iraj t 0 obtain the equation of the first oval we may proceed as follows: Let 
AF = c; AG = b; FC=c + z) GC = b-~z. Let CM=*, AM=y FM=c+y; 
GM =6 — y. Draw PC normal to the curve at any point C. Let AP = v. Then 
CP 2 =CM 2 +FM 2 . Also, c 2 + 2 c 2 +z 2 = x 2 + c-+2cy+y 2 , whence 

2 = — c4 _ '|/jr 2 4'C 2 + 2 cy + y 2 . 

Also, CG 2 = CM 2 ^ GM 2 , whence 

b* — 2^z + ^ z* = x* + b* — 2by +y*. 
a a 4 

Substituting in this equation the value of z obtained above, squaring, and simplify¬ 
ing, we obtain: 

[ (d 2 —e*)x 2 + (d 2 — e 2 )y 2 — 2(e 2 c+bd 2 )y—2ec(ec — bd)~)^ 

= 4e*(bd+ec) 2 (.x* + c 2 +2cy + y i ). Rabuel, p. 348. 

11741 Descartes: La Dioptrique, published with Discours de la Methode, Leyden, 
1637. See also Cousin, vol. Ill, p. 401. 

imj “Lunetes.” The laws of reflection were familiar to the geometers of the 
Platonic school, and burning-glasses, in the form of spherical glass shells filled with 
water, or balls of rock crystal are discussed by Pliny, Hist. Nat. xxxvi, 67 (25) 
and xxxvii, 10. Ptolemy, in his treatise on Optics, discussed reflection, refraction, 
and plane and concave mirrors. 
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again the form of lens which has one side of any desired degree of con¬ 
vexity or concavity, and which makes all the rays that are parallel or 
that come from a single point converge after passing through it; and 
also the form of lens having the same effect but being equally convex 
on both sides, or such that the convexity of one of its surfaces bears a 
given ratio to that of the other. 

In the first place, let G, Y, C, and F be given points, such 
that rays coming from G or parallel to GA converge at F after 
passing through a concave lens. Let Y be the center of the inner sur¬ 
face of this lens and C its edge, and let the chord CMC be given, and 
also the altitude of the arc CYC. First we must determine which of 
these ovals can be used for a lens that will cause rays passing through 
it in the direction of H (a point as yet undetermined) to converge 
toward F after leaving it. 

There is no change in the direction of rays by means of reflection or 
refraction which cannot be effected by at least one of these ovals; and 
it is easily seen that this particular result can be obtained by using either 
part of the third oval, marked 3A3 or 3Y3 (see page 121), or 
the part of the second oval marked 2X2 (see page 118). Since 
the same method applied to each of these, we may in each case take Y 
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conuexitd’de I'vne de lcurs fuperficies ayant ia propor¬ 
tion donne'e 4 celle de I’autre. 


c 



Pofons pour le premier cas, que lespoins G,Y, C, &F 
eftant donne's, les rayons qui vienent du point G, oubien faire vn 
quifontparallelesh GAfe doiuent aflembler au point t v “| e c *a- 
F, aprds aaoir trauerfe vn verre fi concaue, qu’ Y eftant “«« oa 
le milieu de fa fupcrficie interieure, Pextremite' en foit 
aupointC,enforte que la chorde CMC, 8dafleche<fef«fo* 
Y Mdel'arcCYC, font donnefes. La queftion va 14 , 
que premierement il faut confideret, de laquelle des 
ouales expliquees, la fuperficie du verre Y C, doit auoir 2 mb” x 
la figure, pour faire que tous fes rayons, qui eftant de-™P“" c 
danstendentvers vnmefinepoint, commevers H, qui tousles 
n’eft pas encore conmi,s’aillentrendre vers vn autre, a ” y 1 ° v ‘”. 
fijauoir vers F, aprcs en eftre fortis. Car il n’y a aucun <r»« 

effect touchant le rapport des rayons changd par reflc- 
xion, ou refra&iou d’vn point a vn autre , qui ne puide donnf. 
eftre caufc par quelqu’vne de ces ouales. & on voit 
ayfementque cefuycy le peut eftre par la partie de la 
troifiefmeOuale,quiatantoft eftd marquee $ A $, ou 
par celle de lame fine, quiaeftd marquee j Y j, ou enfin 
par la partie de la feconde qui a efte' marqude 2X2. Et 
pourceque ces trois tombent icy fous mefine calcul, on- 
doit tant pour I’vne, que pour 1’autre prendre Y pour 

Zz 2 leur 
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leurfommer, Cpourl’vndespoins de leurcirconferen- 
ce, &Fpourl’vndeIeurspoins bruflans } apr^s quoy >1 
uerefte plus a chercher que le point H, qui doit eftre 
l'autre point bruflant. Etonle trouue en confiderant, 
que la difference, qui eft entre les Iignes F Y & F C,doit 
eftre a cellc, qui eft entre les Iignes HY&HC,comme 
</eft k e, e’eft a dire,comme la plus grande des Iignes qui 
mefurent les refractions du verre propofe' eft kla moin- 
drej ainfi qu’on peut voir manifeltement de la deferi. 
ption de ces ouales. Et poureeque les Iignes F Y & F C 
font donnees, Ieur difference 1’eft aufly, & en fuite celle 
qui eft entre H Y & H C ; poureeque la proportion qui 
eftentre ces deux differences eft donne'e. Et de plus a 
caufe qde Y M eft donnde, la difference qui eft entre 
M H,& H C, l’eft auffy ; & enfin poureeque C M eft don- 
ne'e, il ne refte plus qu’i trouuerM H le cofte'du triangle 


c 



redtangleC MH,donton a l’autre coftd CM, & on a 
auffy la difference qui eft entre C H labaze, & M Hie 
coliedemande'. d’ou il eft ayfe'dele trouuer. car lion 
prent ^pour i’excds de C H fur M H,& « pour la longeur 

delaligneCM, onauraj^—^ ^.pour MH. Et apre's 

auoir ainfi le point H,s’ilfetroune plus loin du point Y, 

que 
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(see pages 137 and 138), as the vertex, C as a point on the curve/ 1781 
and F as one of the foci. It then remains to determine H, the other 
focus. This may be found by considering that the difference between 
FY and FC is to the difference between HY and HC as d is to e ; that 
is, as the longer of the lines measuring the refractive power of the lens 
is to the shorter, as is evident from the manner of describing the ovals. 

Since the lines FY and FC are given we know their difference; and 
then, since the ratio of the two differences is known, we know the dif¬ 
ference between HY and HC. 

Again, since YM is known, we know the difference between MH 
and HC, and therefore CM. It remains to find MH, the side of the 
right triangle CMH. The other side of this triangle, CM, is known, 
and also the difference between the hypotenuse, CH and the required 
side, MH. We can therefore easily determine MH as follows: 

2 -i 

Let £ = CH —MH and t* = CM; then —— ^ = MH, which deter- 

dk d 

mines the position of the point H. 

[i7«! “Circonference.” 
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If HY is greater than HF, the curve CY must be the first part of 
the third class of oval, which has already been designated by 3A3. 

But suppose that HY is less than FY. This includes two cases: 
In the first, HY exceeds HF by such an amount that the ratio 
of their difference to the whole line FY is greater than the ratio of e> 
the smaller of the two lines that represent the refractive power, to d, 
the larger; that is, if HF=c, and HY=*:+/*, then dh is greater than 
2ce-]-eh. In this case CY must be the second part 3Y3 of the same 
oval of the third class. 

In the second case dh is less than or equal to 2 ce+eh, and CY is the 
second part 2X2 of the oval of the second class. 

Finally, if the points H and F coincide, FY = FC and the curve 
YC is a circle. 

It is also necessary to determine CAC, the other surface of the lens. 
If we suppose the rays falling on it to be parallel, this will be an ellipse 
having H as one of its foci, and the form is easily determined. If, 
however, we suppose the rays to come from the point G, the lens must 
have the form of the first part of an oval of the first class, the two foci 
of which are G and H and which passes through the point C. The 
point A is seen to be its vertex from the fact that the excess of GC 
over GA is to the excess of HA over HC as d is to e. For if k repre¬ 
sents the difference between CH and HM, and x represents AM, then 
x—k will represent the difference between AH and CH; and if g repre¬ 
sents the difference between GC and GM, which are given, g-\~x 
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que n’en eft Ie point F, la ligne C Y doit eftre la premie¬ 
re partie del'oiiale du troifiefme genre,qui a tantoft eftd 
nommee 3 A 3.- Mais fi H Y eft moindre qne F Y, oubien 
elle furpaffe H F de tant, que Ieur difference eft plus 
grandearaifondelatoute F Y, que n’eft e la moindre 
des Iignes qui mefureni! les refratftions comparde auec d 
la plus grande, c’eft a dire que faifant H F 00 c. Sc 
HYoor -b A, A eft plus grande que zce-heh, & lors 
C Y doit eftre la feconde partie de la mefme ouale du 
troifiefme genre, qui a tantoft efte'nomee 3 Y 3jOubien 
^ A eft efgale, ou moindre qne 2 ce-\-eb> & lors CY 
doit eftre la feconde partie de I’ouale du fecond genre 
qui a cy deffus eft enomme'e 2X2. Et enfin fi Ie point H 
eftle mefme que le point F, ce qui n’arriue quelorfque 
F Y&F Cfontelgalescete ligne Y Ceftvncercle. 

Aprds cela il faut chercher C A C l’autre fuperficie de 
ce verre, qui doit eftre vne Ellipfe, dont H foit le point 
bruflantjfi on fuppofe que les rayons qui tombent deffus 
foiet parallelesj & lors il eft ay fd de la trouuer. Mais fi on 
fuppofe qu’ils vienet du point G, ce doit eftre la premiere 
partie d’vne ouale du premier genre,dont les deux poins 
bruftans foiet G & H, & qui pafle par le point C:d'oil on 
trouue Ie point Apourlefommetde ceteoua!e,en confi¬ 
dent, que GCdoit eftre plus grade que GA,d’vne quan- 
titc'qui foit a celledont H A furpaffe H C,comme dke. 
car ayant pris ^pour la difference,qui eft entre C H,& H 
M,fionfuppofc#pour AM,on aura]#-- pour la diffe¬ 
rence qui eft entre A H, & C H ; puis fi on prent g pour 
celle, qui eft entre G C, &GM, qui font doundes, on 
aura^H-arpour celle, qui eft entre GC, & GA ; & 

Z z 3 pour- 
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Commit pourceque cetc derniere^*+• a; eft a 1‘autre x — com- 

cm pcut _ f ff t • gB<^dk 

fairevn me^eft he, on kge •+- eX 20 ax ou bien 

aide mef- pour la ligne*,ouAM, par Iaquelle on determine le 
que P°* nc A qui eftoit cherchd 

p-aec, Pofbns maintenent pour l’autre cas, qu’on ne donne 
conuexi- que Ies poins G C, & F, auec la proportion qui eft entre 
dt d fes V fu- * es % nes AM.& Y M, & qu’il faille trouuer la figure du 
perfides verre A C Y, qui face que tous les rayons , qui vienent 

portion* P°‘ nt ^s’affemblentaupointF. 

donnde On peut derechef icy fe feruir de deux ouales dont 

deSutre.fvoe,AC,altG&Hpourfespoinsbruflans ; & 1 'autre. 



C Y,ait F&H pour les fiens.Et pour les trouuer ,premie- 
rement fuppofant le point H qui eft commun atoutes 
deuxeftre connu, ie cherche A M par les trois poins 
G,C,H,en la fa^on tout maintenent expliquee } a fijauoir 
preuant ^pour la difference, qui eft entre CH, & H M; 
Scg pour celle qui eft entre G C> &GM: & AC eftant 
la premiere partie de l’Ouale du premier genre , iay 

g ~Y~ pour A M: puis ie cherche aufly MY par les trois 
poins F, C, H, en forte que CY foit la premiere partie 
d'vne ouale du troifiefine genre ; fcprenant y pour M Y, 

& 
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will represent the difference between GC and GA; and since 
g+x : x—k=d : e, we have ge+ex=dx—dk, or 
which enables us to determine the required point A. 

Again, suppose that only the points G, C, and F are given, together 
with the ratio of AM to YM; and let it be required to determine the 


form of the lens ACY which causes all the rays coming from the point 
G to converge to F. 

In this case, we can use two ovals, AC and CY, with foci G and H, 
and F and H respectively. To determine these let us suppose first 
that H, the focus common to both, is known. Then AM is determined 
by the three points G, C, and H in the way just now explained ; that is 
if k represents the difference between CH and HM, and g the differ¬ 
ence between GC and GM, and if AC be the first part of the oval of the 


first class, we have AM = -t^. 

d—e 

We may then find MY by means of the three points F, C, and H. 
If CY is the first part of an oval of the third class and we take y for 
MY and f for the difference between CF and FM, we have the dif- 
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ference between CF and FY equal to f-\-y ; then let the difference 
between CH and HM equal k f and the difference between CH and HY 
equal k-\-y. Now k-\-y : f-\-y~e : d> since the oval is of the third class, 

whence MY = ^ — . Therefore, AM + MY = AY = , whence it 

d~e d—e 

follows that on whichever side the point H may lie, the ratio of the 

line AY to the excess of GC+CF over GF is always equal to the ratio 

of the smaller of the two lines representing the refractive power of 

the glass, to d—e, the difference of these two lines, which gives a very 

interesting theorem. 11771 

The line AY being found, it must be divided in the proper ratio into 
AM and MY, and since M is known the points A and Y, and finally 
the point H, may be found by the preceding problem. We must first 
find whether the line AM thus found is greater than, equal to, or less 

than If it is greater, AC must be the first part of one of the 

third class, as they have been considered here. If it is smaller, CY 
must be the first part of an oval of the first class and AC the first part 

[mi «Q u j est un assez theoreme.” 
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&/pour la difference, qui eft entre C F, & F M , i’ay 
/■+7» pour celle qui eft entre C F, & F Y: puis ayant de- 
fia ^pour celle quTeft entre C H, &H M,iay^-F-^pour 
celle qui eft entre C H, & H Y, que ie fcay deuoir eftre 
$.f -i -y comme e eft a d, a caufe de l’Ouale du troifiefme 

genre,d'ouietrouue que y ou MY eft puis ioi- 
gnant enfemble les deux quantite's trouue'es pour A M, & 

% e bU f e 

M Y, ie troutie ^ pour la toute A Y } D’oii il fuit que 
iequelquecofte'quefoitfuppofelepointH, cete ligne 
AY eft toufiours compofde d’vnequantite, qui eft a cel- 
le dont les deux enfemble G C, & C F furpaflent la ton- 
te G F, Comme e,la, moindre des deux lignes qui feruent 
amefurerlesrfefra&ions du verrepropofe", clk&d—e, la 
difference qui eft entre ces deux lignes. cequi eft vn at 
fds beau theorefme. Or ayant ainfi la toute AY, ilia 
faut couper felon la proportion que doiucnt auoir fes 
parties A M & M Y ; au moyen de quoy pource qu‘on a 
deflate point M, ontrouueauflylespoins A & Y; &en 
fuite le point H, par le problefme precedent. Mais au- 
parauant il Faut regarder,fi la ligne A M ainfi trouuee eft 

plus grande que j~ou plus petite, ou efgale. Car G die 
eft plus grande,on apprent de Ik que la courbe A C doit 
eftre la premiere partie d’vne ouale du premier genre- & 
CY la premiere d’vne du troiftefine, ainfi qu’elles out 
eftd icy fuppofee s: au lieu que fi elle eft plus petite, cela 
monftre que c’eft C Y, qui doit eftre la premiere partie 
d’vne ouale du premier genre; & que AC doit eftre la 
premiere d’vne du troifiefme: Enfinfi AM eft efgale k 
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les deux courbcs A C & C Y doiuenc eftre deux hy¬ 
perboles. 

On ponrroit eftendre ces deux problefmes a vne infi- 
nite'dautres cas, que ie ne m’arefte pas a dcduire,a caufe 
qu’ils n’ont eu aucun vfage cnla Dioptnque. 

On pourroitaufTypafler outre, & dire, lorfque l’vne 
des fuperficies du verre eft donne'e, pouruu qu elle ne 
foit que tout e plate, oucompofeede fedtions coniques, 
oudecerclesj comment on doit faire fon autre fuperfi- 
cie, affin qu’il tranfmette tous les rayons d'vn point don- 
ne', a vnautrepoincauffy donnd. car cen’eft rien de plus 
difficile que cequeieviensd’expliquer ; ou plutoftc’eft 
chofe beaucoup plus facile, k caufetjue le chemin en eft 
ouuert. Mais i ayme mieux, que d autres le cherchent, 
affinque s’ils ont encore vn peu de peine k le trouuer, ce- 
laleur face d’autant plus eftimer l'inuention des chofes 
qui font icy demonftre'es. 

Au refte ie n’ay parle en tout cccy,que des lignes cour- 

on > pe« et bes.qu’on pent defcrire fur vne fuperficie plate ; maisil 
appliquer e f ta yfe de rapporter ceque i’en ay dit, k toutes celles 
eftl'dit qu’onfgauroit imaginer eftre formees, par le mouue- 
\ 7 ntl S ment re g“^ cr despoins de quelque cors, dans vn efpace 
courbes qui atrois dimenfions. A f^auoiren tirant deux perpen- 
fufvne * diculaires,de chafcun des poins de la ligne courbe qu’on 
fuperficie veut CO nfiderer,fur deux plans qui s’cntrecouppent a an- 
S« qui glesdroits, l’vne fur l’vn, & l’autre fur 1’autre. car les ex- 
fe defeti- trem j t & de ces perpcndiculaires deferiuent deux autres 
efface qui lignes courbes, vne fur chafcun de ces plans, defquelles 
atroisai* on peut,en lafa§on cy deflusexpliqu<fe,determiner tous 
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of one of the third class. Finally, if AM is equal to , the curves 

d—e 

AC and CY must both be hyperbolas. 

These two problems can be extended to an infinity of other cases 
which I will not stop to deduce, since they have no practical value in 
dioptrics. 

I might go farther and show how, if one surface of a lens is given 
and is neither entirely plane nor composed of conic sections or circles, 
the other surface can be so determined as to transmit all the rays from 
a given point to another point, also given. This is no more difficult 
than the problems I have just explained; indeed, it is much easier since 
the way is now open; I prefer, however, to leave this for others to 
work out, to the end that they may appreciate the more highly the dis¬ 
covery of those things here demonstrated, through having themselves 
to meet some difficulties. 

In all this discussion I have considered only curves that can be 
described upon a plane surface, but my remarks can easily be made to 
apply to all those curves which can be conceived of as generated by the 
regular movement of the points of a body in three-dimensional space. [178J 
This can be done by dropping perpendiculars from each point of the 
curve under consideration upon two planes intersecting at right angles, 
for the ends of these perpendiculars will describe two other curves, one 
in each of the two planes, all points of which may be determined in the 
way already explained, and all of which may be related to those of a 
straight line common to the two planes; and by means of these the 
points of the three-dimensional curve will be entirely determined. 

[,TOJ This is the hint which Descartes gives of the possibility of the extension of 
his theory to solid geometry. This extension was effected largely by Parent (1666- 
1716), Clairaut (1713-1765), and Van Schooten (d. 1661). 
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We can even draw a straight line at right angles to this curve at a 
given point, simply by drawing a straight line in each plane normal to 
the curve lying in that plane at the foot of the perpendicular drawn 
from the given point of the three-dimensional curve to that plane and 
then drawing two other planes, each passing through one of the straight 
lines and perpendicular to the plane containing it; the intersection of 
these two planes will be the required normal. 

And so I think I have omitted nothing essential to an understanding 
of curved lines. 
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les poins, & les rapporter a ceux de la Iigne droite , qui 
eft commune a ccs deux plans, au moyen dequoy ceux 
delacourbe,qui a trois dimenfions, font entierement 
determines. Mefme li on veut tirer vne ligne droite,qui 
couppecetecourbeau pointdonne a angles droits • il 
taut feulement tirer deux autres lignes droites dans les 
deux plans, vne en chafcun, qui couppent a angles droits 
les deux lignes courbes, qui y font, aux deux poins, ou 
tombent les perpendiculaires qui vienent de ce point 
donne'. car ayant efleue'deux autres plans, vn fur chat 
cunedeces lignes droites, quicouppea angles droits le 
plan ou elle eft, on aura l’interfe&ion de ces deux plans 
pour la ligne droite cherchde. Et ainfi ie penle n’auoir 
rien omis des elemens, qui four neceflaires pour la con- 
noiflance des lignes courbes. 
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Geometry 

BOOK III 

On the Construction of Solid and Supersolid Problems 

W HILE it is true that every curve which can be described by a con¬ 
tinuous motion should be recognized in geometry, this does not 
mean that we should use at random the first one that we meet in 
the construction of a given problem. We should always choose with 
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LIVRE TROISIESME. 

*De U confer uB'ton des Troblefemes , qui 
font Soli des, oh plttfqueSolides. 

De <juel- 

pNcoRE quetoutesleslignescourbes,quipeuuent les *'8 ne * 
•^eftre defcrites par quelque mouuement regulier, onpeu* 
doiuent eftre receues cn la Geometric, ce n’eft pas a di- f ““ ir » 
re qu’il foit permis de fe feruir indifferemment de la pre- ftru^Hoa 
miere quife rencontre, pour la conftru&ion de chafqtie p'oWef 1 * 

Aaa pro- me. 
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problefme: mais ilfaut auoir loin de choifir toufioursla 
plus limple ,parlaquelle il foit poffible de le refoudre. 
Etmefmeileftaremarquer, que par les plus fimples on 
ne doit pas feulement entendre celles, qui pcuuent Ie 
plusayfementeftredefcrites, ny celles qui rendent la 
conftrudtion, ou la demonftrationdu Problefme propo- 
fd plus facile, mais principalement celles, qui font du 
plus fimple genre,qui puiile feruir a determiner la quan- 
titequi eftcherchde. 


Exemplc 

touchanc 

l’inacntio 

de plu. 

fours 

moyeaes 

propro- 

tioncllcs. 



Comme par exemple ie ne croy pas, qu’il y ait aucu- 
ne fa$on plus facile, pour trouuer autant de moyennes 
proportionnelles, qu'on veut, nydpnt la demon ftration 
foit plus euidente, qued'y employer les lignes courbes, 
qui fe defcriuent par I’inftrument X Y Z cy defliis expli- 
qud. Car voulant trouuer deux moyennes proportion¬ 
nelles entre Y A & Y E, il ne faut que deferire vn cere le, 
dontlediametre foit Y E ; &pource que ce cercle coup- 


pe 
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care the simplest curve that can be used in the solution of a problem, 
but it should be noted that the simplest means not merely the one most 
easily described, nor the one that leads to the easiest demonstration or 
construction of the problem, but rather the one of the simplest class 
that can be used to determine the required quantity. 

For example, there is, I believe, no easier method of finding any num¬ 
ber of mean proportionals, 111 * 1 nor one whose demonstration is clearer, 
than the one which employs the curves described by the instrument 
XYZ, previously explained. 11801 Thus, if two mean proportionals 
between YA and YE be required, it is only necessary to describe 

[1T01 For the history of this problem, see Heath, History, Vol. I, p. 244, et seq. 

11801 See page 46. 
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a circle upon YE as diameter cutting the curve AD in D, and YD is 
then one of the required mean proportionals. The demonstration 
becomes obvious as soon as the instrument is applied to YD, since YA 
(or YB) is to YC as YC is to YD as YD is to YE. 

Similarly, to find four mean proportionals between YA and YG, or 
six between YA and YN, it is only necessary to draw the circle YFG, 
which determines by its intersection with AF the line YF, one of the 
four mean proportionals; or the circle YHN, which determines by its 
intersection with AH the line YH, one of the six mean proportionals, 
and so on. 

But the curve AD is of the second class, while it is possible to find 
two mean proportionals by the use of the conic sections, which are 
curves of the first class. 11 ” 1 Again, four or six mean proportionals can 
be found by curves of lower classes than AF and AH respectively. It 
would therefore be a geometric error to use these curves. On the other 
hand, it would be a blunder to try vainly to construct a problem by 
means of a class of lines simpler than its nature allows. 11821 

Before giving the rules for the avoidance of both these errors, some 
general statements must be made concerning the nature of equations. 
An equation consists of several terms, some known and some unknown, 
some of which are together equal to the rest; or rather, all of which 
taken together are equal to nothing; for this is often the best form to 
consider. 11881 

11811 If we let x and y represent the two mean proportionals between a and b we 
have a : x = x : y — y : b , whence z- — ay ; y 2 = bx, and xy — ab. Therefore 
x and y may be found by determining the intersections of two parabolas or of a 
parabola and a hyperbola. 

11831 Cf. Pappus, Book IV, Prop. 31, Vol. I, p. 273. See also Guisnee, Applica¬ 
tion de I’Algebre a la Giometrie, Paris, 1733, p. 28, and L’Hospital, Traite Analy - 
tique des Sections Coniques, Paris, 1707, p. 400. 

11881 The advantage of this arrangement had been recognized by several writers 
before Descartes. 
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pe la courbe A D au point D, Y D eft 1 ’vne des moyennes 
proportionnelles chcrchdes. Dontla demonftration le 
voita I’ceilpar iafeule application decet inftrument fut 
UligneY D. carcomme Y A,ou YB, quiluyeftefgale 
eft a Y C ; ainfiYCeftaYDj&YDa Y£. 

Toutdemefnie pour trouuer quatre moyennes pro- 
portionelles entre Y A & Y G; ou pour en trouuer fix en« 
tre Y A & Y N, il ne faut que tracer le cercle Y F G.qui 
couppant A F au point F, determine la ligne droite Y F, 
quieftI’vnedecesquatreproportionnelles ; ouYHN, 
qui couppant A H au point H, determine YH I’vne des 
fix, & ainfi des autres. 

Maispourceque la ligne courbe AD eft du fecond 
genre, & qu’on peut trouuer deux moyenes proportio- 
neiles par les fe&ions coniques,qui font du premier ; Sc 
auflfypourcequ’on peut trouuer quatre ou fix moyenes 
proportionellcs, par des Iignes qui ne font pas de genres 
fi compotes, que font A F, & A H, ce feroit vne faute en 
Geometrie que de les y employer. Et e'eft vne faute 
aufTyd’autrecoftedefetrauaillerinutilement a vouloir 
conftruire quelque problefme par vn genre de Iignes 
plus fimple, que fa nature ne permet. 

Or affin que ie puifle icy donner quelques reigles, Dc ta n*. 
pour euiter I’vne & l’autre de ces deux fautes, il faut que de * 

ie die quelque chote en general de la nature des Equa- 
tionsjc'eft a dire des fommes compofe'es de plufieurs ter- 
mes partie connus, & partie iuconnus, dont les vns font 
efgaux aux autres, ou plutoft qui confideres tous enfem- 
ble font efgaux a rien. car ce fora fouuent le meille ur de 
les confiderer en cete forte. 

Aaa 2 Scachds 
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ifpeut'y'* Scachds done qu’en chafque Equation, autant que 
auoir de | a quantitd inconnue ade dimenfions, autant peut ily 
en chafqi auoir de diuerfes racines, c’eft a dire de valeurs de cete 
Eqimi6t quantity, car par exemple G on fuppofe x efgale a 2 } ou- 
bien x— a efgal a rien j & derechef x xt 3 ; oubien 
x — 3 » o;en multipliant ces deux equations x — 2 x> 0, 
& x ~ 3 oo 0, l’vnepar 1'autre, on aura xx — j x -+- 6 ooo, 
oubien ao jx—6, quieft vneEquation en Iaquelle la 
quantitd x vaut 2 Sctoutenfemble vaut 3. Que fi dere¬ 
chef on fait x - 4 30 0,8c qu'on multiplie cete fomme par 
xx— jx-f-430©, on aura x’ — 9xx-f-2$x —24300, 
qui eft vne autre Equation en Iaquelle x ayant trois di¬ 
menfions a aufly trois valeurs,qui font 2, 3,804. 
gS'JJj* I* ais fouuent il arriue, que quelques vnes de ces raci- 
fauflcs ra* nes font faufles, ou moindres que rien. commefion 
cines - fuppofe que xdefigne aufly le defaut d’vne quantity 
quifoit j,onax-h/300 , qui eftant multipliee par 
x * — 9 xx H- 26 x—2430 ofait 

x 4 —4x’ — ipxx-f- io 6 x— r 20 300 
pour vne equation en Iaquelle il y a quaere racines, a 
f^auoir trois vrayes qui font 2, 3, 4,8c vne faufle qui 
eft f. 

oapnt Et on voit euidemment de cecy, que la fomme d'vne 
diminucr equation, qui contient plufieurs racines, peut toufiours 
d«di- bie e ft fe diuifcepar vn bindme compofe' de la quantitdin- 
menfions connue,moinslavaleurdel'vnedes vrayes racines, la- 
q uado^ quelle que cefbitj on plus la valeur de l’vne des fauffds. 
iotfqn’on Aii moyen de quoy on diminue d'autant fes dimeu- 

coonoift _ 
qael* IIOIIS# 

?cs nci- C Et reciproquement que fi la fomme d'vne equation 

nes. AC 
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Every equation can have 11 * 0 as many distinct roots (values of the 
unknown quantity) as the number of dimensions of the unknown 
quantity in the equation. 11 " 1 Suppose, for example, x = 2 or x—2 = 0, 
and again, x = 3, or x —3 = 0. Multiplying together the two equa¬ 
tions x —2 —0 and x—3 = 0, we have x 2 —5x-\-6=^0, or x 2 = Sx— 6. 
This is an equation in which x has the value 2 and at the same time 11 ** 1 
x has the value 3. If we next make x —4 = 0 and multiply this by 
x 2 -5x-\-6 = 0, we have x 3 —9x z -j-26x —24 = 0 another equation, in 
which x , having three dimensions, has also three values, namely, 2, 3, 
and 4. 

It often happens, however, that some of the roots are false 11871 or less 
than nothing. Thus, if we suppose x to represent the defect 11881 of a quan¬ 
tity 5, we have *+5 = 0 which, multiplied by x 3 —9x 2 +26x —24 = 0, 
yields x 4 —4x 3 —19x 2 +106*—120 == 0, an equation having four roots, 
namely three true roots, 2, 3, and 4, and one false root, 5. t1881 

It is evident from the above that the sum 11801 of an equation having 
several roots is always divisible by a binomial consisting of the unknown 
quantity diminished by the value of one of the true roots, or plus the 
value of one of the false roots. In this way, 11 " 1 the degree of an equa¬ 
tion can be lowered. 

On the other hand, if the sum of the terms of an equation 118 * 1 is not 
divisible by a binomial consisting of the unknown quantity plus or 

11841 It is worthy of note that Descartes writes “can have” ("peut-il y avoir”), 
not “must have,” since he is considering only real positive roots. 

11881 That is. as the number denoting the degree of the equation. 

i 18#1 “Tout ensemble,”—not quite the modern idea. 

11871 “Racines fausses,” a term formerly used for “negative roots.” Fibonacci, 
for example, does not admit negative quantities as roots of an equation. Scrittt de 
Leonardo Pisano, published by Boncompagni, Rome, 1857. Cardan recognizes 
them, but calls them “aestimationes falsae” or “fictae,” and attaches no special sig¬ 
nificance to them. See Cardan, Ars Magna, Nurnberg, 1545, p. 2. Stifel called 
them “Numeri absurdi,” as also in RudolfFs Coss, 1545. 

1,881 “Le defaut.” If x = —5, —5 is the “defect” of 5, that is, the remainder 
When 5 is subtracted from zero. 

11881 That is, three positive roots, 2, 3, and 4, and one negative root, — 5. 

11901 “Somme,” the left member when the right member is zero; that is, what 
we represent by f(x) in the equation /(.r)~0. 

11911 That is, by performing the division. 

11921 “Si la somme d'un equation.” 
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minus some other quantity, then this latter quantity is not a root of the 
equation. Thus the 118 * 1 above equation x*— 4* 3 — 19x 2 -{-106x —120 = 0 
is divisible by x— 2, x—3, x—4 and ^r+5/ lwJ but is not divisible by x 
plus or minus any other quantity. Therefore the equation can have 
only the four roots, 2, 3, 4, and 5. 11961 We can determine also the num¬ 
ber of true and false roots that any equation can have, as follows : lu#1 
An equation can have as many true roots as it contains changes of sign, 
from + to — or from — to +; and as many false roots as the num¬ 
ber of times two + signs or two — signs are found in succession. 

Thus, in the last equation, since -\-x* is followed by — 4x i , giving a 
change of sign from + to —, and — 19x 2 is followed by -\-\06x and 
-f-106^r by —120, giving two more changes, we know there are three 
true roots; and since — 4x* is followed by — I9x 2 there is one false root. 

It is also easy to transform an equation so that all the roots that 
were false shall become true roots, and all those that were true shall 
become false. This is done by changing the signs of the second, fourth, 

11881 First member of the equation. Descartes always speaks of dividing the 
equation. 

11841 Incorrectly given as x — 5 in some editions. 

11861 Where 5 would now be written — 5. Descartes neither states nor explicitly 
assumes the fundamental theorem of algebra, namely, that every equation has at 
least one root. 

11861 This is the well known “Descartes’s Rule of Signs.” It was known how¬ 
ever, before his time, for Harriot had given it in his Artis analyticae praxis, Lon¬ 
don, 1631.. Cantor says Descartes may have learned it from Cardan’s writings, 
but was the first to state it as a general rule. See Cantor, Vol. 11(1) pp. 496 
and 725. 
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ne peut eftrc diuifee par vn biu< 5 me compofede la quau- on“'« 
tit^inconnue-Hou —quelque autre quantity, cela te£ cxami “« 
moigne que cete autre quantity n’eft la valeur d'aucune S|* 
delesracioes. Commecetederniere donnee 

eft la va- 

XX + 106 X — X 20 30 o leurd’vne 

peut bieneftre diuifee, par x — a, & par 3,&par l4Ciac 
4, 8c par #4-5 ; mais non point par #-+- ou-.aucu- 
ne autre quantity. cequi monftre quelle ue peut auoir 
que les quatre racioes a,3,4,6c j. 

On connoift aufly de cecy combien il peut y auoir de Combien 
vrayes racioes, & combien de faufles en chafque Equa- a U ok dJ 
tion. A f§auoir ily en peut auoir autant de vrayes, que Tia 7«* 
les lignes H- 8c—s*y trouueot de fois elite changes ,• 6c chafque' 11 
autant de faufles qu’ils’y trouue de fois deux lignes -h, E 1 uatiS - 
ou deux lignes—qui s'entrefuiuent. Commeen la der- 
oiere,a caufe qu’aprds H- x 4 il y a — 4# »,qui eft vn chan- 
gementdufigne+en— ,&apres— 19 #jcilya«+-io<s x, 

8c aprds H-106 xilya—120 qui font encore deux autres 
changemens, on connoift qu’il y a trois vrayes ratines^ Sc 
vne faufle,a caufe que les deux lignes ~,de 4 x \ Sc 19 xx, 
s'entrefuiuent. 

De plus il eft ayfe'de faire en vne mefme Equation, c6ment 
que toutes les racioes qui eftoient faufles deuienent on k*t 
vrayes,8c par mefmemoyen que toutes celles qui eftoiet 
vrayes deuienent faufles: a f^auoir en rhangganr tous racines 
les lignes -h ou - qui font en la feconde , en la n U «foa* 
quatriefme , en la lixiefme , ou autres places qui fe 
delignent par les nombres pairs , fans changer ceux les vrayes 
de la premiere , de la troifiefme, de la cinquielme faufles ‘ 

& femblables qui fe delignent par les nombres 

Aaa 3 impairs- 
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impairs. Comme fi au lieu de 
—f-ac* — 4»' —19 io6x — izo 300 

on efcric 


Cumene 

onpeut 


-+- # * 4 5 — X9 XX — 1 Otf # —* I 20 30 0 

on a vne Equation en laquelle il n’y a qu’vne vraye ra¬ 
tine, qui eft j, & troisfaufles qui font 2, 3, &4. 

Que it fans connoiftre la valeur des racines d’vne E- 
augmen- quation,on la veut augmenter, ou diminuer de quelque 
^“"^‘■quantite'connuejilnefantqu’au lieudu tertne inconnu 
lestacines enfuppofer vn autre, qui foitplus ou moins grand de ce- 
quattof, te me fine quantity &le fubftituer par tout en la place 
tansies’ dupremier. 

Comme fi on veut augmenter de 3 la racine de cete 
Equation 


COQBOl- 

Jtre. 


— IXO 30 0 

il fact prendre j au lieu d’#, & penfer que cete quantite' 
yell plus grande qua? de3,enforte que y — j eft efgal 
a#,&au lieud’ ilfautmettre le quarre' d*y — .3 qui 
eftyy — 6y •+• 9 &aulieu d'x ' il faut mettre fon cube 
qui efty 5 —?y y■+• 27y —17,& enfih au lieu d’ar 4 il faut 
mettre fon quarrd de quarre"qui efty 4 — ny * -f- y 4 yy 
— 1 oSy + 81. Et ainfi deferiuant la fomme precedence 
enfubftituantpar touty au lieu d’arona 
y♦-.flyr-f-y4yy~ ioSy-f-8* 

4- 47 5 — ttfyy *+■ 108V--108 

-w;y+n+J-171 

— 10 6y -4-318 
— 120 


7*—8y*—lyy -f-8y* »» 


oubien 
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sixth, and all even terms, leaving unchanged the signs of the first, third, 
fifth, and other odd terms. Thus, if instead of 


+,v 4 —4.r n — 19.v 2 +106*-120 — 0 

we write 

+x 4 +4x*- r l9x'—106x-l20 = 0 

we get an equation having one true root, 5, and three false roots, 2, 3, 
and 4. lw] 

If the roots of an equation are unknown and it be desired to increase 
or diminish each of these roots by some known number, we must sub¬ 
stitute for the unknown quantity throughout the equation, another 
quantity greater or less by the given number. Thus, if it be desired 
to increase by 3 the value of each root of the equation 

x*+4x*— 1 9x 2 —i 06x— 120 — 0 

put y in the place of x, and let y exceed x by 3, so that y—3 = x. Then 
for x 1 put the square of y—3, or y 2 —6y+9; for x 3 put its cube, 
y 3 —9y 2 -|-27y—27 * and for x 4 put its fourth power, 11981 or 

y 4 -12y*+54y 2 —108y+81. 

Substituting these values in the above equation, and combining, we have 

y 4 — 12y 3 + 54y 2 — 108y + 81 
+ 4y 3 — 36y 2 + 108y — 108 
- 19y* + 114y - 171 
- 106y + 318 

_ —120 

y 4 - 8y 3 — y 2 + 8y =0, 11991 

or y n —8y 2 —y-f-8 0, 

I1OTJ In absolute value. 

ll#8] “Son quarre de quarre,” that is, its fourth power. 

lM#1 Descartes wrote this y 4 — 8y l — y 2 + 8y * 00 0 , indicating by a star the 
absence of a term in a complete polynomial. 
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whose true root is now 8 instead of 5, since it has been increased by 3. 
If, on the other hand, it is desired to diminish by 3 the roots of the 
same equation, we must put y+3 = x and/+6y+9 — x 2 , and so on. 
so that instead of x* + 4x* — 19x 2 — I06x — 120 = 0, we have 

/ + 12/ + 54/ + 108y + 81 
+ 43,3 + 35/ _|_ 10 8y + 108 
— 19/ ~ 114y — 171 
— 106y - 318 

_ -120 

y + 16/ + 71/ — 4y — 420 = 0. 

It should be observed that increasing the true roots of an equation 
diminishes 19001 the false roots by the same amount; and on the contrary 
diminishing the true roots increases the false roots; while diminishing 
either a true or a false root by a quantity equal to it makes the root 
zero; and diminishing it by a quantity greater than the root renders 
a true root false or a false root true. 19011 Thus by increasing the true 
root 5 by 3, we diminish each of the false roots, so that the root pre¬ 
viously 4 is now only 1, the root previously 3 is zero, and the root 
previously 2 is now a true root, equal to 1, since —2+3 = +1. This 
explains why the equation /—8/—y+8 = 0 has only three roots, 

1 ‘ 8001 In absolute value. 

19011 For example, the false root 5 diminished by 7 means —(5 —7)= +2. 
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Livre Troisiesme. 
oubieny»— iyy — i y H- 8 30 a. 
oii la vraye ratine qui eftoit j eft maintenant 8, a caufe 
da nombre trois qui luy eft aiouftd. 

Que fi on veut au contraire diminaer de trois la rati¬ 
ne de cete mefrae Equation , il faut faire y -I- 3 20 x 
&yy-\- 6 y -h 9 oo mx. & ainfi des autres de fagon 
qu'au lieu de 

ar 4 -t-4» 3 - lyxx — iOix»’i2oX>a 
on met 

y^"+" ity M- *1" io8y •+* 8r 
—f— 4^y J —I— 3^y-f-io8y-+-io8 

-i 9 yy - y *• j-7 * 

— 1 06 y — 318 
-* izo 


^y 4 -H i6y» ~t~7 i yy m ' 4jr—4ao3t)a. 

Etileftaremarquerqu’enaugmentant les vrayes ra- 
cines d’vnc Equation, on diminue les fauffes de la mef- M „c ics 
me quantity ou au contraire en diminuant les vrayes,on "^ s es 0 "’ 
augmente les fauffes. Et que fi on diminue foit les vnes diminue 
foit les autres, d’vne quantite' qui Ieur foit elgale, elles &“J 

deuicnentnulles,&que fic'eft d’vne quantitdqui les fur- contraire. 
paffe, de vrayes elles deuienent fauffes, ou de fauffes 
vrayes. Commeicyenaugmentantde 3 la vraye racine 
qui eftoit j, on a diminud de 3 chafcune des fauftes , en 
forte que celle qui eftoit 4 ft’eft plus qu’ 1, & celle qui 
eftoit 3 eft nulle, & celle qui eftoit z eft deuenue vraye 
& eft 1, a caufe que — z -H 3 fait -h 1. c’eft pourquoy 
en cete Equation^ ‘ - 8 yy — iy -+• 8 so 0 il ny a plus que 
3 ratines, entre lefquelles il y en a deux qui font vrayes, 

i.& 


165 




376 


La Geometrib* 
i ,Set,SC vnefauflequieftauflyi. &enceteautre 
y 4 -i- i 6 y * ~t~ 7 tyy —4 y — 410 zoo 
il n’y en a qu’vne vraye qui eft 2, a caufe que ”+• J ~ $ fait 
-f- a, &troisfauflcs qui font f,6,8C.7. 

CSmeot Or par cete fa$on de changer la valeur desracines 
oft« le fansles connoiftre.onpeutfaire deux chofes, quiauront 
fecond C y apre's quelque vfage: la premiere eft qu’on peut tou- 
d-vneE- fiours ofter le fecond terme del’Equation qu’on exami¬ 
nation. ne> a fg auo ir en diminuant les vrayes racines, de la quan¬ 
tity connue de ce fecond terme diuife'e par le nombre 
des dimenfions dupremier, filVn de ces deux termes 
eftantmarquedu figne -H.l’autre eft marque du figne—j 
oubien en I’augmentant de la mefme quantity, s’ilsont 
tous deux le figne -h, ou tous deux le figne*-. Comme 
pour ofter le fecond terme de la demiere Equatio qui eft 
y 4 - 4 - 16y * •+■ fiyy mm 4 y—420 30 * 
ayantdiuiiy itfpar4, a caufe des 4 dimenfions du terme 
y 4 , il vient derechef4, e'eft pourquoy ie fais ^ 4 ooy, 

& i’efcris 

H-ltfipa^^-+*7($8 ^--1024 
H- 7 * KK" I 6 * 

4 16 

—420_ 

^ * ~*5 H-60 1 - 3<5 30o. 

ou la vraye racine qui eftoit 2, eft tf, a caufe quelle eft 
augmentde de4j Sclesfaufles qui eftoient f, 6,8c 7, ne 
font plus que 1,2, Sc J, a caufe qu'elles font diminuefes 
chafcunede4. 

Tout 
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two of them, 1 and 8, being true roots, and the third, also 1, being false; 
while the other equation y 4 —16y+71y 2 —<4y—420 = 0 has only one 
true root, 2, since +5—3 = +2, and three false roots, 5, 6, and 7. 

Now this method of transforming the roots of an equation without 
determining their values yields two results which will prove useful: 
First, we can always remove the second term of an equation by dimin¬ 
ishing its true roots by the known quantity of the second term divided 
by the number of dimensions of the first term, if these two terms have 
opposite signs; or, if they have like signs, by increasing the roots by 
the same quantity. [aoai Thus, to remove the second term of the equation 
y 4 +16y 3 +71y 2 —4y—420 = 0 I divide 16 by 4 (the exponent of y in 
y 4 ), the quotient being 4. I then make jsr—4 = y and write 

2 4 ~16^+ 96s 2 — 256^ + 256 
+ 1 6z* - 1922 2 + 768s - 1024 
+ 7U 2 - 5682 +1136 
— 42 + 16 

- 420 

2 4 - 2Ss 2 — 602- 36 = 0. 

The true root of this equation which was 2 is now 6, since it has been 
increased by 4. and the false roots, 5, 6, and 7, are only 1, 2, and 3, 

[*»] j s> by diminishing the roots by a quantity equal to the coefficient of 
the second term divided by the exponent of the highest power of x, with the oppo¬ 
site sign. 
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since each has been diminished by 4. Similarly, to remove the second 
terms of x*— 2o.r s -f (2a 2 —c 2 )* s — 2a , x-{-a* = 0; since 2a-h4=|awe 

must put = jt and write 

/ + 2a/ + |aV + |4- 

-2a/-3aV-|a 3 *- | a 4 

4 - 2 a 2 / 4- 2 a 3 -? + ~ a 4 

— rV 2 — ac l z — j a V 2 
4 

— 2 a 3 # — a 4 

__ 4- a K 

*‘ + (|a*-i*y-(a , +«*)jr+^« 4 -|«V=0. 

Having found the value of that of is found by adding ^a. Second, 

by increasing the roots by a quantity greater than any of the false 
roots 1 ** 1 we make all the roots true. When this is done, there will be 
no two consecutive -(-or — terms; and further, the known quantity 
of the third term will be greater than the square of half that of the 
second term. This can be done even when the false roots are unknown, 
since approximate values can always be obtained for them and the roots 
can then be increased by a quantity as large as or larger than is 
required. Thus, given, 

12031 In absolute value. 
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Tout de mefme fi on veut ofter le fecond terme de 
*♦—*«*» * 1 * , x*~ ia J * -ha*ooo, 
pourcequetHuifant 2 0 par 41I vient 5 0$ il feut fairc 
^•+-ja©* 4 t€lcrire 

V ■+* 20 z ' •+■ |«0 £0 ’ 7*0 4 

-*«*' **?« 4 

■+" 20 0^^ "+*20* +j» 4 

cc ~ acc ~^aacc 
— 20* —0* 

H-0* 

V * *^-^00^-0 , »• 

— cc — -• ^aacc 

&Gon trouueapre’s iavaleurde^, en luyadiouftant j 0 
on aura celle de x. Coment 

La feconde chofe, qui aura cy apre's quelque Wage ®“ p cuc 
eft, qu’on peut toufiours en augmentant la valeur des tourt** 6 
vrayes racines, d’vne quantity quiioit plus grande que * es f au ^ c * 
n’eft celle daucune des fauflos, faire qu’elles deuienent d’vne * 
routes vrayes, en forte qu'il n’y ait point deux fignes -h, 
ou.deux fignes — qui s’entrefuiuent, & outre cela que la vrayes, 
quantite' connuedutroifiefineterme foit plus grande, £“*£"** 
qoelequarrddelamoitidde celle du fecond. Car en- <! cu ( i en = c 
core que cela fe face, lorfque ces faufles racines font *“ <s ‘ 
inconnucs, ileftayfeneanmoins deiuger a peu prd*- de 
leur grandeur, &de prendre vne quantite', quilesfur- 
pafted’autant, oude plus, qu’il n’eft requis acet effe&. 
Commefiona 


Bbb 
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X * * HH % — 6 »***»{< * 1196*1* — 7776 # * »#. 

cnfaifenty -6* x>*, on trouaera 

f** |6#\y*»fc J40##^y 4 ~ 4U® #*V S * Ij440# 4 ^ yy~466)6#»^y4<4**f*#* 
* # f •• jo##y »i« jio •• *i6o »*( “ ' " 

J 6*#-* 4 * 144*1? — I196 »U 

»*-* — 648 #*| * $888* 

— lU »♦) * » 5 


360 

* 144 

* 3* 


* 64*0# * 

♦* f*84 # r i — 
»*? - 


* 1296 ft'J 


- 777*#* 
-- 7776#* 

777*# 1 

- 777 *«« 
-* 777 *# * 


y * — 33 « y *i« 504## y 4 * 3780 # 1 y 1 * *51x0 # 4 y 17116 « 5 y # aoo. 

Ouil.eft manifefte, que 704 nn, qni eft la quantite" 
connue dutroifiefrae terme eft plus grande, que le quar- 
re'de ^ », qui eft la moitie'de celle du fecond. Et il n’y 
apointdccas, pour lequella quantite, done on augmen- 
telesvrayesracines, aicbelbina cet effc<ft, d'eftre plus 
grande, a proportion de celles qui font donnees , que 
pourcetuycy. 

Mais a caufe que le dernier terme s’y trouue nut, ft on 
ne delire pas que cela (bit, il faut encore augmenter tant 
foitpeulavaleurdesracines; Etcene fjauroit eftre de 
ft peu, que ce ne (bit alf& pour cet effetft. Non plus que 
lorfqu'on veutaccroiftre le nombre des dimenOons de 
quelque Equation, & faire que toutes les places de les 
termesfoientrempKes. Corame fiaulieude * ‘ **** 
— 6 30 0, on veut auoir vne Equation, en laquelle la 
quantitdmconmie ait fix dimenfions, & done aucun des 
termes ne foit nul, il faut premierement pour 


Content 
On faic 
quetou- 
teste* 
places 
d'vne E- 
ouatipn 
foient 
xcmplies. 


X 


* * * * — 1/300 eferire 


X * * * * * -bx * 300 

puis ayant fait y~a so *, on aura 

y 4 - 6 *y % ^ 15 *ay 4 ~- 10 * 17 ** \fa*yy~ Caiy^a* 

— b y a b 

Quil eft manifefte que cant petite que la quantite" a (bit 

fuppolbe 


30 0 
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jr®+«.ar 5 —6« 2 jr 4 +36w-y— 2\6n 4L x--\-\296n*x—7776n* = 0, 
make y —6n = x and we have, 

V*—36w) y 8 -|-540» 2 l y 4 —4320n 3 l y 3 +19440n 4 l 46656n s 'j y+46656tt* 

+ n) - 30» 2 f + 360n 3 ( - 2160» 4 + 6480* 5 - 7776n® 

- 6n 2 J + 144*’[ - 1296» 4 + 5184n 5 - 7776n° 

+ 36n 3 J - 648w 4 + 3888n 8 f - 7776b 3 

- 216n 4 j + 2592*“ - 7776n® 

+ 1296n 5 J - 7776n* 
- 7776n® 

y®-35»y 8 +504n 2 y 4 -3780n 8 y 3 +15120«y -~27216»’y =0. 

Now it is evident that 504n 2 , the known quantity 1 ** 1 of the third term, 

/35 \2 

is larger than (• - n ) ; that is, than the square of half that of the sec¬ 
ond term; and there is no case for which the true roots need be in¬ 
creased by a quantity larger in proportion to those given than for this 
one. 

If it is undesirable to have the last term zero, as in this case, the 
roots must be increased just a little more, yet not too little, for the pur¬ 
pose. Similarly if it is desired to raise the degree of an equation, and 
also to have all its terms present, as if instead of x 5 —b = 0, we wish 
an equation of the sixth degree with no term zero, first, for x 5 — b — 0 
write x % —bx=* 0, and letting y — a = x we have 

y®—6ay # +15o 2 y 4 —20a 3 y 3 +15a 4 y 2 — (6a 5 +6)y+a®+a& = 0. 

It is evident that, however small the quantity a, every term of this equa¬ 
tion must be present. 

I ** 4J I. e., the coefficient. 
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We can also multiply or divide all the roots of an equation by a 
given quantity, without first determining their values. To do this, sup¬ 
pose the unknown quantity when multiplied or divided by the given 
number to be equal to a second unknown quantity. Then multiply or 
divide the known quantity of the second term by the given quantity, 
that in the third term by the square of the given quantity, that in the 
fourth term by its cube, and so on, to the end. 

This device is useful in changing fractional terms of an equation,to 
whole numbers, and often 12061 in rationalizing the terms. Thus, given 


X s — V~3V+ II*— 


8 

27 vy 


= 0, let there be required another equation 


in which all the terms are expressed in rational numbers. Let y= Vlf 


and multiply the second term by V1F> the third by 3, and the last by 

26 8 

3 ^^3. The resulting equation is y 3 — 3/ 2 +— y— n =0. Next let it be 

y y 

required to replace this equation by another in which the known quanti¬ 
ties are expressed only by whole numbers. Let z=3y. Multiplying 
3 by 3, ^ by 9, and |- by 27, we have 


z 3 —9z 2 +26z —24 == 0. 


The roots of this equation are 2, 3, and 4; and hence the roots of the 
18081 But not always. Compare the case mentioned on page 175. 
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fuppofeetoutesles places dc l’Equation ne laiflent pas 
d’eftre remplies. 

De plus on peut, fans connoiftre la valeur des vrayes Comm& 
racinesd’vneEquation, lesmultiplier, ou diuifer tou- muitf-' 
tes, par telle quantitd connue qu on veut. Cequi fe fait 5 |‘ u e i t f °“ e$ 
en fuppofant que la quantitd inconnue eftant multiplied, racines 
oudiuife'e, parcellequi doit multiplier, ou diuifer les^J 1 **. 
racines, eft elgale a quelque autre. Puis multipliant, ou ftte - 
diuifant la quantite connue du fecond terme, par cete 
mefme qui doit multiplier, ou diuifer les racines; &par 
fon quarrd, celle du troifiefme ; & par fon cube, celledu 
quatriefme-, & ainfi iufques au dernier. Ce qui peut fer- £jfj 
uir pour reduire a des nombres entiers Sc rationaux, les le * «“>“»* 
fra<ftions,ou fouuent auflyles nombres fours , qui fe 
trouaent dans les termes des Equations. Comme fi on a E< } aatioD 

* ' V'l xx-hgX‘r 30 0, tiers***” 

Sc qu’onveuille en auoirvne autre en la place, donttous 
les termes s’expriment par des nombres rationaux : ilfaut 
fuppofer y aox Y 3, Sc multiplier par Y '3 la quantitd 
connue du fecond terme, qui eft aufly V $, St par fon 
quarrd qui eft 3 celle du troifiefme qui eft ff, & par fon 
cube qui ctt$Y~ j celledu dernier, qui eft , cequi 

y'-iyy+¥ v ~ | ao 0 

Puis fi on cn veut auoir encore vne autre en la place de 
celle cy,dont les quantites connues ne s’expriment qr.e 
par des nombres entiersj il faut luppofer ^ 30 3 y , & mui- 
tipliant 5 par j, \ 6 par 9, & |par 27 on trouue 

V 2 * V m z * 30 0, 06 les racines eftant 2,3, 

& 4, on connoift de 1& que celles de 1’autre d’auparauant 

Bbb a eftoient 
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eftoicntpi, & &quc celles de la premiere eftoient 

C °tendU *- ete °P eKtt * on P eut aufl>feruir pourrendre laquan- 
quantitc tire connue de quelqu’un des termes de l'Equatio efgale 
deTyn a < l ue ^ ue autre donnde, comme fi ayant 

des ter- •** * — bhx-\~C i 30ft 

mesd’vne 


lie autre 
qu’on 
•veut. 


Que les 
racincs, 
cast vra- 
yes que 
taufles 
pcuuent 


Equation O n vent auoiren fa place vne autre Equation, en laqueL- 
efcale a le la quantite' connue, du terme qui occupe la troifiefme 
te le autre p] ace> a f^ auo j r ce H e q U i e ft icy b b,to it j a a,il faut fuppo. 

fery oo-v puiseferire^ * * — 3 acty-h'-jj- Vfsoo. 

Aurefte tantlesvrayesracinesquclesfaufles ne font 
pas toufiours reelles } mais qoelquefois feulementixnagi- 
nairesj e’eft a dire qu’on peut bien toufiours en imaginer 
autant que iay dit en chafque Equation; mais qu’il.n’y a 
i« rC ou. d * querquefoisaucune quantity qui correfponde a celles 
imaginai- quon imagine, comme encore qu’on en puifle knagi- 
rcs> nertroisencellecy, *’ — <$**•+• 15 .v—10300, il ny 
ena toutefois qu’vne reelle, qui eft 2, & pour les deux 
autres,quoy qu’on les augmente,ou diminue, ou multi- 
plie en la fagon que ie viens d’expliquer, on ne fgauroit 
les rendre autres qu’imaginaires. 

Lat'du- Or quand pour trouuer la conftru<ftion de quelquc 
EquatiS* probIefme,on vient a vne Equation, en laquelle la quan- 
cubiques tite inconnue a trois dimenfions ; premierement fi les 
p°robkf- 1C quantiles connues , qui yfont , contienentquelques 
— A nombres rompus, il les faut reduire a d’autres entiers,par 

la multiplication tantoft expliqude i Ets’ils encontie- 
nent de fours , il faut auffy les reduire a d’autres ratio- 
naux, autant qu’il fera poffible,tant par cete mefme mul¬ 
tiplication. 


mccft 

plan 


174 



THIRD BOOK 


.24 

preceding equation are ~, 1 and —, and those of the first equation are 
2 1 4 

9 V^and^-VIT 

This method can also be used to make the known quantity of any 
term equal to a given quantity. Thus, given the equation 

x 3 -b 2 x-\-c 2 = 0, 

let it be required to write an equation in which the coefficient of the 
third term,”" namely b\ shall be replaced by 3a 2 . Let 


and we have 


y = 



/-3aV+^V3 


Neither the true nor the false roots are always real; sometimes 
they are imaginary; [ 1 that is, while we can always conceive of as many 
roots for each equation as I have already assigned, 1 ** 1 yet there is not 
always a definite quantity corresponding to each root so conceived of. 
Thus, while we may conceive of the equation x 2 — 6x 2 -{-\3x —10 — 0 
as having three roots, yet there is only one real root, 2, while the other 
two, however we may increase, diminish, or multiply them in accord¬ 
ance with the rules just laid down, remain always imaginary. 

When the construction of a problem involves the solution of an 
equation in which the unknown quantity has three dimensions, 1 ” 1 the 
following steps must be taken: 


First, if the equation contains some fractional coefficients, 1 ”” 1 change 
them to whole numbers by the method explained above ; ,5U1 if it con- 


Descartes 
explained on page 
third term. 


"%*** elation * * — bbx + c 3 00 0, the star showing, as 
lw * that a term is missing. Hence, he speaks of — b'-x as the 


p*’ 1 “Mais quelquefois seulement imaginaires.” This is a rather interesting 

'mag£v° n Thf?,l I fy o n f K tl, that W a kave ,P? sitiv ? and negative roots that are 
imaginary The use of the word “imaginary” m this sense begins here. 

th. Lj* SC u mS t0 “, dlcate that D A sc % Ttes realized the fact an equation of 
th mi £ gre * has exac tly n roots. Cf. Cantor, Vol. 11(1), p 724 
That is, a cubic equation. 

« • ^ombres rompues,” the “numeri fracti” of the medieval Latin writers and 

English^wrfter^ ans ‘ The expression “broken numbers’" was^fteTuTed 
That is, transform the equation into one having integral coefficients. 
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tains surds, change them as far as possible into rational numbers, either 
by multiplication or by one of several other methods easy enough to 
find. Second, by examining in order all the factors of the last term, 
determine whether the left member of the equation is divisible 1 * 12 * by a 
binomial consisting of the unknown quantity plus or minus any one of 
these factors. If it is, the problem is plane, that is, it can be constructed 
by means of the ruler and compasses; for either the known quantity 
of the binomial is the required root 12181 or else, having divided the left 
member of the equation by the binomial, the quotient is of the second 
degree, and from this quotient the root can be found as explained in 
the first book. 18141 

Given, for example, y 6 —8y 4 —124y 2 —64 = 0. 12181 The last term, 64, 
is divisible by 1, 2, 4, 8, 16, 32, and 64; therefore we must find whether 
the left member is divisible by y 2 —1, y 2 +l, y 2 —2, y 2 +2, y 2 —4, and 
so on. We shall find that it is divisible by y 2 —16 as follows: 

+ y 8 - 8y 4 - 124y 2 - 64 = 0 
— y® — 8y 4 — 4y 2 

o - 16y* - USf ~ 16 
^16” - 16 
+ y*+ 8?*+ 4 = 0 

Beginning with the last term, I divide —64 by —16 which gives +4; 
write this in the quotient; multiply +4 by +y 2 which gives +4y 2 and 

12123 “Qui divise toute la somme.” 

12181 That is, the root that satisfies the conditions of the problem. 

12141 See page 13. 

[21BJ Descartes considers this equation as a function of y z . 
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tiplication, quc par dhiers autres moyens, qui font alfds 
faciles a trouuer. Puis examinant par ordre toutes les 
quantitds , qui peuuentdiuifer fans fradion le dernier 
terme.il fautvoir,fi quelqu’vne d’elles, iointe auec la 
quantite inconnue par le ligne -f- ou~, peut compofer 
vn binome, qui diuifc toute lafomme ; & fi cela eft le 
Problefme eft plan , c’eft a dire il peut eftrc conftruit 
auec la reigle & de compas • Car oubien la quantity 
connuedecebinofmecftla racine chercbe'e } oubien 
i’Equation eftant diuife'e par luy, fe reduift a deux di- 
menfions, en forte qu’on en peut trouuer aprc'sla racine, 
par ce qui a eft e' dit au premier liure. 

Par exempted on a 
y * — %y * — xz^ 1 " dij .30 a. 

le dernier terme, qui eft £4, peut eftre diuife' Ians fra¬ 
ction par 1, 2, 4,8,1 <f, 32, & C’eft pourquoy il faut 
examiner par ordre fi cete Equation ne peut point 
eftre diuife’e par quelqu'vn des binomes, yy — 1 on 
yy -1* *>yy --* ou^ -h * t yy ~ 4 &c.&on trouue qu’et- 
le peut l’eftre paryy — 1 6 , en cete forte. 

■+■ y e -~ %y*—xz4yy '-64. 200 

- 1 y 6 - 2y 4 ~ +yy ... 

— 1 4 

o — I 6 y*—izSyy 

_i1 6 

•+■ y*-+-iyy -+-4 so®/' 
le commence par le dernier terme, & diuife - <4 par J* 

** ce qui fait I 4, quei e icri s dans le quotient, puis vncEqm- 
ie mulriplie + 4 par -hyy.ce qui fait -t- 4yy i c’eft pour-3,” 
quoyi’cfcris—4^en lafomme, qu’il faut diuifor.car il y me <!“« 

p l 1 C * cornice & 

B o 0 $ four racinc. 
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tauttoufiours efcrire le figne H- oa — tour contraire a 
celuy que produift la multiplication.& ioignant— ti+yy 
auec — 4 yy, iay — i z 8 yy, que ie diuife derechef par - \ 6 , 
& iay -h 8 yy, pour mettre dans le quotient & en Ie mul- 
tiplianc par yy&y — iy + , pour ioindre auec Ieterme qu’il 
faut diuifer, qui eft aufly — $y*, 8 c ces deux enfemble 
font — 1 6 y 4 ,queie diuife par — 1 6, cequi fait -hi y* 
pour fe quotient. Sc — iy e pour ioindre auec ~t'iy*, ce- 
qui fair o, 8 c monftre que ladiuilion eft achcuee. Mais 
s'il eftoit reftd quelque quantitd, oubien qa’on n’euft pu 
diuifer fans fra&ion quelqu’vn des termes precedens, on 
euft par la reconnu,quelIe ne pouuoit eftre faite. 

— /I * 

Toutdemefmefion ay 4 * ( \yy- oo o. 

le dernier terme fe pent diuifer fans fra<ftion par 
a , aa, aa ■+* cc,a' -h act, & femblables. Mais il n’y en a 
que deux qu’on ait befbin de conliderer, a fijauoir aa Sc 
aa -+*cr, carles autresdonnant plus ou moins de dimen- 
fions dans le quotient, qu’il n’y en aen la quantity con- 
nue du penultiefme terme, empefcheroient que la diui- 
fionnes’y piiftfaire. Etnotes, queieneconte icy les 
dimenfions A‘y 6 , que pour trois, acaufequ’il ny a point 
d‘y *, ny d’_y», ny d’^ en toute la fomrne. Or en exami¬ 
nant le bindme jry — aa *~-cc so o,oa trouue que la diuiiion 
fe peut faire par luy en cete forte. 

.*aa 

■+7 ..tcj** e 'yy~ i ** ce 

_ i i $*ee —a* cc — aa--cc 

^ — MCC --M-- CC 

+y'V.? t yy%«cc *>*• ce- 
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write in the dividend (for the opposite sign from that obtained by the 
multiplication must always be used). Adding —124y 2 and —4y 2 I 
have — 128y 2 . Dividing this by —16 I have +8y 2 in the quotient, and 
multiplying by y 2 I have —8y 4 to be added to the corresponding term, 
—8y 4 , in the dividend. This gives — 16y 4 which divided by —16 yields 
+y 4 in the quotient and —y® to be added to -|-y® which gives zero, and 
shows that the division is finished. 

If, however, there is a remainder, or if any modified term is not 
exactly divisible by 16, then it is clear that the binomial is not a 
divisor. 1 ” -1 

Similarly, given 

y*+ a 2 ly* — a*ly 2 — a® 1 
-2 c 2 \ +c*\ — 2a 4 c 2 f = 0, 

— a 2 c 4 J 


the last term is divisible by a, a 2 , a 2 +c 2 , a 8 +ac 2 , and so on, but only 
two of these need be considered, namely a 2 and a 2 -|-c 2 . The others give 
a term in the quotient of lower or higher degree than the known quan¬ 
tity of the next to the last term, and thus render the division impos¬ 
sible. 1 ” 71 Note that I am here considering y® as of the third degree, 
since there are no terms in y®, y 8 , or y. Trying the binomial 


y 2 — a 2 — c 2 = 0 

we find that the division can be performed as follows: 

l — a 4 


r =0 


4~ y* ■+■ a 2 I 4 — I 2 — ^ 

_/_ 2 c*r+c* \ y -2d 
0 - 2 * 2 ) 4—« 4 I 2 

+ *\ y -aV\y 
- a 2-<2 _ a 2_^ 


« 

2cf<? 
ale 4 


- a*-c 2 


+ y* 


± 2a s\y* + ai 


+ aV 


}=°’ 


11 This is evidently a modified form of our modern “synthetic division,” the 
basis of our “Remainder Theorem,” and of Horner's Method of solving numerical 
equations, a method known to the Chinese in the thirteenth century. See Cantor, 
Vol. H(l), pp. 279 and 287. See also Smith and Mikami, History of Japanese 
Mathematics , Chicago, 1914; Smith, I, 273. 

[m] This is not a general rule. 
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This shows that a z -\-c 2 is the required root, which can easily be proved 
by multiplication. 

But when no binomial divisor of the proposed equation can be found, 
it is certain that the problem depending upon it is solid/* 181 and it is then 
as great a mistake to try to construct it by using only circles and straight 
lines as it is to use the conic sections to construct a problem requiring 
only circles; for any evidence of ignorance may be termed a mistake. 

Again, given an equation in which the unknown quantity has four 
dimensions. 1 * 191 After removing any surds or fractions, see if a binomial 
having one term a factor of the last term of the expression will divide 
the left member. If such a binomial can be found, either the known 
quantity of the binomial is the required root, or, 18201 after the division is 
performed, the resulting equation, which is of only three dimensions, 
must be treated in the same way. If no such binomial can be found, 
we must increase or diminish the roots so as to remove the second term, 
in the way already explained, and then reduce it to another of the third 
degree, in the following manner: Instead of 

x 4 h b px 2 ± QX ± T = 0 

write 

y* ± 2 py 4 + (p 2 ±4 r)y 2 -q 2 = 0} m] 

[»8] Th at j s> it involves a conic or some higher curve. 

181,1 A biquadratic equation. 

[»»] “Either, or,” as in the original. It is like saying that the root of x 2 —a 2 =0 
is either x = a or x = —a. 

[221] Descartes wrote substantially “Instead of 

+ x 4 *.pxx.qx.r x 0 

write 

+ y 6 . 2py 4 +(pp- 4r)yy-~qq x 0.” 

The symbolism is characteristic of Descartes. 
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Ce qui monftref que la racine cherche'e 
Et la preuue en eft ay ( 6 e a faire par la multiplication. 

Mais lorfqu on ne trouue aucun bindme, qui puifle^QS'k 
ainfidiuifertoutelafomme de I’Equation propofee, ilmes font 
eft certain que le Problefme qui en depend eft folide. Et 
ce n’eft pas vne moindre faute apres cela, de tafcher a le l’Equ*- 
conftruire fans y employer que des cercles Sc des lignes ”®jj[ 
droites, que ceferoitd employer des fe&ions coniques 
a conftruire ceux aufquels on n’a befoin que dc cercles. 
car enfin tout ce qui tefmoigne quclqae ignorance s’ap- 
pele faute. 

Que fi on a vne Equation dont la quantite inconnue u redu . 
ait quatre dimenfions, il faut enmefme fagon, apres en afon <fcs 
auoir ofte'les nombres fours, & rompus, s’ilyen a, voirfi cions qui 
onpourratrouuer quelque bindme, qui diuife toute la ° r ° l ^ ua " 
fomme.enlecompofantdervnedes quantitds, qui di- mcfions, 
uifent fans fra&ion le dernier terme. Et fi on en trouue 
vn, oubien ia quantite'connue de ce bindme eft la racine me eft 

cherchee } on dumoins apres cetediuifion, ilne refte enP 1 *®*^ 
TEquation, que trois dimenfions , enfuitedequoyil ceux qui 
faut derechef 1’examiner en la mefine forte. Mais lorf- loh " 
qu’ilnefe trouue point de tel bind me , il faut en au- 
gmentant, oudimiuuantlavaleurde Ia racine, ofterle 
fecond terme de la fomme , eu Iafa§on tantoftcxpli- 
qud*. Etaprdslareduire a vne autre , qui ne contie- 
ne que trois dimenfions. Cequi fe fait en cete forte. 

Au lieudeH-*:e 4 * .pxx . qx . r oo 0, 
il faut eferire -+- y*‘ipy **£j!yy — qq so 0. 

Et pout les fignes -H ou — que iay omis, s’il y a 

en 
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eu 4-p en laprecedenteEquation, il faut mettre en c el- 
lecyH- 2 />,ous’ilyaeu -p, ilfaut mettre-- 2 p. & au 
contraire s’il y a eu 4- r, il faut mettre —4 r, ou s'il y a eu 
- r, ilfaut mettre 4- 4 r. &foitqu'il y ait eu 4- q , ou 
-- y, il faut toufiours mettre — qq, & 4- pp. au moins fi 
onfuppofe que x*, Scy 6 font marques du Agues 4-, 
car ce feroit tout le contraire fi on y fuppoloit le fi- 


gne —. 

Parexemplefion a-f- x + *~^xx— 8 x ~h 30 0 

ilfautefcrirecnfbnlieuy 4 -- 8y ‘ — 124/^—<54000. car 
la quantitc que iay, nommde p eftant—4, il faut mettre 
-.%y*po[iTipy*> Sc celle, que iay nommee r eftant 37, 
il faut mettre *“ 0 yy , c'eft a dire - n^yy , au lieu de 
yy. & enfin q eftant 8, il faut mettre - 64, pour - qq. 
Toutdemcfmc au lieu de 4 - x 4 * --17 xx — 20 x— cx>o, 
il faut efcrire - 4 -y 6 - 34^ 4 *+• 3 * 5 yy 4 °o 30 0. 

Car *4 eft double de 17, & 313 en eft le quarrd ioint au 
quadruple detf,& 400 eft lequarrdde 20. 

Tout de meftne aufly au lieu de 




y 6 


*$« Af* 
— 1 SC 


7 


4 

t£ C + 


-- a* 

yy -za+cc 3>o. 

JJ -- aac * 


Carp eft 4-1 act - cc. Sc pp, eft | a 4 - aacc 4- c 4 , Sc 4 r 
eft — | * 4- Sc enfin -- qq eft— a s — 2 4 . 

Aprds que l'Equation eft ainfi reduite a trois dimen- 
fions, il faut chercber la valeur dyy par la methode defia 
expliqueej Et ficelle nc peut cftre trouuc'e, on n’a point 

befoin 


182 




THIRD BOOK 


For the ambiguous 1 ** 21 sign put +2 p in the second expression if +p 
occurs in the first; but if — p occurs in the first, write —2 p in the sec¬ 
ond ; and on the contrary, put —4 r if +r, and +4 r if —r occurs; but 
whether the first expression contains ~\-q or — q we always write — q 2 
and +/> 2 in the second, provided that x 4 and y 9 have the sign + ; other¬ 
wise, we write -| -q 2 and — p 2 . For example, given 


*4 _ 4* 2 - Sx + 35 =* 0 

replace it by 

y Q — 8y 4 — 124y 2 — 64 = 0. 

For since p = —4, we replace 2 py* by — 8y 4 ; and since r = 35, we 
replace (p 2 — 4r)y 2 by (16—140)y 2 or —124y 2 ; and since q = 8, we 
replace — q 2 by —64. 

Similarly, instead of 

x* — \7x 2 — 20* — 6 = 0 

we must write 

y 9 - 34y 4 + 313y 2 -400 = 0, 

for 34 is twice 17, and 313 is the square of 17 increased by four times 6, 
and 400 is the square of 20. 

In the same way, instead of 

-f — — W = 0, 

we must write 

y 6 + ( a 2 — 2<^)y 4 + (c 4 — a 4 )y 2 — cP — 2« 4 r 2 — aV = 0; 
for 

P ~ i? = "j" « 4 — + c 4 y 4r = — a 4 -}- 

And, finally, 

_ q * = - a« - 2a 4 c 2 - a 2 c\ 

When the equation has been reduced to three dimensions, the value 
of y 2 is found by the method already explained. If this cannot be 
12221 Descartes wrote “pour les signes + ou — que j’ai omis.” 
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done it is useless to pursue the question further, for it follows inevit¬ 
ably that the problem is solid. If, however, the value of y 2 can be 
found, we can by means of it separate the preceding equation into two 
others, each of the second degree, whose roots will be the same as 
those of the original equation. Instead of + x 4 ± px 2 ± qx ± r = 0, 
write the two equations 


+ x*-yx+\y*±\p±f y =0 
+ x 2 + yx + y 2 ± y/ ± =0 ‘ 


For the ambiguous signs write + —p in each new equation, when p 


has a positive sign, and — —~p when p has a negative sign, but write 

-f- ~r when we have —yx, and — ~ when we have + yx, provided q has 
2 y 2 y 

a positive sign, and the opposite when q has a negative sign. It is then 
easy to determine all the roots of the proposed equation, and conse¬ 
quently to construct the problem of which it contains the solution, by 
the exclusive use of circles and straight lines. For example, writing 
y 6 — 34 y 4 + 313y 2 — 400 = 0 instead of * 4 — 17* 2 — 20* — 6 = 0 we 
find that y 2 = 16; then, instead of the original equation 
+ x 4 — 17 x 2 — 20x — 6 = 0 

write the two equations + x 2 — Ax — 3 = 0 and +jr 2 +4;tr + 2 = 0. 
For, y - 4, ~y 2 = 8, p = 17, q = 20, and therefore 


+ ^ 2 “ 


and 


— = —3 
2 y 


. 1 2 1 . , ? , 9 
+ T y T p + fy = +2 ‘ 
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befoin de pafler outre ; car il fuit de ft infalliblement, 
que le problefme eft folide. Mais fi on la trouue , on 
peut diuiier par fon moyen la precedente Equation en 
deux autres, enchafcune defquelles la quantite incon- 
nuen aura que deuxdimenfions, Sc dontles racines fe- 
ront les mefmes que les fleues. A fgauoir, an lieu de 
-+~x**.pxx.qx. rsoo, 
il faut efcrire ces deux autres 

-hxx-yx-hiyy.\p.\ y coo,Sc 

-t-xx-\-yx-\-±yy .'ip. q ~ too. 

Et pour les fignes -f- & que iay omis, s’ilya-b p en 
l’Equation precedente, il faut mettre +* i p en chafcune 
de celles cy ; Sc- jp, s’il y a en 1’autre - p. i ais il faut 

mettre -J-~ ; enceIleoiUlya~y# ; & — ^*, encelle oftil 
ya-+-jx, lorfqu’ily a H- yen la premiere. Et an con- 
traire s'U ya— q ,ilfaut mettre — ^, en celle. ou il y a 

q 

-y x- 8c ~f~ ~,en celle odily a ~hy x. En fuite dequoy 
il eft ayfd de connoiftretoutes les racines de l'Equation 
propofde, & par confequent de conftruire le problefme, 
dontellecontientlafolution, fans y employer que des 
cercles, &deslignes droites. 

Par exemplea caufc que faifant 
y b ~" 34 y + -*~3 i 3yy- 400300,pour 
x*~ lyxx— lox— 6CO0, on trouue que^y e ft 16, on- 
doii au lieu de cete Equation 

-t-x* *—17 XX.-20X —tox •• 6 ao o, dcrireces deux 

Ccc autres 
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autres-t-AW-*4#~3 so o. Et -f- ## -H 4 # -I- 2 so 0. 
caty e&^^yy dti,p e& 17, & ^ eft 10, de fa§onque 

~^kyy " ■* 7> *“ 3 » & *+■ \yy -jp •+■[/*** 2 * Et 

tirantlesracines decesdeux Equations, ontrouuetou- 
tesles mefraes, quefionles tiroitdecelle oil eft x*, a 
f§auoir on en trouue vne vraye‘, qui eft V 7 ■+■ z,& trois 
faufles, quifont '/y—2,t-h Y1, &2- Y'x. 
Aiufiayantx 4 -- 4 xx -- 8 a?-h ij- oo o,pourcequelaracine 
dey‘ - iy 4 ~ I * 4 jy •+* 64 so 0, eft derechef i5, il faut 
eferire 


XX —4 * H- j » xx 4 - 4 A? - 4 - 7 30 *. 

Car icy 4 - jyy - — —fait ;•, & 4- i yy .. I p q-L 
faity. Et pourcequ’on ne trouue aucune racine, ny 
vraye,nyfauflc,encesdeux dernieres Equations , on 

connoiftdelk que les quatre de l'Equation dont elles 
precedent font imaginairesj & que le Probiefme, pour 
lequelonl’a trouude, eft plan de fa nature ; mais qu’il 
ne f§auroit en aucune fa§oneffreconftruit,acaufcque 
lesquantitds donne'esne peuuentfeioindre. 

Tout de rnefine ayant 


,-Yiaa 


J^—accf^ — i-aaec 30 °* 


pourcequ’on trouue aa -+- cc pour yy, il faut eferire 
%L — i f aa-hcc \-h\aa - \a Vaa-f~cc x>o, & , 
V aa-hcc V ~aa-h ccJOo. 


Car y eft Vaa H- cc, Sc-h^yy -h ~ J> eft£ aa, & ^ 

eft \a M-hcc* D’o& onconnoift que la valeurde £ 

eft 
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Obtaining the roots of these two equations, we get the same results as 
if we had obtained the roots of the equation containing x 4 , namely, one 

true root, V 7 + 2, and three false ones, — 2, 2 4- V~2~, and 2 — V 2. 
Again, given x 4 —4x 2 —8jt-|- 35 = 0, we have y 6 —8y 4 —124^— 64 = 0, 
and since the root of the latter equation is 16, we must write 
x 2 — 4x-\-5 = 0 and x 2 +4x-\~7 = 0. For in this case, 


and 



Now these two equations have no roots either true or false, 1 *” 1 whence 
we know that the four roots of the original equation are imaginary; 
and that the problem whose solution depends upon this equation is 
plane, but that its construction is impossible, because the given quanti¬ 
ties cannot be united. 14841 

Similarly, given 

z 4 + (^Y a2 ~ + at 2 ) z +^a 4 — -^a 2 c z = Q, 

since we have found y 2 = a 2 -f- c 2 , we must write 


z 2 — V a 2 + c*z + -|-a 2 —Va 2 -j-^ 2 =0, 

and 

2 ?+ ^a 2 + c*z 4- -|-a 2 4“ V0 2 4- c 2 =0. 


rwli ^at i s J all its roots are imaginary. 

That is, the given quantities cannot be taken together in the same problem. 
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For y - V<z 2 + c 2 and + y}' 2 + * p = -|-a 2 , and ^ = y « VoH^ 2 , then 
we have 

*=y V^T 7+ y j-±- a *+±<*+±a^+? 

or 

* = y + ^ “aJ - y « 2 + y v + y a 

Now we already have z + ~a = x y and therefore the quantity in 
the search for which we have performed all these operations, is 

+ Y a + VT“ 2 + T^ _ Vi^—l a 2 + i“ Vaa+ ^ 

To emphasize the value of this rule, I shall apply it to a problem. 
Given the square AD and the line BN, to prolong the side AC to E, so 
that EF, laid off from E on EB, shall be equal to NB. 

Pappus showed that if BD is produced to G, so that DG = DN, and 
a circle is described on BG as diameter, the required point E will be 
the intersection of the straight line AC (produced) with the circum¬ 
ference of this circle . 12261 

Those not familiar with this construction would not be likely to dis¬ 
cover it, and if they applied the method suggested here they would 
never think of taking DG for the unknown quantity rather than CF 
or FD, since either of these would much more easily lead to an equa- 

tS28] Pappus Lib. VII, Prop. 72, Vol. II, p. 783. The following is in substance 
the proof given by Pappus. He first gives an elaborate proof of the following 
lemma: Given a square ABCD, and E a point in AC produced, EG perpendicular 
to BE at E, meeting BD produced in G, and F the point of intersection of BE and 
CD. Then CD 2 -f- FE 2 = DG. 2 Then he proceeds as follows: By the construe 
tion given in the problem, DN 2 =BD 2 -b BN 2 . By the lemma, DG 2 =CD 2 -j-FE 2 . 
By construction, BD = CD and DG = DN. Therefore, FE = BN. 
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aa-t-cc-h V — y cc 4 - \a Yaa -i- cc* 

oubieu 5 f aa 4- cc — Y.. cc 4- ~aY aa^-cc. 

Et pourceque nous auions fait cy deffus ^ 4 - \aoox, 
nous apprenons que la quantity x, pour la connoifTancc 
de laquelle nous auons fait tbutes ces operations, eft 

-I- 5 a4- Y + \aa 4- \ a Y aa 4- cc. 



Maisaffid qu’on puiffe mieux connoiftre l’vtilite de j *{“£ 1e e 
cetereigle il fautqueiel’appliqueaquelq; ProbIefine.de ccsie- 
Si le quarrd A D, & la ligne B N eftant donne's, il fant d “ a ‘ ons ’ 
prolonger le cofte A C iufques a E, en forte qu'EF.tiree 
d’EversB, foit efgale a NB. On apprent de Pappus, 
qu’ayatit premierement prolonge' B D iufques il G , en 
forte que D G foit efgale kDN,&ayant defcrit vn cer- 
cledont le diametre foit BG, fi on prolonge la ligne 
droiteAC,ellerencontreralacirconference de cecer- 
cle au point E, qu’on demandoit. Maispour ceux qui ne 
f§auroiet point cete coftru&ion elle feroit alfos difficile 
& rencotrer,& en la cherchat par la methode icy propo¬ 
se, ils ne s’auiferoiet iaraais de predre D G pour la qua* 
titdinconnue, maisplutoft CF, ou FD, acaufeque ce 

Ccc 2 font 
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font elles qui conduifent le plus ayfement a I'Equatio: & 
lors ils en trouueroiet vne qui ne leroit pas facile a deme- 
fler,fanslareigleque ie viens d’expliquer. Carpofant* 
pour BDouCD, 6 ff pour E F, Sc x pou r D F, on a C F 
SOa~x,8c come C F ou a ~*,eft 4F E ou c, ainfi F D ou .v, 

eft a B F,qui par confequent eft ~~ x . Puis acaufe du tri¬ 
angle redtangle B D F, dont les coftes font l’vn ar&t’au- 
tre a, leurs quarres/qui font xx~}~ a a-, fontefgaux ace- 

luy de labaze,- qui eft ~ ,de fa§on que multi- 

pliantle tout par xx-zax~i-aa t on trouue que 1’E- 
quation eft x 4 — 2 ax 5 H~ z aaxx --za'x-i-a^socc xx, 

oubien x*~zax 1 xx— 1 a ’x-ha * so ®. Et on 

connoift par les reigles precedentes,que la racine, qui 
eft la longeur de laligne DF ) e(t’ I « H- Y\aa+iee 

jce—\aa~\~\a Vaa-b cc. 

Que li on polbit B F, ou C E » ou B E pour la quantity 
mconnue, on viendroit derechefi vne Equation, en la- 
quelledy auroir 4 dimenfions, mais qui leroit plus ayfde 
a ddinefler. Sc ony viendroit affes ayfement ; au lieu que 
lic’eftoitDGqu’onfiippofaft, on viendroit beaucoup 
plus difficilementa {’Equation, mais auffyelle leroit tres 
limple. Cequeiemets icy pour vous auertir, que lorf- 
que Ie Problelme propofe n’eft point folide, li en Ie cher- 
chant par vn chemin on vient a vne Equation fort com. 
pofee.onpeut ordinairement venir a vne plus limple, en 
Ie cherchant par vn autre. 

Iepourrois encore aioufter dioerfes reigles pour dd- 
mefler les Equations, qui vont auCnbe, ou au Quarre 

de 
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tion. They would thus get an equation which could not easily be solved 
without the rule which I have just explained. 

For, putting a for BD or CD, c for EF and x for DF, we have 
CF = a — x } and, since CF is to FE as FD is to BF, we have 

a—x: c =x : BF, 

whence BF = - cx . Now, in the right triangle BDF whose sides are 
a—x 

x and a, x 2 -\-a 2 , the sum of their squares, is equal to the square of the 
c 2 x 2 

hypotenuse, which is x 2_2ax-\-a 2 Multiplying both sides by 


x 2 —2ax+a 2 

we get the equation, 

x 4 —2ax s ^2a 2 x 2 —2a 3 x-j-a 4 = c 2 x 2 , 
or 

x 4 -2ax 3 +(2a 2 -c 2 )x 2 -2a 3 x+a 4 — 0, 


and by the preceding rule we know that its root, which is the length of 
the line DF, is 

Y a + yJ~l < * s + y c * ~ \ ft - <*- Y a * + T a ^ a3 + fS - 

If, on the other hand, we consider BF, CE, or BE as the unknown 
quantity, we obtain an equation of the fourth degree, but much easier 
to solve, and quite simply obtained. 12 ” 1 

Again, if DG were used, the equation would be much more difficult 
to obtain, but its solution would be very simple. I state this simply to 
warn you that, when the proposed problem is not solid, if one method 
of attack yields a very complicated equation a much simpler one can 
usually be found by some other method. 

i** 1 Taking BF as the unknown quantity, the resulting equation is 
x 4 + 2c: r 3 + ( c 2 — 2a 2 ): r 2 — 2a?cx — a 2 c 2 = 0. 

Rabuel, p. 487. 
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I might add several different rules for the solution of cubic and 
biquadratic equations but they would be superfluous, since the con¬ 
struction of any plane problem can be found by means of those already 
given. 

I could also add rules for equations of the fifth, sixth, and higher 
degrees, but I prefer to consider them all together and to state the 
following general rule: 

First, try to put the given equation into the form of an equation 
of the same degree obtained by multiplying together two others, each 
of a lower degree. If, after all possible ways of doing this have been 
tried, none has been sucessful, then it is certain that the given equation 
cannot be reduced to a simpler one; and, consequently, if it is of the 
third or fourth degree, the problem depending upon it is solid; if of 
the fifth or sixth, the problem is one degree more complex, and so 
on. I have also omitted here the demonstration of most of my state¬ 
ments, because they seem to me so easy that if you take the trouble 
to examine them systematically the demonstrations will present them¬ 
selves to you and it will be of much more value to you to learn them 
in that way than by reading them. 
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dequarre', mais ellesferoientftiperflucs; car lorfque les 
Problefmcs font plans, on en peut toufiours tronuer la 


conftrudtion par celles cy. 

Ie ponrrois aulfy en adioufter d autres pour les Equa- Regie 
tions qui montent iufques an furlolide, ou au Quarrd de ®'“*”** 
cube, ou au deli, mais i’ayme mieux les comprendre duiteles 
toutesen vne, & dire en general, que lorfquon atafche''nu^paf- $ 
de les reduire a mefme forme, que celles d’autantdc di* 
menfions,quivieuent dela multiplication de deux au- quatre. 
tres qui en ont moins, & qu’ayant ddnombrd tous les 


moyens, par lefquels cete multiplication eft poffible, la 
chofe n’a pfi fucceder par aucun, on doit s’afliirer qu’el- 
Iesnefgauroient eftrereduites a de pluslimples. En for¬ 


te que li la quantitd inconnue a 3 on 4 dimenlions,le Pro- 


blefme pour lequel on lacherche eft folide,- & li elle en a 
5 ,on 6 ,il eft d’vn degrd plus compofe ; & ainfi des autres. 

Aurefte i’ay omis icy les demonftrations de la plus 
part de ce que iay dit a caufe qu’elles m’ont fembld fi fa- 
ciles, que pourvuque vous preniesla peine d’examiner 
methodiquemcnt li iay failly.elles le prelenteront a vous 
d’elles mefme: & il fera plus vtile de les apprendre en ce¬ 
te fa§on, qu’en les lilant. 

Or quand on eft allure, que le Problelme propofe eft ne^e 5 '" 
folide, foit que 1 ’Equation par laquelle on lc cherche p° ur con- 
monte auquarre'dequarre, foit qu elle ne monte que topics- 
iufques au cube, on peut toufiours en trouuer la racine P Iob 
par l’vne des trois fedtions coniques, laquelle que ce foit de'tr'e- 
ou mefme par quelque partie del’vne d’elles, tant petite duits E a ' 
qu’elle pnifle eftrej en ne fe leruat au relte que de lignes q U aiio de 
droites,&de cercles. Mais ie me contenteray icy de ttois °j t _ 

Ccc 3 donnermeodons. 
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donner vne reigle generalepouiles troauer toates par le 
moyend’vne Parabole, a caufc qu’clle eft en quclque fa- 
$on la plus fimple. 

Premierement ilfaac ofter le fecond terme de l'Equa- 
tion propofde, s’il n’eft defia nul, & ainli la reduire 4 tel- 
ieforme, ^ 5 so *. ap a aq, ft la quantite' inconnue n’a 
que trois dimenfions'j oubien atelle, » *. ap%{- aaq 
a > r,fi elie en a quatrejoubien en prenaut a pour lVnitd, 
k telle, si 5 »p q, & * telle 

<n-- 

?' --* 

T- - 

r*-• 



AprcS 
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Now, when it is clear that the proposed problem is solid, whether 
the equation upon which its solution depends is of the fourth degree or 
only of the third, its roots can always be found by any one of the three 
conic sections, or even by some part of one of them, however small, 
together with only circles and straight lines. I shall content myself 
with giving here a general rule for finding them all by means of a para¬ 
bola, since that is in some respects the simplest of these curves. 

First, remove the second term of the proposed equation, if this is not 
already zero, thus reducing it to the form z 3 = ±apz±a-q , if the given 
equation is of the third degree, or z 4 = ± apz 2 ±a~qz d=d : r, if it is of the 
fourth degree. By choosing a as the unit, the former may be written 
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-2T* — ±pz±q and the latter z A — ±ps 2 ±qzztr. Suppose that the para¬ 
bola FAG (pages 194-198) is already described; let ACDKL be 
its axis, a, or 1 which equals 2AC, its latus rectum (C being within the 
parabola), and A its vertex. Lay off CD equal to ip so that the points 
D and A lie on the same side of C if the equation contains +p and on 
opposite sides if it contains — p . Then at the point D (or, if p =0, at 
C), erect DE perpendicular to CD, so that DE is equal to i q , 
and about E as center with AE as radius describe the circle FG, if the 
given equation is a cubic, that is, if r is zero. 


196 




Livre TROlSIESME, 19 X 

Aprcs cela fnppofant que la Parabole F A G eft defia 
defcrite, Sc que Ton aiflieu eft A C D KL, & que fon co- 
fte'droit eft a, ou i,dont A Ceftlamoitid’, &enfin que 
le point C eft au dedans de cete Parabole, & que A en eft: 
lefommet; II fautfaireC D30~p, &Iaprendredu met 
me coftd, qu’eft le point A au regard du point C, s’il y a 
-j- p en l’Equationj mais s'il y a— p il faut la prendre de 
1’autre cofte. Et du point D, oubien, ft la quancitd 



p eftoitnulle.du point Cil faut efleuer vne ligne a an¬ 
gles droitsinfquesaE, en forte quelle foit efgale ajj. 
EtenfinducentreEilfautdefcrire le cercle FG, done 

le 
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Ic demidiametre foie 
AE , fi 1'Equation 
n’eftquecubique, en 
forte que la quanti- 
te'r fbit nulle. Mais 
quand il y a -h r il 
faut dans cete ligne 
A E prolonged, pren¬ 
dre d vn cofte A 11 
efgale it r, & de lautre 
AS efgale au cofte 
droit de la Parabole 


quiefc r, &ayantde- 
ferit vn cercle dont le diametre foit R S, il faut faire A H 



perpediculaire fur 
A E, laquelle A H 
rencontre ce cer¬ 
cle R H S au point 
H,qui eft celuy par 
od I’autre cercle 
FHG doit paffer. 
Et quand ily a — r 
il faut aprds auoir 
ainfi trouue la ligne 
A H, inferire A I t 
qui luy fbit efgale, 
dans vn autre cer¬ 
cle, dont A E fbit 
le diametre. Sc lors 
c'eftparle point I, 


que 
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If the equation contains + r, on one side of AE produced, lay off 
AR equal to r, and on the other side lay off AS equal to the latus 
rectum of the parabola, that is, to 1, and describe a circle on RS as 
diameter. Then if AH is drawn perpendicular to AE it will meet the 
circle RHS in the point H, through which the other circle FHG must 
pass. 

If the equation contains — r, construct a circle upon AE as 
diameter and in it inscribe AI, a line equal to AH ; [227] then the first 
circle must pass through the point I. 

[aw] That is, draw a chord equal to AH. 
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Now the circle FG can cut or touch the parabola in 1, 2, 3, or 4 
points; and if perpendiculars are drawn from these points upon the 
axis they will represent all the roots of the equation, both true and 
false. If the quantity q is positive the true roots will be those perpen¬ 
diculars, such as FL, on the same side of the parabola, as E, 12281 the 
center of the circle; while the others, as GK, will be the false roots. 
On the other hand, if q is negative, the true roots will be those on the 
opposite side, and the false or negative roots [22B1 will be those on the 
same side as E, the center of the circle. If the circle neither cuts noi 
touches the parabola at any point, it is an indication that the equation 
has neither a true nor a false root, but that all the roots are imagi¬ 
nary. 12801 

This rule is evidently as general and complete as could possibly be 
desired. Its demonstration is also very easy. If the line GK thus con¬ 
structed be represented by z , then AK is z 2 , since by the nature of the 
parabola, GK is the mean proportional between AK and the latus rec¬ 
tum, which is 1. Then if AC or 4, and CD or be subtracted from 
AK, the remainder is DK or EM, which is equal to z 2 — J of which 
the square is 

z*-pz*-2-+ \p l + 2 p + 


And since DE — KM = q, the whole line GM = z+-^- q , and the square 
of GM equals z L +qz+ Adding these two squares we have 

z i -ps‘+qz+ \<?+ j/’ +\fi+\ 


12881 That is, on the same side of the axis of the parabola. 

12291 “Les fausses ou moindres que rien.” This is the first time Descartes has 
directly used this synonym. 

12801 It may be noted that Descartes considers the cubic as a quartic having zero 
as one of its roots. Therefore, the circle always cuts the parabola at the vertex. 
It must then cut it in another point, since the cubic must have one real root. It 
may or may not cut it in two other points. It may cut it in two coincident points 
at the vertex, in which case the equation reduces to a quadratic. 
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que doit pafler FIG le premier cercle cherche. Or ce 
cercle F G peuc coupper, ou toucher la Parabole eni, 
ou 2 , ou 3 , ou 4 poins, defquels tirant des perpendiculai- 
resfurlaiflieu, onatouteslesracinesde l’Equation tant 
vrayes, que faufles. A f§auoir fi la quantite'^ eft marqueb 
dufigne 4-, lesvrayes ratines ferontcelles de cesper- 
pendiculaires, qui fe trouueront du mefme cofte' dela 
parabole, que E le centre du cercle, comme F L ; & les 
autres, comme G K, feront faufles: Mais au contraire II 
cete quantite' q eft marquee du figne — les vrayes feront 
cellesdel’autrecoftd; & les faufles, ou moindres que 
rien feront ducofteou eft Ele centre du cercle. Eten- 
fin fi ce cercle ne ccuppe,ny ne touche la Parabole en au- 
cun point, cela tefmoigne qu’il n'y aaucuneracineny 
vraye ny faufle en l’Equation , & qu’elles fbnttoutes 
imaginaires. En forte que cete reigle eft la plus genera- 
le, & la plus accomplie qu’il foit poflxble de fou- 
haiter. 

Etlademonftration eneft fort ayfe’e. Car fi la ligne 
GK,trouudeparcete confirmation, fenomrae AK 
fera a caufe dela Parabole , en laquelle GK doit 
eftre rnoyene proportionelIe,entre A K, & le coftedroit 
qui eft i. puis fide AKi’ofte A C, qui eft j,&CD qui 
eft il refte D K, ou E M, qui eft l> dont le 

quarre' eft 

+ & a caufe que D E, ou 

KMeft 4 ( 7 ,latouteGMeft^H- 4 y, dont lequarrdeft 
q J qq, &aflemblant ces deux quarrds, on a 

D d d pour 
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pourlequarre'delaligneG E, acaufequ'elle eft la baze 
do triangle re&angle E M G. 

Maisacaufe que cete mefme ligne GE eft le demi- 
diametre du cercle F G, elle le peat encore expliquer en 
d’autrestermes,afgauoirE D efta nc £q, & AD eftant 

3^+5>EAeft V y %q 4 -jPp-i-ip + i acaufedeTan¬ 
gle droit A D E, puis H A eftant moyene proportionelle 
entre A S qui eft i & A R qui eft r,elle eft V r. & k cau¬ 
fe de Tangle droit E AH, le quarredeH E, on E G eft 
iM~*~\PP ~*~iP “** 4 + ri fibienqne il y a Equation 

entre 
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for the square of GE, since GE is the hypotenuse of the right triangle 
EMG. 

But GE is the radius of the circle FG and can therefore be expressed 
in another way. For since ED = J q , and AD = | p-\- J, and ADE is 
a right angle, we have 

ea =V!? 2 +|/+t>+ t 

Then, since HA is the mean proportional between AS or 1 and AR or r, 
HA= V r\ and since EAH is a right angle, the square of HE or of EG is 

~ ? 2 + ~2 P + 1" + r > 

and we can form an equation from this expression and the one already 
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obtained. This equation will be of the form z* = pz 2 -qz-\-r, and there¬ 
fore the line GK, or z, is the root of this equation, which was to be 
proved. If you will apply this method in all the other cases, with the 
proper changes of sign, you will be convinced of its usefulness, without 
my writing anything further about it. 

Let us apply it to the problem of finding two mean proportionals 
between the lines a and q. It is evident that if we represent one of the 

z 2 2 2 2 3 

mean proportionals by z, then a: z=z : — = Thus we have an 

a a a 


equation between q and namely, z 3 —a 2 q. 


Describe the parabola FAG with its axis along AC, and with 
AC equal to a, that is, to half the latus rectum. Then erect CE 
equal to £ q and perpendicular to AC at C, and describe the circle AF 



Livre Troisiesme. i9 * 

entre cete fomme & la precedente. cequi eft le mefine 
qne % 4 cd q\-\rr.8c par confequent la Iigne trou- 

uee GK qui a eftd nommce ^eft la racine dc cete Equa¬ 
tion. ainli qu’il falloit demonftrer. Et fi vous appliquds 
ce mefme calcul a tous les autres cas de cete reigle, en 
changeant les fignes -h & — felon l'occafion , vous y 
trouuere's voftre conte en mefme forte,fans qu’il foit be- 
tfoinque iem’y arefte. 



Si on veut done fuiuant cete reigle trouuer deux mo- 
yennesproportionelles entre les lignes a 8c q-, chafcun 
f§ait que pofant ^ pour l'vne , comme a eft & ^ , ainli 

i ^ j de fa$on qu’il y a Equation entre q & 
e’eft a dire, so* *aaq.Etla Parabole FAG ellant yencspr°- 

portio- 

Ddd a de- nellcs. 
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defcrite, auec la partic de fon aiflieu A C, qui eft 4 a la 
moitie'du cofte droit ; il faut du point C efleuer la per- 
pendiculaire C E eigale a 5 q } &du centre E , par A, de- 
fcriuantlecercle AF,ontrouue F L , &LA, pour Ies 
deux moyennes cherchees. 



Tout de mefme fi on veut diuifer Tangle NOP, ou- 
dcdfuife bienl’arc, ou portion de cercle N QT P, en trois par- 
vn angle t j es e fgales ; faifant NOdi, pour le rayon du cercle, & 
_n trois. ^ p so pour la fubtendue de l’arc donne, Sc N Q so 
pour la fubtendue du tiers de cet arc j TEquation 
vient, 

ao *3 q. Car ayant tird Ies Iignes N Q., O Q, 
O T;& faifant QS parallele a T O, on voit que comme 
NOeftaNQ^ainfiNQaqRj&QRaRSj enforte 

que 
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about E as center, passing through A. Then FL and LA are the 
required mean proportionals. 12811 

Again, let it be required to divide the angle NOP, or rather, 
the circular arc NQTP, into three equal parts. Let NO = 1 be 
the radius of the circle, NP = q be the chord subtending the given arc, 
and NQ=s be the chord subtending one-third of that arc; then the 
equation is z 3 = 3 z —q. For, drawing NQ, OQ and OT, and drawing 
QS parallel to TO, it is obvious that NO is to NQ as NQ is to QR as 
QR is to RS. Since NO = 1 and NQ = z t then QR = z- and RS = z 3 ; 
and since NP or q lacks only RS or z 3 of being three times NQ or z, we 
have q = 3z—z 3 or z 3 = 3z—q. lsat} 

Describe the parabola FAG so that CA, one-half its latus rectum, 

1 3 1 

shall be equal to-jp take CD= -^and the perpendicular DE- — q; 

then describe the circle FA^G about E as center, passing through A. 
This circle cuts the parabola in three points, F, g, and G, besides the 
vertex, A. This shows that the given equation has three roots, namely, 
the two true roots, GK and gk, and one false root, FL. 1 * 8 * 1 The smaller 

i*«j This may be shown as follows: Draw FM X to EC; let FL =z. From 
the nature of the parabola, FL s =a . AL; AL=^; EC S +CA S =EA’; EM’+FM* 

=EF 5 ; EA^ J + EM 5 =(EC - FL) 2 = (i FM*=CL*= (AL-AC) 2 

- (~~ f )’i Et‘-£-,' + t+£-e+ j. Bat EF-EA. 

whence s* = a 2 q. 

i®*] /NOQ is measured by arc NQ; 

ZQNS is measured by i arc QP or arc NQ; 

ZSQR=ZQOT is measured by arc QT or NQ; 
.\ZOQN=ZNQR=ZQSR. 

.‘.NO : NQ = NQ : QR = QR : RS. 

QR = r 2 ; RS — s*. Let OT cut NP at M. 

NP = 2NR + MR = 2NQ + MR 
= 2NQ + MS— RS 
= 2NQ + QT — RS 
= 3NQ —RS. 

Or q = 32 — js 3 . 

Rabuel. p. 534. 

l ®"* G and g being on the opposite side of the axis from E, and F being on the 
same side. 
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of the two roots, gk , must be taken as the length of the required line 
NQ, for the other root, GK, is equal to NV, the chord subtended by 
one-third the arc VNP, [so4] which, together with the arc NQP consti¬ 
tutes the circle; and the false root, FL, is equal to the sum of QN and 
NV, as may easily be shown. t23B] 

It is unnecessary for me to give other examples here, for all prob¬ 
lems that are only solid can be reduced to such forms as not to require 
this rule for their construction except when they involve the finding 
of two mean proportionals or the trisection of an angle. This will be 
obvious if it is noted that the most difficult of these problems can be' 

12841 p or proo f j see Rabuel, page 535. 



[23B1 Let AB = b ; EB " MR = mk = NL = c ; AK = t ; Ak = s ; AL = r; 
KG=y; kg=z, FL=zv. Then + gm~z+c, FN=z^— c, GK 2 =a .AK, 

at—y 2 , t— —,gp = a . Ak , as = z 2 , s = —, FL 2 = a . AL, ar — v 2 , r~ —, 
a * a' ’ a 

ME = AB — AK=£ — y2 
a 

»E= i - — EN= V * - 6 EG 4 - EM 2 + MG 2 

a a 


E A 2 = AB 2 -J- BE 2 

EG 2 = i 2 - 2 -f + £ +f + 2 cy + c‘ 

2ab = v>+2a '-c+a*y 2o6= | 

y I 

y 3 + 2 a 2 c-\~a 2 y _ z 3 + 2a 2 c + a 2 z 


z 3 +2a 2 c~ha 2 z 


2a, 2 c = z 2 y + zy 2 

Similarly, 

2a 2 c — v 2 y — vy 2 

z 2 y + zy 2 = v 2 y — vy 2 v 2 — z 2 = vy + zy 

v — z — y v = y + z FL = KG + ^- 

Rabuel, p. 540. 
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que N O eftant i,&N Qeftant QReft % &R S eft 

Et acaufe qu’il s’enfaut feulement R S, ou \ *, que la 
ligne N P, qui eft q, ne foit triple de N Qj qui eft ou 
kq so 3 ^ > oubien, 

VX>*3*L~q- 

Puis la Parabole FAG eftant defcrite, & C A la moi* 
tie"defoncofte'droitprincipaleftantj, lion prent CD 
301, & la perpendiculaire D E oo i q t & que du centre E, 
par A, on defcriue Ie cercle F A g G, ilcouppe cete Pa¬ 
rabole aux troispoins F, g, & G, Ians corner le point A 
qui en eft le (bmmet. Ce qui mouftre qu’il y a rrois raci- 
nes en cete Equation, k fgauoir les deux G K, Scg qui 
font vrayes; & la troifielme qui eft faufle, d f§auoir F L. 
Etdeces deux vrayes c’eftg^ la'plus petite qu’il faut 
prendre pour la ligne N Q qui eftoit cherche'e. Car Pau- 
treGK, eft elgale d N V, lafubtendue de la troiliefme 
partie de I’arc NVP, qui auec i’autre arc N QJ? acheue 
le cercle. Et la faufle F L eft elgale aces deuxenfomble 
QN & N V, ainfi qu’il eft ayfo a voir par le calcnl. 

Ilferoitfuperflus queiem’areftafleadonner icyd’au- Que tons 
tres exemples- car tons les Problefmes qui ne font que bicfaev 
folides fe peuuent reduirc a tel point,qu’on n a aucun be- foli< ! es fe 
foin de cete reigle pour les conftruire,linon entant qn’el- reduirea 
le fert atrouner deux moyennes proportionelIes,oubien ”*„{[*“* 
adiuifer vn angle en trois partiesefgales. Ainfi que yous tions. 
connoiftres en confiderant, que leurs difliculte's peuuent 
toufiours eftre comprifes en des Equations, qui ne mon- 
tent que iufque au quarrd de quarrd, ou au cube : Etque 
toutes celles qui montent au quarrd de quarrd, fe redui- 
font au quarre' par le moyen de quelques autres, qui ne 

D d d 3 montent 
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montent que infques au cube: Et enfin qu’oh peut ofter 
lc fecond terme de celles cy. Eu forte qu’il n’y en a point 
qui ne fe puifle reduire a quelq ; vne de ces trois formes. 

q- 

V*>*-*-p*b~ q> 

Or fi on a ^ ’ 30 ^ la reigle dont Cardan at- 

tribue l’inuention avn nommd'Scipio Ferreus, nousap- 
prenc que la racine eft, 

qq + bp' ■* V + V\qq+bp> 

Comme aufly lorfqu’on a^’oo ^~i~p^~i~q, fic que le 
quarrdde la moitie'du dernier terme eft plus grand que 
le Cube dn tiers de la quantity connue du penultiefme, 
vne pareille reigle nou s apprent que la racine eft, 

C. V'zqq-yp* + ^ C - Y\qq--&p' 

D'ou il paroift qu’on peut conftruire tous les Problef- 
mes,dontIesdijficultesfereduilent al’vne de ces deux 
formes, Ians auoir befoin des fedtions coniques pour au¬ 
tre chofe, que pour tirer les racines cubiques de quel- 
ques quantity donnees, c’eft a dire, pour trouuer deux 
moyennes proportionelles entre ces quantites & l’vnite. 

Puisiiona^'ao *~hp ^-h-q t 5c que le quarrt: de la 
moitid du dernier terme nefoit point plus grand que le 
cube du tiers de la quantitdconnuedu penultiefme, en 
fuppofant le cercle NQP V,dont le demidiam etre N O 
foit Vjp, c’eft a dire la moyenne proportionelle entre 
le tiers de la quantity donne'e p fic I’vnite'j fic fuppofent 

aufly la ligne N P iufcrite dans ce cercle qui foit y 

c’eft 
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expressed by equations of the third or fourth degree; that all equa¬ 
tions of the fourth degree can be reduced to quadratic equations by 
means of other equations not exceeding the third degree; and finally, 
that the second terms of these equations can be removed; so that every 
such equation can be reduced to one of the following forms: 

z 3 = —pz+q z 3 = -\-pz-\-q z 3 = -\-pz—q 

Now, if we have z r 3 = — pz-\-q, the rule, attributed by Cardan 12 ** 1 to one 
Scipio Ferreus, gives us the root 

Similarly, when we have z 3 = -hpz-j-q where the square of half the 
last term is greater than the cube of one-third the coefficient of the 
next to the last term, the corresponding rule gives us the root 

It is now clear that all problems of which the equations can be 
reduced to either of these two forms can be constructed without the 
use of the conic sections except to extract the cube roots of certain 
known quantities, which process is equivalent to finding two mean pro¬ 
portionals between such a quantity and unity. Again, if we have 
z s = -\-pz-\-q, where the square of half the last term is not greater 
than the cube of one-third the coefficient of the next to the last term, 

describe the circle NQPV with radius NO equal to that is to 

the mean proportional between unity and one-third the known quantity 

p. Then take NP = ^, that is, such that NP is to q, the other known 

P 

l * 6] Cardan; Liber X, Cap. XI, fol. 29: “Scipio Ferreus Bononiensis iam annis 
ab hinc triginta ferme capitulum hoc inuenit, tradidit uero Anthonio Mariae Flor- 
ido Veneto, qui cu in certamen cu Nicolao Tartalea Brixellense aliquando uenisset, 
occasionem dedit, ut Nocolaus inuenerit & ipse, qui cum nobis rogantibus tradidis- 
ser, suppressa demonstratione, freti hoc auxilio, demonstrationem quaeliuimus, 
eamque in modos, quod diffcillimum fuit, redactam sic subjecimus.” 

See also Cantor, Vol. II (1), p. 444; Smith, Vol. II, p. 462. 

[a87} Descartes wrote this: 

V C - +1 ? + Vt + 27 >3 + V c -1 ?+Vt w 
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quantity, as 1 is to y/, and inscribe NP in the circle. Divide each of 

the two arcs NQP and NVP into three equal parts, and the required 
root is the sum of NQ, the chord subtending one-third the first arc, and 
NV, the chord subtending one-third of the second arc. 12381 

Finally, suppose that we have s 3 = pz—q. Construct the circle NQPV 

whose radius NO is equal to^/~-/, and let NP, equal toy, be in¬ 
scribed in this circle; then NQ, the chord of one-third the arc NQP, 
will be the first of the required roots, and NV, the chord of one-third 
the other arc, will be the second. 

An exception must be made in the case in which the square of half 
the last term is greater than the cube of one-third the coefficient of the 
next to the last term ; [23#] for then the line NP cannot be inscribed in 
the circle, since it is longer than the diameter. In this case, the two 

[238j jj. ma y k e no ted that the equation z 3 — 3z — q may be obtained from the 
equation s 3 = 35 + q by transforming the latter into an equation whose roots have 
the opposite signs. Then the true roots of z 3 = 3sr — q are the false roots of 
5 3 — Ss + q and vice-versa. Therefore FL = NQ + NP is now the true root. 

[ 239 ] *pj ie so _ ca iied irreducible case. 
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59 » 



c’efta dire qui ioit k l’autre quantity donnde q comme 
IVnite eft aa tiers de p- y il ne faut que diuifer chafcun des 
deux arcs NQP&NVPen trois parties eigales, & on 
aura N Q, la fubtendue dutiers de l'vn, & N V la fub- 
tendue du tiers de lautre, qui iointes enfemble compo- 
feront laracine cherchce. 

Enfinfiona ao *p q , en fuppolant derechef le 
cercle N QP V, dont le rayon N O foie if j p,Sc I’iufcri- 
te NPfoit Y , NQja fubtendue du tiers de fare NQPfe- 

ra l’vne des racines chcrchdes, Sc NV la fubtendue du 
tiersdel'autrearcferalautre. Anmoinsfi Icquarrd de 
lamoitic du dernier terme, n’eft point plus grand, que le 
cube du tiers de la quantitc connue du penultieftne. car 
s’ll eftoit plus grand,la Iigne N P ne pourroit eftre inferi. 
te dans le cercle , a caufe quelle feroit plus longue que 
fon diametre: Ce qui feroit caufe que lesdeux vrayes ra¬ 
cines 
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cines deceteEquation neferoient qu’imaginaires , & 
qu’il ny en auroit de reelles que lafaufle, qui fuiuant la 
reigle dc Cardan feroit, ^ __ 

^ -+- V C h " *'Jqq~£'- 

J p c ?“ Au refte il eft a remarquer que cete fa§on d’exprimer 
mcrla va- la valeur desracines par lerapport qu’elles ont aux co- 
wutctles ftds de certains cubes dontil ny a’quele contenu qu'on 
racincs connoifle, n'eft en rien plus intelligible, ny plus Ample, 

qultioni que deles exprimer par le rapport qu’elles ont aux fu fa¬ 
st entire tendues de certains arcs, ouportionsde cercles , dont 
dcToutcs le triple eft donne'. En forte que toutes celles des Equa- 
nemo2- Ui tions cubiques qui ne peuuent eftre exprimdes par les 
tent que re jgi e s de Cardan, le peuuent eftre autant ou plus claire- 
quatrVde ment par la fa$on icy propofee. 

quatt *‘ Car fi par example, on penfe connoiftre la racine de 

ceteEquation, K+P- a caufe t l uon f ? ait 

qu’elleeft corapofe'e de deux lignes. dont l’vne eft le 
coftdd’vn cube, duqnelle contenu eft \ q, adiouftd au 
cofte'd vn quarrd , duquel derechef le contenu eft 
S aq- Etl’autre eft le coftc'd'vn autre cube, dont 

le contenu eft la difference,qui eftentrelf, &Iecofte 
de ce quarrddont le contenu eft \ qq ~ £ f> >, qui eft tout 
ce qu’on enapprent par la reigle de Cardan.il ny apoint 
de doute qu’on ne connoifle autant ou plus diftiudte- 
ment la racine de celle cy, 3° * *+* q — p > en ^ a coufi- 
derantinferite dans vn cerde, dont le demidiametre eft 

V f Jl&c f§achant qu’ellc y eft la fubtendue d’vn arc 

dont le triple a pour fafubtendue j. Mefine ces ter* 

xnes 
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roots that were true are merely imaginary, and the only real root is the 
one previously false, which according to Cardan's rule is 


Furthermore it should be remarked that this method of expressing the 
roots by means of the relations which they bear to the sides of certain 
cubes whose contents only are known 1 ** 01 is in no respect clearer or 
simpler than the method of expressing them by means of the relations 
which they bear to the chords of certain arcs (or portions of circles), 
when arcs three times as long are known. And the roots of the cubic 
equations which cannot be solved by Cardan's method can be expressed 
as clearly as any others, or more clearly than the others, by the method 
given here. 

For example, grant that we may consider a root of the equation 
z* — — qz-\~P known, because we know that it is the sum of two lines 

of which one is the side of a cube whose volume is q increased by the 


side of a square whose area is ~ q 2 - ~ and the other is the side of 
another cube whose volume is the difference between q and the side 


of a square whose area is 



2^ /?• This is as much knowledge of 


the roots as is furnished by Cardan's method. There is no doubt that 
the value of the root of the equation z 8 =— -\-qz—p is quite as well 
known and as clearly conceived when it is considered as the length of a 


chord inscribed in a circle of radius 



and subtending an arc that 


is one-third the arc subtended by a chord of length 

10401 Descartes here makes use of the geometrical conception of finding the cube 
root of a given quantity. 
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Indeed, these terms are much less complicated than the others, and 
they might be made even more concise by the use of some particular 
symbol to express such chords / 2411 just as the symbol il 12481 is used to 
represent the side of a cube. 

By methods similar to those already explained, we can express the 
roots of any biquadratic equation, and there seems to me nothing fur- 
ther to be desired in the matter; for by their very nature these roots 
cannot be expressed in simpler terms, nor can they be determined by 
any constuction that is at the same time easier and more general. 

It is true that I have not yet stated my grounds for daring to declare 
a thing possible or impossible, but if it is remembered that in the method 
I use all problems which present themselves to geometers reduce to a 
single type, namely, to the question of finding the values of the roots 
of an equation, it will be clear that a list can be made of all the ways of 
finding the roots, and that it will then be easy to prove our method the 
simplest and most general. Solid problems in particular cannot, as I 
have already said, be constructed without the use of a curve more com¬ 
plex than the circle. This follows at once from the fact that they all 
reduce to two constructions, namely, to one in which two mean pro- 

[a41] This is another indication of the tendency of Descartes’s age toward sym¬ 
bolism. This suggestion was never adopted. 

12421 In Descartes’s notation, j/C. 
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mes font beaucoup moins embaraffes que les autres, Sc 
iUretrouoerontbeaucoupplascoursfi onveut vfer de 
quelqae chiffre particular pour exprimer ces fubten- 
dues, ainii qu’on fait duchiffre Y C» pour exprimer le 
coft^des cubes. 

Eton peut aufly cnfuitedececyexprimcr les radnes 
de toutes les Equations qui montent iufques au quarrc 
de quarre, par les reigles cy deffus expliquees. En forte 
queie ne f$ache rien de plus a ddirer en cete matiere. 

Car enfin la nature de ces radnes ne permet pas qu’on 
les exprimeentermes plus fimples, ny qu’on les deter¬ 
mine par aucune conftru&ion qui foit enfemble plus ge¬ 
nerate Sc plus facile. 

II eft vray que ie nay pas encore dit fur quelles raifons Pour- 
ie me fonde, pour ofer ainfi aflurer, fi vne chofe eft poffi- p“obiif* 
ble, ou nel’eftpas. Mais fi on prent garde comment, par mes foli ' 
lamethode dont iemefers, tout ce qui tombe lous lapcuuenc 
confideration des Geometres, le reduift a vn mefme *^ oa ‘ 
genre de Problefmes, qui eft de chercker la valeur des iknTsfc- 
racines de quelqueEquation ; on iugera bien qu’iln’eft a ‘ ons 
pas malayfc'de faire vn ddiombrement de toutes les VO- ny ceux 
yesparlefquelles on les peut trouuer, qui foit fuffifant 
pourdemonftrerqu’ona choifi la plus geoerale, & la plus pofcsCms 
firaple. Et particulierement pour cequi eft des Problef- SeT li¬ 
mes lolides, que lay dit ne pouuoireftre conftruis, Ians 8 nes p' us 
qu'on y employe’quelque Iigne plus compose que la f e ° e T P °' 
circulaire, c’eft chofe qu’on peut aUHs trouuer, de ce 
qu’ilsfereduifenttous a deux conftru&ions j en I’vne 
defquelles ilfautauoir tout enfemble les deux poins,qui 
determines deux moyenes proportionelles entre deux 

Eee lignes 
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Iignes donnees, & en l’autre Ies deux poins, qui diuifent 
en trois parties efgales vn arc donnd: Car d’autant que k 
courbure du cerde ne depend, que d'vn Ample rapport 
de toutes fes parties, au point qui en eft le centre on ne 
peut aufly s'en feruir qu a determiner vn feul point entre 
deux extremes,commeatrouner vne moyenne propor- 
tionelle entre deux Iignes droitcs donnees, ou diuifer en 
deux vn arc donne: Au lieu que la courbure des fe&ions 
coniques, dependant toufloursde deux diuerfes chofes, 
peut aufly feruir a determiner deux poins differens. 

Mais pour cete mefme railbnil eft impoflible, qu au- 
cundesProblefmesqui font d’vn degrd plus compofe's 
que lesIblides, & qui prefuppofent I’inuention de quatre 
moyennes proportionelles,ou la diuifion d’vn angle en 
cinq parties efgales, puifleut eftre conftruits paraucune 
des fedions coniques. C'eft pourquoy ie croyray faire en 
cecy tout le mieux qui fe puifle,A ie donne vne reigle ge¬ 
nerate pour les conftruire, en y employant la ligne cour- 
be qui fe deferit par I’interfedlio d’vne Parabole & d’vne 
ligne droiteen la fa§oncydeflusexpKqude. car i'ofe at 
furer qu’ilnyen a point de plus Ample en la nature, qui 
puifle feruir ace mefme effe&j & vous auetvfl comme 
elle fuit immediatement les fecftions coniques, en cete 
queftion tant cherchde par les anciens, dont laloliftion 
eufeigne par ordre toutes les Iignes coutbes, qui doiuent 
Pacoaj, eftre receues en Geometrie. 

neraie Vousfcaues deflacomment, lorfqu’on cherche les 
ftmirc quantitds qui font requiles pour la conftrudion dc ces 
probief P r °ble/mes., on les peut toufiours reduire a quelque E- 
mcs rc- quation,qui ne monte que iufques au quatre de cube ou 

duits a * 

au 
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portionals are to be found between two given lines, and one in which 
two points are to be found which divide a given arc into three equal 
parts. Inasmuch as the curvature of a circle depends only upon a sim¬ 
ple relation between the center and all points on the circumference, the 
circle can only be used to determine a single point between two 
extremes, as, for example, to find one mean proportional between two 
given lines or to bisect a given arc; while, on the other hand, since 
the curvature of the conic sections always depends upon two different 
things , 18 " 1 it can be used to determine two different points. 

For a similar reason, it is impossible that any problem of degree more 
complex than the solid, involving the finding of four mean proportion¬ 
als or the division of an angle into five equal parts, can be constructed 
by the use of one of the conic sections. 

I therefore believe that I shall have accomplished all that is possible 
when I have given a general rule for constructing problems by means 
of the curve described by the intersection of a parabola and a straight 
line, as previously explained ; 12441 for I am convinced that there is noth¬ 
ing of a simpler nature that will serve this purpose. You have seen, 
too, that this curve directly follows the conic sections in that question 
to which the ancients devoted so much attention, and whose solution 
presents in order all the curves that should be received into geometry. 

Iatt] As, for example, the distance of any point from the two foci. Descartes 
does not say “all points on the circumference,” but “toutes ses parties.” 

12441 See page 84. 
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When quantities required for the construction of these problems are 
to be found, you already know how an equation can always be formed 
that is of no higher degree than the fifth or sixth. You also know how 
by increasing the roots of this equation we can make them all true, and 
at the same time have the coefficient of the third term greater than the 
square of half that of the second term. Also, if it is not higher than 
the fifth degree it can always be changed into an equation of the sixth 
degree in which every term is present. 

Now to overcome all these difficulties by means of a single rule, I 
shall consider all these directions applied and the equation thereby 
reduced to the form: 

/— py*+qy 4 —ry*+sy 2 —ty+u = 0 
in which q is greater than the square of J />. 
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aufurfolide. Puis vousf^au^aufly comment, enaug- vneEqa*. 
mentant la vaieur des racines de cete Equation, on pent ti , on ! oi 
toufioursfairequ’ellesdeuienenttoutesvrayes ; 3cauec piusd'e' 
celaquelaquatitdconnuedutroifiefme terme ioitplus 
grande que le quarre dc la moitid de celle du fecond:Et 
enfin comment, li elle ne monte que iufquesau furfoli- 
de, on la peuc haulier iufques au quarre'de cube } 3c fai- 
fe que la place d’aucun deles termesne manque d’eftre 
remplie. Or affin que toutes les difficult^, dont il eft 
icy queftion, puiflent eftre refolues par vne mefine rei- 
gle, ie defire qu'onface toutes ces chofes, 8c par ce 
moyen qu’on les reduife toufiours a vne Equation de 
telle forme, 

y‘-py'+qy**-ry * H- syy -- ty -+* vtto, 

3c en laquelle la quantity nommee q foit plus grande 
quele quarre de la moitidde celle qui eft nommde p. 


Eec a 


Puis 
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Pais ayant fait a 
ligne B K indefi- 
niement longue 
des deux coft<& 5 
Sc du point B 
ayant tird la per- 
pendiculaire A B, 
dontla longueur 
foic'i/>jtl fautdans 
vnplanfepard de- 
forire vnc Para- 
bole , com me C 
D F dont !e coftd 
droit principalfoit 

• 

queie nommeray 
n pour abreger. 
Aprds cela il faut 
pofer le plan dans 
lequel eft cete Parabole fur celuy ou font Ies lignes AB & 
B K, en forte que fon aiffieu D E fe rencontre iuftement 
au deflus de la ligne droite B K: Et ayant pris la par- 
tie dc cet aiffieu, qui eft entre les poins E & D, efgale & 

X ~ > ilfaut appliqner fur ce point E vne longue reigle, 

en telle fa$on qu’eftantaufly appliquee fur le point A 
du plan de deflous ,elle demeure toufiours iointe a ces 
deux poins, pendant qu'onhaufleraou baiflera la Para¬ 
bole 
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Produce BK indefinitely in both directions, and at B draw 
AB perpendicular to BK and equal to \ p. In a separate plane 1 *" 1 
describe the parabola CDF whose principal parameter is 

Vvv +9 ~ 

which we shall represent by n. 

Now place the plane containing the parabola on that containing the 
lines AB and BK, in such a way that the axis DE of the parabola falls 

along the line BK. Take a point E such that DE — —and place a 

pn * 

ruler so as to connect this point E and the point A of the lower plane. 
Hold the ruler so that it always connects these points, and slide the 
parabola up or down, keeping its axis always along BK. Then the 

[ml This does not mean in a fixed plane intersecting the first, but, for exam¬ 
ple, on another piece of paper. 
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point C, the intersection of the parabola and the ruler, will describe 
the curve ACN, which is to be used in the construction of the proposed 
problem. 

Having thus described the curve, take a point L in the line BK on the 

2 

concave side of the parabola, and such that BL = DE=* ——; then lay 

pn 


off on BK, toward B, LH equal to an ^ ^ rom H draw HI 

perpendicular to LH and on the same side as the curve ACN. Take 
HI equal to 


r , V#~ , pt 
2* 2 » 2 4 nUu 


which we may, for the sake of brevity, set equal to Join L and I, and 

n 

describe the circle LPI on LI as diameter; then inscribe in this circle 

the line LP equal to \ Finally, describe the circle PCN about 

* n 

I as center and passing through P. This circle will cut or touch the 
curve ACN in as many points as the equation has roots; and hence the 
perpendiculars CG, NR, QO, and so on, dropped from these points 
upon BK, will be the required roots. This rule never fails nor does it 
admit of any exceptions. 

For if the quantity s were so large in proportion to the others, p f q , 
r, t, a, that the line LP was greater than the diameter of the circle 
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bole tout te long de la ligne B K , fur laquelle Ion aiflieu 
eft applique au moyen dequoy l’interfedtion de cete Pa- 
rabole, & de cete reigle, qui fe fera au point C , defcrira 
la ligne courbe A C N, qui eft celle dont nous auons be- 
loinde nous feruir pour la conftru&ion du Problefme 
propofd. Carapresqu’elleeftainfi defcrite, fi on prent 
le point L en la ligne B K,du cofte' vers lequel eft tournd 
le iom met de la Parabole, Sc qu’on face B L efgale a D 

1 Vv 

E,c’eft£direk fn : Puis du point L , versB , qu’on 
prene en la tnefine ligue BK , la ligne LH, efgale & 
ZZvZi &quedu point H ainfi trouue', on tire k angles 
droits, du coftd qu’eft la courbe A C N, la ligne H I, 
dont la longeur foit £;-+* J-+- ~- v> qui pour abreger 

fera nommde Et aprds, ayant ioint les poins L & I, 

qu’on defcriue le cercle L PI, dont IL fbit le diametre } 
& qu’on infcriueen ce cercle la ligne LP dont la lon¬ 
geur fbit ■ Puis enfin du centre I, par le point P 

ainfi trouud, qu’on defcriue le cercle PC N. Cc cercle 
couppera ou touchera la ligne courbe A C N, en autanr 
de poins qu’il y aura de racines en l’Equation .• En forte 
que les perpendiculaires tirdes de ces poins fur la ligne 
B K, comme CG.NR, QjO, & femblables, feront les 
racines cherchees. Sans qu'il y ait aucune exception ny 
aucundeffauten cete reigle. Car fi la quantity,/ cftoic 
fi grande, k proportion des autresjfr, q, r, t, Sc v, que la li¬ 
gne L P fo trouuaft plus grande que le diametre du cer- 

E e e 3 cle 
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de IL, en forte qu’elle n’y puft eftre iufcritejlnyauroit 
aucune racine en 1'Equation propofee qui_ne fuft imagi¬ 
nable: Non pJus que fi le cercle IP eftoit fi petit, qu’il ne 
coupaft la courbe A C N en aucun point. Et il la pent 
couper en fix differens , ainfi qu’il peut y auoir fix 
diuerfes racines en I’Equation. Mais lorfqu’il la coupe 
en moins, cela tefinoigne qu’il y a qncloues vnes de 
ces racines qui font efgalesentre elles , oubienquine 
font qu’imaginaires. 



Que 
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LI, 1 * 4 * 1 so that LP could not be inscribed in it, every root of the pro¬ 
posed equation would be imaginary; and the same would be true if the 
circle IP 12471 were so small that it did not cut the curve ACN at any 
point. The circle IP will in general cut the curve ACN in six differ¬ 
ent points, so that the equation can have six distinct roots. [3481 But if 
it cuts it in fewer points, this indicates that some of the roots are equal 
or else imaginary. 

I84el That is, the circle IPL, of which the diameter is t, page 222. 

12471 That is, the circle PCN. 

[W81 The points determining these roots must be points of intersection of the 
circle with the main branch of the curve obtained, that is, of the branch ACN. 
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If, however, this method of tracing the curve ACN by the transla¬ 
tion of a parabola seems to you awkward, there are many other ways 
of describing it. We might take AB and BL as before (page 226), and 
BK equal to the latus rectum of the parabola, and describe the semi¬ 
circle KST with its center in BK and cutting AB in some point S. 
Then from the point T where it ends, take TV toward K equal to BL 
and join S and V. Draw AC through A parallel to SV, and draw SC 
through S parallel to BK; then C, the intersection of AC and SC will 
be one point of the required curve. In this way we can find as many 
points of the curve as may be desired. 
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Quefi la'fagon de tracer la ligne A C N par le mouue- 
ment d'vne Parabole vous femble incommode, il eft ay- 
fede trouuer plulieurs autres moyens pour la defcrire. 
Commefiayantlesmefmes quantity's que deuant pour 
A B &B L } & la mefme pour B K,qu’onauoit pofce pour 
le coftydroit principal de la Parabole ; on deferit le derai- 
cercle KS T dont le centre foitpris a difcretion dans la 
ligne B K, en forte qu'il couppe quelq ; part la ligne A B, 
comme au point S, & que du point T, du il finift,on pre- 
ne vers K la ligne T V, efgale &BLj puis ayant tird la li¬ 
gne S V, qu’on en tire vne autre, qui luy foit parallele, 
par le point A, comme A Cj & qu’on en tire aufly vne 
autre par S.qui foit parallele aBK, comme S C ; le point 
C,ou ces deux paralleles fe rencontrent,fera 1’vn de cenx 
de la ligne courbe cherchde. Et on en peut trouuer, en 
mefme forte,autaut d’autres qu’on en delire. 


Or 
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Or la dcmooftration de tout cecy eft aflVs facile, cat 
appliquant lareigle A E auec la Parabole ED far le point 
C; comme il eft certain qu'elles peuuent y eftre appli- 
quees enfemble , puifque ce point C eftcn lacourbe 
A C N,qui eft defcrite par Ieur interfedtion • ft C G fe 

nommey, G Dlera , a cavrfe que le coltedroit, qui 
eft w,eft k C G.comme C G a G D.& oftant DE,, qui eft 

V ii J 

~^-,de GD,onij— -^j-,pourGE. Puis k caufe que 

A B eft a BE, comme 
CGeftaGE j AB 
eftant j p , B E eft 

3 T *y__ X* 

zn ny' 

v Et tout de mefme 
en iuppofant que le 
r point C de la courbe k 
v efte'trouud par l'inter- 
fedtio des Iignes droi- 
tes, SC parallele k B 
K, & AC parallele a 
SV. SBquieftefgale 
B k CG, efty : & BK 
eftant efgale au coft^ 
droit de la Parabole, 
que iay nommd n , B 

Teftf. car comme 

KBeftaBS, ainfiBS 
eft a B T. Et T V 
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The demonstration of all this is very simple. Place the ruler AE 
and the parabola FD so that both pass through the point C. This can 
always be done, since C lies on the curve ACN which is described by 
the intersection of the parabola and the ruler. If we let CG — y, GD 
will equal —, since the latus rectum n is to CG as CG is to GD. Then 


DE = 


z 2 
n 

2 


y‘ 2 Vw" 


, and subtracting DE from GD we have GE = — — 
pn n pn 


Since AB is to BE as CG is to GE, and AB is equal to J p , therefore 

BE = ^ — . Now let C be a point on the curve generated 

2 n ny 

by the intersection of the line SC, which is parallel to BK, and 
AC, which is parallel to SV. Let SB == CG = y, and BK = », the 

V 2 

latus rectum of the parabola. Then BT — for KB is to BS as BS is 

n 
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to BT, and since TV = BL = ^ we have BV = — — - Also SB 

pn n pn 

is to BV as AB is to BE, whence BE as before. It is evi- 

2 n ny 

dent, therefore, that one and the same curve is described by these two 
methods. 


Furthermore, BL = DE, and therefore DL = BE; also LH ■=» 


and 


DL= ^_i“ 

2 n ny 


t 

2 B Vtt 


therefore DH = LH+DL = ^ 

2 n 

y* 

Also, since GD= —, 


V£ i _ 

ny " r 2 n^lu 


GH = DH - GD = - — + — J= - ~ 

2n ny ln \ u n 


which may be written 


GH = 


-y>+fVV 


ny 


and the square of GH is equal to 


y*-fiy*+ (j/ 2 - -j=)y *+( 2 2 ^k) y3+ (h -* ^y~‘y+« 

n 2 f 

Whatever point of the curve is taken as C, whether toward N or 
toward Q, it will always be possible to express the square of the seg¬ 
ment of BH between the point H and the foot of the perpendicular 
from C to BH in these same terms connected by these same signs. 
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cftant la mefme que BL , c’eft a dire —^ , BV eft 
Sc comme SB eft a BV, ainfiAB eftkBE, qui 

p y Vv 

eft par confequent - comme deuant,d‘oft on voit 

que c’eft vne mefme ligne courbe qui fe deferit en ces 
deux fa§ons. 

Aprds cela,pourceque B L & D E lone efgales, D L Sc 
B E le font anfty: dc fa$on qu’adiouftat L H, qui eft — 
ADL, quieft^—.^, on ft la toute DH , qui eft 
- V, ■+■ ^ J & en oftant G D , qui eft ~ 
on k GH, qui eft ~ ~ " Ceque i’efcris 

par ordre en cete forte G H so ~y' *+• ±pyy -+- ^ V ~Y~v> 

„ y ““ 

Et Ie quarrd de G H eft, 

y‘-py'~ v ]y l ~P « v \yy- *y+ v 

_ t y^, 5 4P '~5 _ 


Et en quelque autre endroit de cete ligne courbe qu'on 
veuille imagtner le point C, comme vers N, ou vers Q» 
ontrouueratoufiours que le quarrd de lk ligne droite, 
qui eft entre le point H Seceluy oft tombe laperpendicu- 
lairedu point C fur BH, peut eftreexprimeen ces mef- 
mes termes, Sc auec les mefmes fignes 

De plus IH cftant Sc L H eftant I L eft 


*+■ caufe de l’angle droit IH Lj & LP eftat 

Fff Y' 
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» . m i 

Again, IH=^, LH = 2w , whence 

TT _ /SFT ^ 

1 


since the angle IHL is a right angle; and since 


,pAjl 
,+ «* 


and the angle IPL is a right angle, 


Im* , i 

IC = IP = ^ W 4 ^ n 2 u rt 


t 1 _ j _ p V # 


Now draw CM perpendicular to IH, and 


IM = HI—HM = HI —CG= ~\—y; 

n 

whence the square of IM is m . — H-j' 2 . 

tr n 
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Taking this from the square of IC there remains the square of CM, or 

? J , 2 my 2 

4 n*u f? r? + « 2 

and this is equal to the square of GH, previously found. This may be 
written 

— wV 4 -f 2 my 3 —p 'fuy*—sy*+~: y 1 . 

4# 

n 2 y 2 

Now, putting 

-^y'+qy 

for » 2 y 4 , and 

ry 3 +2 V ~uy 3 + ^!— y 3 
2 Vu 

for 2my 3 , and multiplying both members by w 2 y 2 , we have 

yi -^ s+ (2 V7++(£ -p ^y-ty+u 

equals 

(i^~ 9 ~77y + ( r+2 **- + 2^ky + (£ v7 ) /> 

or 

/— r y+^ 2 —^+ w = 0 , 

whence it appears that the lines CG, NR, QO, etc., are the roots of this 
equation. 

If then it be desired to find four mean proportionals between the 
lines a and b , if we let x be the first, the equation is x*—a*b = 0 or 
x 6 — a 4 bx =0. Let y—a = x , and we get 

y 6 —6ay 5 +15a 2 y 4 —20a s y 3 +15a 4 y 2 —(6a 5 +a 4 fc)y+a e +a 5 & = 0. 
Therefore, we must take AB => 3a, and BK, the latus rectum of the 
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deIC, il refte — _ - -h—'-yr- 

9 4 nnv nn nn nn JJ 

pour le quarrcdeCM,qui eft efgal au quarre de G H de- 
fia trouue' Oubien en Faifent que cete fomme foie diui- 
fe'e comme l’autre par nnyy, on a 

-pVv yy —ryy + y v yy- Puis 

nnyy * 

remettant y v y 4 -t- qy 4 — ^ ppy 4 , pour my 4 j & 

ry * *+■ a V"v y * ■+■ —yy pour z my* : & multiplianc 
l’vne & l’autre fomme par nnyy, on a 
y 4 ..pyi - ~ly 4 +* V ft v ly »^ ‘’Z)?- ^ + » 

H" zPP^ iVv ^ 4v 5 

efgal 4 

** 3 ~~P v ~X 

vy 4 ■+* 2 Y vCy 1 — s \yy 
■' ? (( , P (( _, « R * 

" + * iVv 3 j 

G'eft a dire qu on a, 

y*~py f qy 4 — ry 4 -\r s yy — ty -h vX>o. 

D’ou il paroiftqueles lignes CG,NR, QO, & fembla- 
bles font lesracines de cete Equation, qui eft ce qu'il fal* 
loitdemonftrer. 

Ainfidone lion veut trouuer quatre moyennes pro- 
portionelles entre les lignes a 8c b, ayant pofe' x pour la 
premiere , l'Equation eft x'* 4 ** -- a'bsoo oubien 
x* ****-wO+bx*30-0. Et taifanty »-a oo jcil vient 

y*-*6ay'+isaay*~zoa'y*-i~ 1 1 * 4 yy\'. 6 £<}y%**i?>o. 
C’eft pourquoy il faut prendre 3 a pour la ligne AB, & 
y6»in>»<*b , . „ 

6 aa pour B K, ou Ie cofte' droit de laPa- 

F f f a rabole 
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rabole queiay nomm^n. Sc~* n pour D£on 
BL. Et aprdsauoirdefcrit la Iigne courbe ACN fur 


la 


mefure de ces trois, il faut faire L H, 30 


6 at + aab 
wVaa^ak. 


~ . » • to a* act , — ■ » _ 

Sc HI 30 —- ■+• - V aa-hab 

nn j nn 


j a 1 b 

nn\aa ab % 


Sc L P 3> 


-——*- Car le cercle qui ayant foD centre 

aupointlpaflera par le point Painfitrouue, couppera la 
courbe aux deux poins C & N ; defquels ayant tire' les 
perdendiculaires NR & CG,fi la moindre, NR, eft 
oftee de la plus grande, C G, le refte fera,.v, la premiere 
des quatre moyennes proportionelles cherchees. 

11 eft ay fe en mefme fa$on de diuifer vn angle en cinq 
partiesefgales, &d'infcrire vne figure d'vnze ou treze 
cofte's cfgaux dans vn cercle, &de trouuer vne infinite' 
d’autres exemples de cetc reigJe. 

Toutefoisileft a remarquer, qu’en plufieurs de ces 
exemples,iIpeut arriuer que le cercle couppe fi obli- 
quement la paraboledufecond genre; que le point de 
leur interfe&ion foit difficile a reconnoiftre: Sc ainfi que 
cete conftru<Stion ne foitpas commode pour la pratique. 
A quoyi! leroitayfcde remedier en compofant d’autres 
regies, A l imitation de celle cy , comme on en peut 
compofer de mille fortes. 

Maismondefieinn’eftpas de faire vn gros liure. Sc 
ie tafehe plutoft de comprendre beaucoup en peu de 
mots: comme on iugera peuteftre que iay fait, fi on con- 
lidere, qu’ayant reduit k vne mefme conftru&ion tous 

les 
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parabola must be 


1 6a 3 

yl& 


'6 a 3 +d l b 


+ 6a 2 


~ 2 +ab 

which I shall call n, and DE or BL will be 


~~ V« 2 +ab. 

Sn 

Then having described the curve ACN, we must have 

lh=- 6a3 ±g!L 

2n'\a 2 +ab 

and 

TTT 10a 3 , a 2 —7 . 18a 4 + 3 a 3 b 

HI=— la 2 +ab+—r TT = r , 
n n 2 n 2 \a 2 +ab 

and 


LP= a Jl5a 2 +6a^la 2 +ab. 
n \ 


For the circle about I as center will pass through the point P thus 
found, and cut the curve in the two points C and N. If we draw the 
perpendiculars NR and CG, and subtract NR, the smaller, from CG, 
the greater, the remainder will be x, the first of the four required mean 
proportionals. 124 ® 1 

This method applies as well to the division of an angle into five equal 
parts, the inscription of a regular polygon of eleven or thirteen sides 
in a circle, and an infinity of other problems. It should be remarked, 
however, that in many of these problems it may happen that the circle 
cuts the parabola of the second class so obliquely 18901 that it is hard to 
determine the exact point of intersection. In such cases this construc¬ 
tion is not of practical value. 12611 The difficulty could easily be overcome 
by forming other rules analogous to these, which might be done in a 
thousand different ways. 

[u»] two roo t s 0 f the above equation in y are NR and CG. But we know 
that a is one of the roots of this equation, and therefore NR, the shorter length, 
must be a, and CG must be y. Then x — y — a = CG — NR, the first of the 
required mean proportionals. Rabuel, p. 580. 

18801 That is, makes so small an angle with it. 

13511 This j s eS p ec i a iiy noticeable when there are six real positive roots. 
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But it is not my purpose to write a large book. I am trying rather 
to include much in a few words, as will perhaps be inferred from what 
I have done, if it is considered that, while reducing to a single construc¬ 
tion all the problems of one class, I have at the same time given a 
method of transforming them into an infinity of others, and thus of 
solving each in an infinite number of ways; that, furthermore, having 
constructed all plane problems by the cutting of a circle by a straight 
line, and all solid problems by the cutting of a circle by a parabola; and, 
finally, all that are but one degree more complex by cutting a circle by 
a curve but one degree higher than the parabola, it is only necessary to 
follow the same general method to construct all problems, more and 
more complex, ad infinitum; for in the case of a mathematical progres¬ 
sion, whenever the first two or three terms are given, it is easy to find 
the rest. 

I hope that posterity will judge me kindly, not only as to the things 
which I have explained, but also as to those which I have intentionally 
omitted so as to leave to others the pleasure of discovery. 


[the end] 
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les Problefmes d’vn mefme genre, iay tout enfemble 
donn^lafa^ondelesreduirell vne infinite d’autres di- 
nerles; Sc ainli de refoudre chafcun deux en vne infinite 
de fa§ons. Puis outre cela qn'ayant conftruit tous ceux 
qui font plans, en coupant d’vn cercle vne Iigne droitej 
Sc tous ceux qui font folides, en coupant auffy d’vn cer¬ 
cle vne Parabolej Sc enfintous ceux qui font d’vn degrd 
plus compofe's, en coupant tout de mefme d’vn cercle 
vne ligne qui n’eft que d'vn degre' plus compofee que la 
Parabole,- il ne faut que fuiure la mefme voye pour con- 
ftruire tous ceux qui font plus compofe's a ttnfini. Car en 
matiere de progreflions Mathematiques ,1orfqu’on a les 
deuxoutrois premiers termes, il n’eft pas malayfe' de 
trouuer les autres. Eti’efpere que nos neueux me f§au- 
ront grd, non feulement des chofes que iay icy expli- 
quces • maisaufly de celles que iay omifes volontaire- 
rement, affin de leur buffer Ie plaifir de les inuenter. 


FIN- 
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P Ar grace 6 C priuilege du Roy trcs chre- 
ftien ileft permis al’Autheur duliure in* 
titule Difcours dela Methode &c, pins la Dio - 
ptriqueJctMetcores i & laGeometrie&c. dele 
faire imprimer en telle part que bonluyfem- 
blera dedans &C dehors le royaume de France, 
8Cce pendant le terme de dix anneesconle- 
quutiues, a confer du iour qu’il fera parache- 
ued’imprimer, lansqu aucun autre que le li- 
braire qu’il aura choifilepuifte imprimer, ou 
faireimprimeren tout ny en partie,fous quel- 
que pretexte ou deguilement que ce puilfc 
eftrej ny en vendre ou debitcr d’autre impref 
lion que decellequi aura eltefaite par la per- 
milTion,a peine de mil liures d’amande, con- 
filiation de tous les exemplaires &c. Ainli 
qu il eft plus amplement declare dans les let- 
tres donnees a Paris le 4 iour de May 1637. fi- 
gnees par le Roy en Ion conleil Ceberet Sc 
feellees du grand fceau de cire iaune fur ftmple 
queue*. 

l’Autheur a permis a Ian Maire marchand 
libraire a Leyde, d’imprimer le dit liure &C de 
iouirduditpriuilegepourletems & aux con- 
ditionsentreeux accordees. 

Acbeue d\imprimer It 8. iour de lain 1 7* 
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By the grace and privilege of the very Christian King, it is per¬ 
mitted to the author of the book entitled Discourse on Method , etc., 
together with Dioptrics , Meteorology , and Geometry, etc., to have 
printed wherever he wishes, within or without the Kingdom of France, 
and during the period of ten consecutive years, beginning on the day 
when the printing is completed, without any publisher (except the one 
whom he selects) printing it, or causing it to be printed, under any pre¬ 
text or disguise, or selling or delivering any other impression except 
that which has been allowed, under penalty of a fine of a thousand 
livres, the confiscation of all the copies, etc. This is more fully set forth 
in the letters given at Paris, on the fourth day of May, 1637, signed 
by the King and his counsel, Ceberet, and sealed with the great seal of 
yellow wax on a simple ribbon. 

The author has given permission to Jan Maire, bookseller at Leyden, 
to print the said book and enjoy the said privilege for the time and 
under the conditions agreed upon between them. 

The printing is completed the eighth day of June, 1637. 
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stock. vi -f- 249pp. 9 7 /s x 12%. 21601-2 Paperbound $4.00 

American Antique Furniture, Edgar G. Miller, Jr. The basic coverage of all 
American furniture before 1840. Individual chapters cover type of furniture— 
clocks, tables, sideboards, etc.—chronologically, with inexhaustible wealth of data. 
More than 2100 photographs, all identified, commented on. Essential to all early 
American collectors. Introduction by H. E. Keyes, vi + 1106pp. 7% x 10%. 

21599-7, 21600-4 Two volumes, Paperbound $lli,00 

Pennsylvania Dutch American Folk Art, Henry J. Kauffman. 279 photos, 
28 drawings of tulipware, Fraktur script, painted tinware, toys, flowered furniture, 
quilts, samplers, hex signs, house interiors, etc. Full descriptive text. Excellent for 
tourist, rewarding for designer, collector. Map. 146pp. 7% x 10%. 

21205-X Paperbound $2.50 

Early New England Gravestone Rubbings, Edmund V. Gillon, Jr. 43 photo¬ 
graphs, 226 carefully reproduced rubbings show heavily symbolic, sometimes 
macabre early gravestones, up to early 19th century. Remarkable early American 
primitive art, occasionally strikingly beautiful; always powerful. Text, xxvi -J- 
207pp. 8% x 11%. 21380-3 Paperbound $3.50 
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Alphabets and Ornaments, Ernst Lehner. Well-known pictorial source for 
decorative alphabets, script examples, cartouches, frames, decorative title pages, calli¬ 
graphic initials, borders, similar material. 14th to 19th century, mostly European. 
Useful in almost any graphic arts designing, varied styles. 750 illustrations. 256pp. 
7 x 10. 21905-4 Paperbound $4.00 

Painting: A Creative Approach, Norman Colquhoun. For the beginner simple 
guide provides an instructive approach to painting: major stumbling blocks for 
beginner; overcoming them, technical points; paints and pigments; oil painting; 
watercolor and other media and color. New section on "plastic” paints. Glossary. 
Formerly Paint Your Own Pictures. 221pp. 22000-1 Paperbound $1.75 

The Enjoyment and Use of Color, Walter Sargent. Explanation of the rela¬ 
tions between colors themselves and between colors in nature and art, including 
hundreds of little-known facts about color values, intensities, effects of high and 
low illumination, complementary colors. Many practical hints for painters, references 
to great masters. 7 color plates, 29 illustrations, x -f- 274pp. 

20944-X Paperbound $2.75 

The Notebooks of Leonardo Da Vinci, compiled and edited by Jean Paul 
Richter. 1566 extracts from original manuscripts reveal the full range of Leonardo’s 
versatile genius: all his writings on painting, sculpture, architecture, anatomy, 
astronomy, geography, topography, physiology, mining, music, etc., in both Italian 
and English, with 186 plates of manuscript pages and more than 500 additional 
drawings. Includes studies for the Last Supper, the lost Sforza monument, and 
other works. Total of xlvii 866pp. 7% x 10%. 

22572-0, 22573-9 Two volumes, Paperbound $11.00 

Montgomery Ward Catalogue of 1895. Tea gowns, yards of flannel and 
pillow-case lace, stereoscopes, books of gospel hymns, the New Improved Singer 
Sewing Machine, side saddles, milk skimmers, straight-edged razors, high-button 
shoes, spittoons, and on and on . . . listing some 25,000 items, practically all illus¬ 
trated. Essential to the shoppers of the 1890’s, it is our truest record of the spirit of 
the period. Unaltered reprint of Issue No. 57, Spring and Summer 1895. Introduc¬ 
tion by Boris Emmet. Innumerable illustrations, xiii-f 624pp. 8% x 11%. 

22377-9 Paperbound $6.95 

The Crystal Palace Exhibition Illustrated Catalogue (London, 1851). 
One of the wonders of the modern world—the Crystal Palace Exhibition in which 
all the nations of the civilized world exhibited their achievements in the arts and 
sciences—presented in an equally important illustrated catalogue. More than 1700 
items pictured with accompanying text—ceramics, textiles, cast-iron work, carpets, 
pianos, sleds, razors, wall-papers, billiard tables, beehives, silverware and hundreds 
of other artifacts—represent the focal point of Victorian culture in the Western 
World. Probably the largest collection of Victorian decorative art ever assembled— 
indispensable for antiquarians and designers. Unabridged republication of the 
Art-Journal Catalogue of the Great Exhibition of 1851, with all terminal essays. 
New introduction by John Gloag, F.S.A. xxxiv -f- 426pp. 9x12. 

22503-8 Paperbound $5.00 
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A History of Costume, Carl Kohler. Definitive history, based on surviving pieces 
of clothing primarily, and paintings, statues, etc. secondarily. Highly readable text, 
supplemented by 594 illustrations of costumes of the ancient Mediterranean peoples, 
Greece and Rome, the Teutonic prehistoric period; costumes of the Middle Ages, 
Renaissance, Baroque, 18th and 19th centuries. Clear, measured patterns are pro¬ 
vided for many clothing articles. Approach is practical throughout. Enlarged by 
Emma von Sichart. 464pp. 21030-8 Paperbound $3-50 

Oriental Rugs, Antique and Modern, Walter A. Hawley. A complete and 
authoritative treatise on the Oriental rug—where they are made, by whom and how, 
designs and symbols, characteristics in detail of the six major groups, how to dis¬ 
tinguish them and how to buy them. Detailed technical data is provided on periods, 
weaves, warps, wefts, textures, sides, ends and knots, although no technical back¬ 
ground is required for an understanding. 11 color plates, 80 halftones, 4 maps, 
vi -f- 320pp. 6Vg x 9 Ys‘ 22366-3 Paperbound $5.00 

Ten Books on Architecture, Vitruvius. By any standards the most important 
book on architecture ever written. Early Roman discussion of aesthetics of building, 
construction methods, orders, sites, and every other aspect of architecture has in¬ 
spired, instructed architecture for about 2,000 years. Stands behind Palladio, 
Michelangelo, Bramante, Wren, countless others. Definitive Morris H. Morgan 
translation. 68 illustrations, xii + 331pp. 20645-9 Paperbound $3.00 

The Four Books of Architecture, Andrea Palladio. Translated into every 
major Western European language in the two centuries following its publication in 
1570, this has been one of the most influential books in the history of architecture. 
Complete reprint of the 1738 Isaac Ware edition. New introduction by Adolf 
Placzek, Columbia Univ. 216 plates, xxii + 110pp. of text. 9 1 /2 x 12%. 

21308-0 Clothbound $12.50 

Sticks and Stones: A Study of American Architecture and Civilization, 
Lewis Mumford.One of the great classics of American cultural history. American 
architecture from the medieval-inspired earliest forms to the early 20th century; 
evolution of structure and style, and reciprocal influences on environment. 21 photo¬ 
graphic illustrations. 238pp. 20202-X Paperbound $2.00 

The American Builder’s Companion, Asher Benjamin. The most widely used 
early 19th century architectural style and source book, for colonial up into Greek 
Revival periods. Extensive development of geometry of carpentering, construction 
of sashes, frames, doors, stairs; plans and elevations of domestic and other buildings. 
Hundreds of thousands of houses were built according to this book, now invaluable 
to historians, architects, restorers, etc. 1827 edition. 59 plates. 114pp. 7% x 10%. 

22236-5 Paperbound $3.50 


Dutch Houses in the Hudson Valley Before 1776, Helen Wilkinson Rey¬ 
nolds. The standard survey of the Dutch colonial house and outbuildings, with con¬ 
structional features, decoration, and local history associated with individual home¬ 
steads. Introduction by Franklin D. Roosevelt. Map. 150 illustrations. 469pp. 
6% x 9 1/ 4 . 21469-9 Paperbound $5.00 
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The Architecture of Country Houses, Andrew J. Downing. Together with 
Vaux’s Villas and Cottages this is the basic book for Hudson River Gothic architec¬ 
ture of the middle Victorian period. Full, sound discussions of general aspects of 
housing, architecture, style, decoration, furnishing, together with scores of detailed 
house plans, illustrations of specific buildings, accompanied by full text. Perhaps 
the most influential single American architectural book. 1850 edition. Introduction 
by J. Stewart Johnson. 321 figures, 34 architectural designs, xvi + 560pp. 

22003-6 Paperbound $4.00 

Lost Examples of Colonial Architecture, John Mead Howells. Full-page 
photographs of buildings that have disappeared or been so altered as to be denatured, 
including many designed by major early American architects. 245 plates, xvii -j- 
248pp. 7%x 103,4. 21143-6 Paperbound $3.50 

Domestic Architecture of the American Colonies and of the Early 
Republic, Fiske Kimball. Foremost architect and restorer of Williamsburg and 
Monticello covers nearly 200 homes between 1620-1825. Architectural details, con¬ 
struction, style features, special fixtures, floor plans, etc. Generally considered finest 
work in its area. 219 illustrations of houses, doorways, windows, capital mantels, 
xx -j- 314pp. 7% x 10%. 21743-4 Paperbound $4.00 

Early American Rooms: 1650 -1858, edited by Russell Hawes Kettell. Tour of 12 
rooms, each representative of a different era in American history and each furnished, 
decorated, designed and occupied in the style of the era. 72 plans and elevations, 
8 -page color section, etc., show fabrics, wall papers, arrangements, etc. Full de¬ 
scriptive text, xvii -f- 200pp. of text. 8 3 /g x 11%. 

21633-0 Paperbound $5.00 

The Fitzwilliam Virginal Book, edited by J. Fuller Maitland and W. B. Squire. 
Full modern printing of famous early 17th-century ms. volume of 300 works by 
Morley, Byrd, Bull, Gibbons, etc. For piano or other modern keyboard instrument; 
easy to read format, xxxvi -f- 938pp. 8 3 /g x 11. 

21068-5, 21069-3 Two volumes, Paperbound$10.00 

Keyboard Music, Johann Sebastian Bach. Bach Gesellschaft edition. A rich 
selection of Bach’s masterpieces for the harpsichord: the six English Suites, six 
French Suites, the six Partitas (Clavieriibung part I), the Goldberg Variations 
(Clavieriibung part IV), the fifteen Two-Part Inventions and the fifteen Three-Part 
Sinfonias. Clearly reproduced on large sheets with ample margins; eminently play¬ 
able. vi -}- 312pp. 8% x 11. 22360-4 Paperbound $5.00 

The Music of Bach: An Introduction, Charles Sanford Terry. A fine, non¬ 
technical introduction to Bach’s music, both instrumental and vocal. Covers organ 
music, chamber music, passion music, other types. Analyzes themes, developments, 
innovations, x -f- 114pp. 21075-8 Paperbound $1.50 

Beethoven and His Nine Symphonies, Sir George Grove. Noted British musi¬ 
cologist provides best history, analysis, commentary on symphonies. Very thorough, 
rigorously accurate; necessary to both advanced student and amateur music lover. 
436 musical passages, vii + 407 pp. 20334-4 Paperbound $2.75 
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Johann Sebastian Bach, Philipp Spitta. One of the great classics of musicology, 
this definitive analysis of Bach's music (and life) has never been surpassed. Lucid, 
nontechnical analyses of hundreds of pieces (30 pages devoted to St. Matthew Pas¬ 
sion, 26 to B Minor Mass). Also includes major analysis of 18th-century music. 
450 musical examples. 40-page musical supplement. Total of xx + 1799pp. 

(EUK) 22278-0, 22279*9 Two volumes, Clothbound $17.50 

Mozart and His Piano Concertos, Cuthbert Girdlestone. The only full-length 
study of an important area of Mozart’s creativity. Provides detailed analyses of all 
23 concertos, traces inspirational sources. 417 musical examples. Second edition. 
509pp. 21271-8 Paperbound $3.50 

The Perfect Wagnerite: A Commentary on the Niblung’s Ring, George 
Bernard Shaw. Brilliant and still relevant criticism in remarkable essays on 
Wagner’s Ring cycle, Shaw’s ideas on political and social ideology behind the 
plots, role of Leitmotifs, vocal requisites, etc. Prefaces, xxi 136pp. 

(USO) 21707-8 Paperbound $1.75 

Don Giovanni, W. A. Mozart. Complete libretto, modern English translation; 
biographies of composer and librettist; accounts of early performances and critical 
reaction. Lavishly illustrated. All the material you need to understand and 
appreciate this great work. Dover Opera Guide and Libretto Series; translated 
and introduced by Ellen Bleiler. 92 illustrations. 209pp. 

21134-7 Paperbound $2.00 

Basic Electricity, U. S. Bureau of Naval Personel. Originally a training course, 
best non-technical coverage of basic theory of electricity and its applications. Funda¬ 
mental concepts, batteries, circuits, conductors and wiring techniques, AC and DC, 
inductance and capacitance, generators, motors, transformers, magnetic amplifiers, 
synchros, servomechanisms, etc. Also covers blue-prints, electrical diagrams, etc. 
Many questions, with answers. 349 illustrations, x -f 448pp. 6 1 /2 x 914 . 

20973*3 Paperbound $3.50 

Reproduction of Sound, Edgar Villchur. Thorough coverage for laymen of 
high fidelity systems, reproducing systems in general, needles, amplifiers, preamps, 
loudspeakers, feedback, explaining physical background. "A rare talent for making 
technicalities vividly comprehensible," R. Darrell, High Fidelity. 69 figures, 
iv + 92pp. 21515-6 Paperbound $1.35 

Hear Me Talkin’ to Ya: The Story of Jazz as Told by the Men Who 
Made It, Nat Shapiro and Nat Hentoff. Louis Armstrong, Fats Waller, Jo Jones, 
Clarence Williams, Billy Holiday, Duke Ellington, Jelly Roll Morton and dozens 
of other jazz greats tell how it was in Chicago’s South Side, New Orleans, depres¬ 
sion Harlem and the modern West Coast as jazz was born and grew, xvi -J- 429pp. 

21726-4 Paperbound $3.00 

Fables of Aesop, translated by Sir Roger L’Estrange. A reproduction of the very 
rare 1931 Paris edition; a selection of the most interesting fables, together with 50 
imaginative drawings by Alexander Calder. v -f- 128pp. 6 1 /2x9 : !4- 

21780-9 Paperbound $1.50 
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Against the Grain (A Rebours), Joris K. Huysmans. Filled with weird images, 
evidences of a bizarre imagination, exotic experiments with hallucinatory drugs, 
rich tastes and smells and the diversions of its sybarite hero Due Jean des Esseintes, 
this classic novel pushed 19th-century literary decadence to its limits. Full un¬ 
abridged edition. Do not confuse this with abridged editions generally sold. Intro¬ 
duction by Havelock Ellis, xlix + 206pp. 22190-3 Paperbound $2.50 

Variorum Shakespeare: Hamlet. Edited by Horace H. Furness; a landmark 
of American scholarship. Exhaustive footnotes and appendices treat all doubtful 
words and phrases, as well as suggested critical emendations throughout the play’s 
history. First volume contains editor’s own text, collated with all Quartos and 
Folios. Second volume contains full first Quarto, translations of Shakespeare’s 
sources (Belleforest, and Saxo Grammaticus), Der Bestrafte Brudermord, and many 
essays on critical and historical points of interest by major authorities of past and 
present. Includes details of staging and costuming over the years. By far the 
best edition available for serious students of Shakespeare. Total of xx -f- 905pp. 

21004-9, 21005-7, 2 volumes, Paperbound $7.00 

A Life of William Shakespeare, Sir Sidney Lee. This is the standard life of 
Shakespeare, summarizing everything known about Shakespeare and his plays. 
Incredibly rich in material, broad in coverage, clear and judicious, it has served 
thousands as the best introduction to Shakespeare. 1931 edition. 9 plates, 
xxix -f 792pp. 21967-4 Paperbound $4.50 

Masters of the Drama, John Gassner. Most comprehensive history of the drama 
in print, covering every tradition from Greeks to modern Europe and America, 
including India, Far East, etc. Covers more than 800 dramatists, 2000 plays, with 
biographical material, plot summaries, theatre history, criticism, etc. "Best of its 
kind in English,” New Republic. 77 illustrations, xxii -f- 890pp. 

20100-7 Clothbound $10.00 

The Evolution of the English Language, George McKnight. The growth 
of English, from the 14th century to the present. Unusual, non-technical account 
presents basic information in very interesting form: sound shifts, change in grammar 
and syntax, vocabulary growth, similar topics. Abundantly illustratec’cPvvith quota¬ 
tions. Formerly Modern English in the Making, xii + 590pp. 

21932-1 Paperbound $4.00 

An Etymological Dictionary of Modern English, Ernest Weekley. Fullest, 
richest work of its sort, by foremost British lexicographer. Detailed word histories, 
including many colloquial and archaic words; extensive quotations. Do not con¬ 
fuse this with the Concise Etymological Dictionary, which is much abridged. Total 
of xxvii + 830pp. 6Y 2 x 9 1 / 4- 

21873-2, 21874-0 Two volumes, Paperbound $7.90 

Flatland: A Romance of Many Dimensions, E. A. Abbott. Classic of 
science-fiction explores ramifications of life in a two-dimensional world, and what 
happens when a three-dimensional being intrudes. Amusing reading, but also use¬ 
ful as introduction to thought about hyperspace. Introduction by Banesh Hoffmann. 
16 illustrations, xx 103pp. 20001-9 Paperbound $1.25 
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Poems of Anne Bradstreet, edited with an introduction by Robert Hutchinson. 
A new selection of poems by America’s first poet and perhaps the first significant 
woman poet in the English language. 48 poems display her development in works 
of considerable variety—love poems, domestic poems, religious meditations, formal 
elegies, "quaternions,” etc. Notes, bibliography, viii + 222pp. 

22160-1 Paperbound $2.50 

Three Gothic Novels: The Castle of Otranto by Horace Walpole; 
Vathek by William Beckford ; The Vampyre by John Polidori, with Frag¬ 
ment of A Novel by Lord Byron, edited by E. F. Bleiler. The first Gothic 
novel, by Walpole; the finest Oriental tale in English, by Beckford; powerful 
Romantic supernatural story in versions by Polidori and Byron. All extremely 
important in history of literature; all still exciting, packed with supernatural 
thrills, ghosts, haunted castles, magic, etc. xl + 291pp. 

21232-7 Paperbound $2.50 

The Best Tales of Hoffmann, E. T. A. Hoffmann. 10 of Hoffmann’s most 
important stories, in modern re-editings of standard translations: Nutcracker and 
the King of Mice, Signor Formica, Automata, The Sandman, Rath Krespel, The 
Golden Flowerpot, Master Martin the Cooper, The Mines of Falun, The King’s 
Betrothed, A New Year’s Eve Adventure. 7 illustrations by Hoffmann. Edited 
by E. F. Bleiler. xxxix + 419pp. 21793-0 Paperbound $3.00 

Ghost and Horror Stories of Ambrose Bierce, Ambrose Bierce. 23 strikingly 
modern stories of the horrors latent in the human mind: The Eyes of the Panther, 
The Damned Thing, An Occurrence at Owl Creek Bridge, An Inhabitant of Carcosa, 
etc., plus the dream-essay, Visions of the Night. Edited by E. F. Bleiler. xxii 
+ 199pp. 20767-6 Paperbound $1.50 

Best Ghost Stories of J. S. LeFanu, J. Sheridan LeFanu. Finest stories by 
Victorian master often considered greatest supernatural writer of all. Carmilla, 
Green Tea, The Haunted Baronet, The Familiar, and 12 others. Most never before 
available in the U. S. A. Edited by E. F. Bleiler. 8 illustrations from Victorian 
publications, xvii -f- 467pp. 20415-4 Paperbound $3.00 


Mathematical Foundations of Information Theory, A. I. Khinchin. Com¬ 
prehensive introduction to work of Shannon, McMillan, Feinstein and Khinchin, 
placing these investigations on a rigorous mathematical basis. Covers entropy 
concept in probability theory, uniqueness theorem, Shannon's inequality, ergodic 
sources, the E property, martingale concept, noise, Feinstein’s fundamental lemma, 
Shanon’s first and second theorems. Translated by R. A. Silverman and M. D. 
Friedman, iii + 120pp. 60434-9 Paperbound $2.00 


Seven Science Fiction Novels, H. G. Wells. The standard collection of the 
great novels. Complete, unabridged. First Men in the Moon, Island of Dr. Moreau, 
War of the Worlds, Food of the Gods, Invisible Man, Time Machine, In the Days 
of the Comet. Not only science fiction fans, but every educated person owes it to 
himself to read these novels. 1015pp. (USO) 20264-X Clothbound $6.00 
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Last and First Men and Star Maker, Two Science Fiction Novels, Olaf 
Stapledon. Greatest future histories in science fiction. In the first, human intelli¬ 
gence is the “hero,” through strange paths of evolution, interplanetary invasions, 
incredible technologies, near extinctions and reemergences. Star Maker describes the 
quest of a band of star rovers for intelligence itself, through time and space: weird 
inhuman civilizations, crustacean minds, symbiotic worlds, etc. Complete, un¬ 
abridged. v + 438pp. (USO) 21962-3 Paperbound $2.50 

Three Prophetic Novels, H. G. Wells. Stages of a consistently planned future 
for mankind. When the Sleeper Wakes, and A Story of the Days to Come, anticipate 
Brave New World and 1984, in the 21st Century; The Time Machine, only com¬ 
plete version in print, shows farther future and the end of mankind. All show 
Wells's greatest gifts as storyteller and novelist. Edited by E. F. Bleiler. x 
+ 335pp. (USO) 20605-X Paperbound $2,50 

The Devil's Dictionary, Ambrose Bierce. America’s own Oscar Wilde— 
Ambrose Bierce—offers his barbed iconoclastic wisdom in over 1,000 definitions 
hailed by H. L. Mencken as "some of the most gorgeous witticisms in the English 
language.” 145pp. 20487-1 Paperbound $1.25 

Max and Moritz, Wilhelm Busch. Great children’s classic, father of comic 
strip, of two bad boys, Max and Moritz. Also Ker and Plunk (Plisch und Plumm), 
Cat and Mouse, Deceitful Henry, Ice-Peter, The Boy and the Pipe, and five other 
pieces. Original German, with English translation. Edited by H. Arthur Klein; 
translations by various hands and H. Arthur Klein, vi + 216pp. 

20181-3 Paperbound $2.00 

Pigs is Pigs and Other Favorites, Ellis Parker Butler. The title story is one 
of the best humor short stories, as Mike Flannery obfuscates biology and English. 
Also included, That Pup of Murchison’s, The Great American Pie Company, and 
Perkins of Portland. 14 illustrations, v + 109pp. 21532-6 Paperbound $1.25 

The Peterkin Papers, Lucretia P. Hale. It takes genius to be as stupidly mad as 
the Peterkins, as they decide to become wise, celebrate the "Fourth,” keep a cow, 
and otherwise strain the resources of the Lady from Philadelphia. Basic book of 
American humor. 153 illustrations. 219pp. 20794-3 Paperbound $2.00 

Perrault’s Fairy Tales, translated by A. E. Johnson and S. R. Littlewood, with 
34 full-page illustrations by Gustave Dore. All the original Perrault stories— 
Cinderella, Sleeping Beauty, Bluebeard, Little Red Riding Hood, Puss in Boots, Tom 
Thumb, etc.—with their witty verse morals and the magnificent illustrations of 
Dore. One of the five or six great books of European fairy tales, viii + 117pp. 
8 y 8 x 11. 22311-6 Paperbound $2.00 

Old Hungarian Fairy Tales, Baroness Orczy. Favorites translated and adapted 
by author of the Scarlet Pimpernel. Eight fairy tales include "The Suitors of Princess 
Fire-Fly,” "The Twin Hunchbacks,” "Mr. Cuttlefish’s Love Story,” and "The 
Enchanted Cat.” This little volume of magic and adventure will captivate children 
as it has for generations. 90 drawings by Montagu Barstow. 96pp. 

(USO) 22293-4 Paperbound $1.95 
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The Red Fairy Book, Andrew Lang. Lang’s color fairy books have long been 
children’s favorites. This volume includes Rapun 2 el, Jack and the Bean-stalk and 
35 other stories, familiar and unfamiliar. 4 plates, 93 illustrations x + 367pp. 

21673 -X Paperbound $2.50 

The Blue Fairy Book, Andrew Lang. Lang’s tales come from all countries and all 
times. Here are 37 tales from Grimm, the Arabian Nights, Greek Mythology, and 
other fascinating sources. 8 plates, 130 illustrations, xi -f- 390pp. 

21437-0 Paperbound $ 2.75 

Household Stories by the Brothers Grimm. Classic English-language edition 
of the well-known tales — Rumpelstiltskin, Snow White, Hansel and Gretel, The 
Twelve Brothers, Faithful John, Rapunzel, Tom Thumb (52 stories in all). Trans¬ 
lated into simple, straightforward English by Lucy Crane. Ornamented with head- 
pieces, vignettes, elaborate decorative initials and a dozen full-page illustrations by 
Walter Crane, x + 269pp. 21080-4 Paperbound $2.00 

The Merry Adventures of Robin Hood, Howard Pyle. The finest modern ver¬ 
sions of the traditional ballads and tales about the great English outlaw. Howard 
Pyle's complete prose version, with every word, every illustration of the first edition. 
Do not confuse this facsimile of the original (1883) with modern editions that 
change text or illustrations. 23 plates plus many page decorations, xxii -j- 296 pp. 

22043-5 Paperbound $2.75 

The Story of King Arthur and His Knights, Howard Pyle. The finest chil¬ 
dren’s version of the life of King Arthur; brilliantly retold by Pyle, with 48 of his 
most imaginative illustrations, xviii + 313pp. 6 Vjj x 9 1 /4* 

21445-1 Paperbound $2.50 

The Wonderful Wizard of Oz, L. Frank Baum. America’s finest children’s 
book in facsimile of first edition with all Denslow illustrations in full color. The 
edition a child should have. Introduction by Martin Gardner. 23 color plates, 
scores of drawings, iv + 267pp. 20691-2 Paperbound $ 2.50 

The Marvelous Land of Oz, L. Frank Baum. The second Oz book, every bit as 
imaginative as the Wizard. The hero is a boy named Tip, but the Scarecrow and the 
Tin Woodman are back, as is the Oz magic. 16 color plates, 120 drawings by John 
R. Neill. 287pp. 20692-0 Paperbound $2.50 

The Magical Monarch of Mo, L. Frank Baum. Remarkable adventures in a land 
even stranger than Oz. The best of Baum’s books not in the Oz series. 15 color 
plates and dozens of drawings by Frank Verbeck. xviii -f- 237pp. 

21892-9 Paperbound $2.25 

The Bad Child’s Book of Beasts, More Beasts for Worse Children, A 
Moral Alphabet, Hilaire Belloc. Three complete humor classics in one volume. 
Be kind to the frog, and do not call him names . . . and 28 other whimsical animals. 
Familiar favorites and some not so well known. Illustrated by Basil Blackwell. 
156pp. (USO) 20749-8 Paperbound $1.50 
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East O’ the Sun and West O’ the Moon, George W. Dasent. Considered the 
best of all translations of these Norwegian folk tales, this collection has been enjoyed 
by generations of children (and folklorists too). Includes True and Untrue, Why the 
Sea is Salt, East O’ the Sun and West O’ the Moon, Why the Bear is Stumpy-Tailed, 
Boots and the Troll, The Cock and the Hen, Rich Peter the Pedlar, and 52 more. 
The only edition with all 59 tales. 77 illustrations by Erik Werenskiold and Theodor 
Kittelsen. xv + 418pp. 22521-6 Paperbound $3.50 

Goops and How to be Them, Gelett Burgess. Classic of tongue-in-cheek humor, 
masquerading as etiquette book. 87 verses, twice as many cartoons, show mis¬ 
chievous Goops as they demonstrate to children virtues of table manners, neatness, 
courtesy, etc. Favorite for generations, viii + 88pp. 6 Vi x 9 y 4 . 

22233-0 Paperbound $1.50 

Alice’s Adventures Under Ground, Lewis Carroll. The first version, quite 
different from the final Alice in Wonderland, printed out by Carroll himself with 
his own illustrations. Complete facsimile of the "million dollar” manuscript Carroll 
gave to Alice Liddell in 1864. Introduction by Martin Gardner, viii -j- 96pp. Title 
and dedication pages in color. 21482-6 Paperbound $1.25 

The Brownies, Their Book, Palmer Cox. Small as mice, cunning as foxes, exu¬ 
berant and full of mischief, the Brownies go to the zoo, toy shop, seashore, circus, 
etc., in 24 verse adventures and 266 illustrations. Long a favorite, since their first 
appearance in St. Nicholas Magazine, xi -f- 144pp. 6y 8 x 91 / 4 . 

21265-3 Paperbound $1.75 

Songs of Childhood, Walter De La Mare. Published (under the pseudonym 
Walter Ramal) when De La Mare was only 29, this charming collection has long 
been a favorite children’s book. A facsimile of the first edition in paper, the 47 poems 
capture the simplicity of the nursery rhyme and the ballad, including such lyrics as 
I Met Eve, Tartary, The Silver Penny, vii -V 106pp. (USO) 21972-0 Paperbound 

$2.00 

The Complete Nonsense of Edward Lear, Edward Lear. The finest 19th-century 
humorist-cartoonist in full: all nonsense limericks, zany alphabets, Owl and Pussy¬ 
cat, songs, nonsense botany, and more than 500 illustrations by Lear himself. Edited 
by Holbrook Jackson, xxix -j- 287pp. (USO) 20167-8 Paperbound $2.00 

Billy Whiskers: The Autobiography of a Goat, Frances Trego Montgomery. 
A favorite of children since the early 20th century, here are the escapades of that 
rambunctious, irresistible and mischievous goat—Billy Whiskers. Much in the 
spirit of Feck’s Bad Boy, this is a book that children never tire of reading or hearing. 
All the original familiar illustrations by W. H. Fry are included: 6 color plates, 
18 black and white drawings. 159pp- 22345-0 Paperbound $2.00 

Mother Goose Melodies. Faithful republication of the fabulously rare Munroe 
and Francis "copyright 1833" Boston edition—the most important Mother Goose 
collection, usually referred to as the "original.” Familiar rhymes plus many rare 
ones, with wonderful old woodcut illustrations. Edited by E. F. Bleiler. 128pp. 
4}£ x 6%. 22577-1 Paperbound $ 1.00 
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Two Little Savages; Being the Adventures of Two Boys Who Lived as 
Indians and What They Learned, Ernest Thompson Seton. Great classic of 
nature and boyhood provides a vast range of woodlore in most palatable form, a 
genuinely entertaining story. Two farm boys build a teepee in woods and live in it 
for a month, working out Indian solutions to living problems, star lore, birds and 
animals, plants, etc. 293 illustrations, vii -J- 286pp. 

20985*7 Paperbound $2.50 

Peter Piper's Practical Principles of Plain & Perfect Pronunciation. 
Alliterative jingles and tongue-twisters of surprising charm, that made their first 
appearance in America about 1830. Republished in full with the spirited woodcut 
illustrations from this earliest American edition. 32pp. 4 l / 2 x 6 3 / 8 . 

22560-7 Paperbound $1.00 


Science Experiments and Amusements for Children, Charles Vivian. 73 easy 
experiments, requiring only materials found at home or easily available, such as 
candles, coins , steel wool, etc.; illustrate basic phenomena like vacuum, simple 
chemical reaction, etc. All safe. Modern, well-planned. Formerly Science Games 
for Children. 102 photos, numerous drawings. 96pp. 6Y 8 x 9Vi- 

21856-2 Paperbound $1.25 

An Introduction to Chess Moves and Tactics Simply Explained, Leonard 
Barden. Informal intermediate introduction, quite strong in explaining reasons for 
moves. Covers basic material, tactics, important openings, traps, positional play in 
middle game, end game. Attempts to isolate patterns and recurrent configurations. 
Formerly Chess. 58 figures. 102pp. (USO) 21210-6 Paperbound $1.25 


Lasker’s Manual of Chess, Dr. Emanuel Lasker. Lasker was not only one of the 
five great World Champions, he was also one of the ablest expositors, theorists, and 
analysts. In many ways, his Manual, permeated with his philosophy of battle, filled 
with keen insights, is one of the greatest works ever written on chess. Filled with 
analyzed games by the great players. A single-volume library that will profit almost 
any chess player, beginner or master. 308 diagrams, xli x 349pp. 

20640-8 Paperbound $2.75 

The Master Book of Mathematical Recreations, Fred Schuh. In opinion of 
many the finest work ever prepared on mathematical puzzles, stunts, recreations; 
exhaustively thorough explanations of mathematics involved, analysis of effects, 
citation of puzzles and games. Mathematics involved is elementary. Translated bv 
F. Gobel. 194 figures, xxiv + 430pp. 22134-2 Paperbound $3.50 


Mathematics, Magic and Mystery, Martin Gardner. Puzzle editor for Scientific 
American explains mathematics behind various mystifying tricks: card tricks, stage 
"mind reading," coin and match tricks, counting out games, geometric dissections, 
etc. Probability sets, theory of numbers clearly explained. Also provides more than 
400 tricks, guaranteed to work, that you can do. 135 illustrations, xii -f- 176pp. 

20335-2 Paperbound $1.75 
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Mathematical Puzzles for Beginners and Enthusiasts, Geoffrey Mott-Smith. 
189 puzzles from easy to difficult—involving arithmetic, logic, algebra, properties 
of digits, probability, etc.—for enjoyment and mental stimulus. Explanation of 
mathematical principles behind the puzzles. 135 illustrations, viii -j- 248pp. 

20198-8 Paperbound $1.75 

Paper Folding for Beginners, William D. Murray and Francis J. Rigney. Easiest 
book on the market, clearest instructions on making interesting, beautiful origami. 
Sail boats, cups, roosters, frogs that move legs, bonbon boxes, standing birds, etc. 
40 projects; more than 275 diagrams and photographs. 94pp. 

20713-7 Paperbound $1.00 

Tricks and Games on the Pool Table, Fred Herrmann. 79 tricks and games— 
some solitaires, some for two or more players, some competitive games—to entertain 
you between formal games. Mystifying shots and throws, unusual caroms, tricks 
involving such props as cork, coins, a hat, etc. Formerly Fun on the Pool Table . 
77 figures. 95pp. 21814-7 Paperbound $1.25 

Hand Shadows to be Thrown Upon the Wall: A Series of Novel and 
Amusing Figures Formed by the Hand, Henry Bursill. Delightful picturebook 
from great-grandfather’s day shows how to make 18 different hand shadows: a bird 
that flies, duck that quacks, dog that wags his tail, camel, goose, deer, boy, turtle, 
etc. Only book of its sort, vi + 33pp. 6 x /2 x 9|4- 21779-5 Paperbound $1.00 

Whittling and Woodcarving, E. J. Tangerman. 18th printing of best book on 
market. “If you can cut a potato you can carve” toys and puzzles, chains, chessmen, 
caricatures, masks, frames, woodcut blocks, surface patterns, much more. Information 
on tools, woods, techniques. Also goes into serious wood sculpture from Middle 
Ages to present. East and West. 464 photos, figures, x + 293pp. 

20965-2 Paperbound $2.00 

History of Philosophy, Julian Marias. Possibly the clearest, most easily followed, 
best planned, most useful one-volume history of philosophy on the market; neither 
skimpy nor overfull. Full details on system of every major philosopher and dozens 
of less important thinkers from pre-Socratics up to Existentialism and later. Strong 
on many European figures usually omitted. Has gone through dozens of editions in 
Europe. 1966 edition, translated by Stanley Appelbaum and Clarence Strowbridge. 
xviii -f- 505pp. 21739-6 Paperbound $3.50 

Yoga: A Scientific Evaluation, Kovoor T. Behanan. Scientific but non-technical 
study of physiological results of yoga exercises; done under auspices of Yale U. 
Relations to Indian thought, to psychoanalysis, etc. 16 photos, xxiii -f- 270pp. 

20505-3 Paperbound $2.50 


Prices subject to change without notice. 

Available at your book dealer or write for free catalogue to Dept. GI, Dover 
Publications, Inc., 180 Varick St., N. Y., N. Y. 10014. Dover publishes more than 
150 books each year on science, elementary and advanced mathematics, biology, 
music, art, literary history, social sciences and other areas. 




DOVER HISTORIES, 
BIOGRAPHIES AND 
CLASSICS OF 
MATHEMATICS AND THE 
PHYSICAL SCIENCES 


On the Sensations of Tone, Hermann von Helmholtz* 
(60753-4) $6*00 

Electric Waves, Being Researches on the Propagation of 
Electric Action with Finite Velocity Through Space, 
Heinrich Hertz. (60057-2) $3.00 

The Strange Story of the Quantum, Banesh Hoffmann* 
(20518-5) $3*00 

Art and Geometry: A Study in Space Intuitions, William 
M. Ivins, Jr. (20941-5) $2.00 

Selected Papers on Frequency Modulation, edited by Jacob 
Klapper* (62136-7) $7.50 

Hermann von Helmholtz, Leo Koenigsberger. (21517-2) 
$4.00 

The Development of High Energy Accelerators, edited by 
M. Stanley Livingston. (61662-2) $3*00 

Pioneers of Science and toe Development of Their Scien¬ 
tific Theories, Sir Oliver Lodge. (20716-1) $3*00 

The Analysis of Sensations, and the Relation of the Phy¬ 
sical to the Psychical, Ernst Mach. (60525-6) $3.50 


Paperbound unless otherwise indicated. Prices subject to change 
without notice. Available at your book dealer or write for free 
catalogues to Dept. TF4, Dover Publications, Inc., 180 Varick 
Street, New York, N* Y* 10014, Please indicate your field of 
interest. Each year Dover publishes over 200 classical records 
and books in music, fine art, science, mathematics, languages, 
philosophy, chess, puzzles, literature, nature, anthropology, 
antiques, history, folklore, art instruction, adventure, and other 
areas. Manufactured in the 


THE GEOMETRY 
OF RENE DESCARTES 


This is an unabridged republication of the definitive English trans 
lacion of one of the very greatest classics of science. Originally pub¬ 
lished in 1637, it has been characterized as "the greatest single step 
ever made in the progress of the exact sciences" (John Stuart Mill); 
as a book which "remade geometry and made modern geometry 
possible” (Eric Temple Bell), It "revolutionized the entire concep¬ 
tion of the object of mathematical science" (J, Hadamard). 

With this volume Descartes founded modern analytical geometry. 
Reducing geometry to algebra and analysis and, conversely, showing 
that analysis may be translated into geometry, it opened the way for 
modern mathematics. Descartes was the first to classify curves sys¬ 
tematically and to demonstrate algebraic solution of geometric 
curves. His geometric interpretation of negative quantities led to 
later concepts of continuity and the theory of function. The third 
book contains important contributions to the theory of equations. 


This edition contains the entire definitive Smith-Latham translation 
of Descartes' three books: Problems the Construction of which Re¬ 
quires Only Straight Lines and Circles ; On the Nature of Curved 
Lines; On the Construction of Solid and Super so l id Problems. Inter¬ 
leaved page by page with the translation is a complete facsimile of 
the 1637 French text, together with all Descartes' original illustra¬ 
tions; 248 footnotes explain the text and add further bibliography. 



Translated by David E, Smith and Marcia L. Latham. Preface. Index. 
50 figures, xlli 244pp, 5% x 8. 60068-8 Paperbound 


A DOVER EDITION DESIGNED FOR YEARS OF USE! 

We have made every effort to make this the best book possible. 
Our paper is opaque, with minimal show-through; it will not dis¬ 
color or become brittle with age. Pages arc sewn in sign a Lures, in 
the method traditionally used for the best books, and will not drop 
out, as often happens with paperbacks held together with glue. 
Hooks open Hal for easy reference. The binding will not crack or 
split. This is a permanent book. 




DESCARTES THE GEOMETRY D - 




